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Abstract— This paper proposes a novel approach for locally
stable convergence to Nash equilibrium in duopoly noncoop-
erative games based on a distributed event-triggered control
scheme. The proposed approach employs extremum seeking,
with sinusoidal perturbation signals applied to estimate the
gradient (first derivative) of unknown quadratic payoff func-
tions. This is the first instance of noncooperative games being
tackled in a model-free fashion integrated with the event-
triggered methodology. Each player evaluates independently the
deviation between the corresponding current state variable and
its last broadcasted value to update the player action, while
they preserve control performance under limited bandwidth of
the actuation paths and still guarantee stability for the closed-
loop dynamics. In particular, the stability analysis is carried
out using time-scaling technique, Lyapunov’s direct method
and averaging theory for discontinuous systems. We quantify
the size of the ultimate small residual sets around the Nash
equilibrium and illustrate the theoretical results numerically
on an example.

I. INTRODUCTION

Game theory offers a conceptual framework for analyz-
ing social interactions among competitive players, employ-
ing mathematical models to understand strategic decision-
making [11], [7]. Its application spans various domains,
including engineering systems, biological behaviors, and
financial markets, making it a crucial tool across diverse
fields [15], [3], [8]. Extensive research exists on differential
games, addressing both theoretical aspects and practical
implementations.

Games can be broadly classified as cooperative and nonco-
operative [6]. Cooperative games involve players forming en-
forceable agreements, whereas noncooperative games focus
on individual player actions and Nash equilibria [27]. Nash
equilibrium, a key concept in noncooperative game theory,
represents a state where no player can unilaterally improve
its own payoff [6].

Efforts to achieve convergence to Nash equilibrium have
been ongoing for decades [25], [5], including studies on
learning-based update schemes [37]. Recent work has ex-
plored extremum seeking (ES) approaches for real-time
computation of Nash equilibria in noncooperative games
[12], enabling stable convergence without requiring model
information [24].

In contemporary networked systems, communication plays
a pivotal role, impacting control performance and system be-
havior [34]. Event-Triggered Control (ETC) offers a solution
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to mitigate traffic congestion by executing control tasks, non-
periodically, in response to a triggering condition designed as
a function of the plant’s state. This strategy reduces control
effort since the control update and data communication only
occur when the error between the current state and the
equilibrium set exceeds a value that might induce instability
[9]. Research in this area spans various control-estimation
designs and system complexities, addressing robustness and
stability concerns [19], [20], [1], [35], [10].

Practical engineering problems, especially in networking,
can benefit from game-theoretic approaches, particularly in
resource allocation and optimization [15], [3], [2]. Combin-
ing game theory with event-triggered architectures presents
a promising avenue for real-time optimization in networked
systems, yet literature lacks exploration of ES feedback
in this context [26], [31], [18], [33]. Fortunately, we gave
a positive answer to this question in our earlier work
[29] by introducing solutions to the problem of designing
multi-variable ES algorithms based on perturbation-based
(averaging-based) estimates of the model via ETC.

Addressing this gap, this paper extends the multi-input-
single-output ES algorithms to multi-input-multi-output Nash
equilibrium seeking (NES) scenarios in noncooperative
games, employing a distributed ES-ETC perspective. Despite
the challenges posed by decentralized control in games, our
approach ensures convergence to Nash equilibrium when
all players utilize ES-ETC algorithms. We provide a theo-
retical analysis for duopoly games, leveraging time-scaling
techniques, a Lyapunov function construction and averaging
methods to guarantee closed-loop stability. Numerical sim-
ulations illustrate the effectiveness of our approach, show-
casing its advantages over periodic sampled-data control
methods [22], [16], [36].

II. DuoPOLY GAME WITH QUADRATIC PAYOFFS:
GENERAL FORMULATION

In a duopoly game, the optimal outcomes for players P1
and P2, denoted by yi(¢) € R and y(z) € R, respectively,
are not solely determined by their individual actions or
decision strategies, represented by 0;(r) € R and 6,(z) € R.
Instead, there exists a set of input signals 8* = [0}, 0;]7 € R?
where each player’s strategy optimally influences the payoff
functions J; or J, of the other player. Achieving this optimal
equilibrium (6(7) = 0*) defines the Nash equilibrium [11].

In particular, we examine duopoly games where each
player’s payoff function takes a quadratic form. This can be
expressed as a strictly concave combination of their actions:
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1(00) = 262(0) + "2630) + 101 (06000
+h 91(t)+h292( )+c1, (N

R(6(0) = 67 0) + H263(0) + 13,01 (06001
+h291( )+h292(t) +ca, )

Here, J1(0),J2(0) : R? — R represent the payoff functions
for players 1 and 2, respectively, while 6(z),6,(¢) € R
denote the players’ decision variables, and H]".k, hj., ¢ €R
are constants, with H’; <0, for all i, j,k € {1,2}.

For the sake completeness, let us define the mathematical
representation of the Nash equilibrium 6* = [0;,6;]7 in a
two-player game as

J1(61*,92*) 2]1(91 792*) and ]2(91*792*) 2]2(9?,62). 3)

Thus, no player has an incentive to independently deviate
from 6*. In the duopoly context, 8; and 6, are elements of
R, representing the set of real numbers.

In order to determine the Nash equilibrium solution in
strictly concave quadratic games involving two players,
where each action set is the entire real line, one should
differentiate J; with respect to 6;(¢),Vi = 1,2, setting the
resulting expressions equal to zero, and solving the set of
equations thus obtained. This set of equations, which also
provides a sufficient condition due to the strict concavity, is

{H{165+H1'29;+h} =0

4
H}6; +H3,0;5 +h3=0 ' @

which can be written in the matrix form as
- o
H;,  Hjp, 6, hy

Defining the Hessian matrix H, and vectors 6* and i by

Hj, Hj, «._ |0F _|h
wilh g o= ] =[] @
there exists an unique Nash Equilibrium at 8* = —H !5, if
H is invertible:
91* — Hlll Hllz - h% 7
0] |Hy Hy] |m)

Assumption 1: The matrix H given in (6) is strictly diag-
onally dominant, i.e.,

ZI Gl < |Hil, ie{l,...,2}. (8)

By Assumptlon 1, the Nash equilibrium 6* exists and
is unique since strictly diagonally dominant matrices are
nonsingular by the Levy-Desplanques theorem, for more
details, see [6, Chapter 4].

A. Continuous-time Extremum Seeking

The primary goal of this paper is to develop distributed
event-triggered control policies to obtain NES in noncooper-
ative duopoly games. Throughout our analysis, it is assumed
that Hj; < 0 for both i (a natural consequence of strict
concavity), the matrix H in (6) has full rank, and all the
parameters are unknown.
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Fig. 1. Block diagram illustrating the NES strategy through distributed

event-triggered control policies performed for each player.

The schematic diagram depicted in Fig. 1 provides an
overview of the proposed NES policy for each player,
detailing their respective outputs as follows:

{YI(I) =J1(6(1)), ©)
y(t) =51(0()).
The probing signals are

M (l‘) =ai Sin((x)lt)

{Sz(l) — aysin(wyr) ’ (10)
and the demodulating signals are represented by

_ 2
M(t) = @S%H(wlt) ’ (11
My(t) = ;5 sin(or)

having non-zero constant amplitudes a; and a;, both greater
than zero, and frequencies @; and @, satisfying @ # ;.
These probing frequencies w; can be chosen as

w=00=0w), i=1or2, (12)

where @ represents a positive constant and @; is a rational
number. One potential selection is detailed in [13].

If we denote 0y () and 6, () as the estimates of 6; and 65,
respectively, we can define the “estimation error” as follows:

{Ql (1) =61()— 6
62(1) = 62(1) — 63
The estimation of the gradients of the unknown payoff

functions
{G:l (1)
Gz (l‘)

13)

= Mi()y1(1)

YAOIOR (19
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. H] H]
can be rewritten as 81(0) = 204 G (@) + 141‘“' cos(a1) + 141‘“' cos(3m;1)
HL 2 Hld
+ 222 2 sin(wy1) — ~22%2 cos[(@) —2a)1]
ai
A 1 2 1 pxg*
Gi(t) = Hi, 6 “'1:111292* +hi ) + %cos[(wl +2a)1])+ 21,678 sin(o; 1)
+41(1)01 (1) + H12(1) 6> (1) o o o) “
Hl ~ Hl _ 1 cos(2mt
+ alll sln(wlz)e%(r)+a—212sin(wlz) 3 (1) . ah} (© (1)2)[]+a2h% (o + o]
—= cos[(w; — ——= cos[( @y
2HL o a a
+ a112 sin(@,1)0; (1)0(1) + 81 (1), (15) — H!,07 cos(2m;1)
~ 1 * 1 *
Ga(t) = Hy 6f +Hn 5 + 13 + i cos[(® Hipaoy
! ~ —= | — @)t] + —=——cos[(@; + @ )]
+ 181 (1) + A2 (1)8:(0) |55 cos(2011) "
H2, ~ H2, B —H{,6; cos(2m;t
+ 1L in(@01) 83 (1) + - 22 sin( @) 83(0) 1165 Hyay65
‘122 @ + Tcos[(a)l —w)t] — - cos[(@; + @ )t]
2H5, . ~ ~ 1 1
+TZISIH(C(&f)Ql(f)Qz(f)+52(I)7 (16) 2 . mlor 21105
2 +a—sm(w1t)+7sm(a)1t)+ sin(w;t)
1 1
1 p*2 1 p*2
[?)
+ AL sin( ;1) + —22-2— sin( ;1)
ap a
with time-varying parameters given b Hla La
fyme p g y + 1; 2 os(myt) — —2 2cos[(2a)1 — )1
Hi} Hlya
+ 2% cos(@a1) + ~22 cos|(201 + @)1 1)
A1 (1) = Hiy — Hij cos(2ay1) 5 R 5
1 1 g* Hfay . Hfay Hfay
+ 2 singaone) + 2000 in 83(1) = 1% sin(@r) + ~1% cos(@p1) + 1% cos (3n1)
1 1
Ha Hay
Hlas 0%
+%cos[(a)1+a)2)t] + n(@yr) - —5— 2 cos[(@ — 2 1]
H%a 2H3,6;6;
20 gx Hl 2242 201 )t 217192 P
+7g 2 sin(o) + 22 cos[(@y — )],  (17) T cos[(@, + 2w )] + a sin(@)
2 cos(2m,t)
A1) = Hiy — Hy cos(21) "2
h2
2n) 2H},6; . hi — )t + =2 t
+a712S11’1((011)+ a]? 1 51n(co1t) + 2COS[((D2 wl) ]+ a COS[(COI +0}2) ]
_ g2 p*
2005 Hyyar _ lel o cc:s(szt)
+ sin(o;1) + cos[(@; — @ )i] H3,a,6; 5
Hla:h a + Tcos[(wz — y)t] + Hy, 65 cos[(@1 + @ )i]
+ %COS[((DI + )], 18) — H3, 65 cos(2myt)
2 * 2 *
5\ (t) = H3| — H3, cos(2wat) 4 Hpa6; cos|(@ — @y )] — Hya10, cos[(@ + @ )1]
20} 2H3, 67 @ “
+ —sin(yr) + L sin(w)r) 2 . 20365 24365
a a + —=sin(wyt) + —— sin(wyt) + —=—= sin( ;1)
2H3,65 Hpa a2 a a
+ —===sin(wyt) + —==— cos[(a)z ) )t] H121 9*2 H229*2
az a + p sin(@pt) + B sin(wyr)
@ 19 2 2 2 2
+ cos[(an +a )t], (19) H}a H3ay
, a , —I—Tcos(wlt)— 5 cos[(2m; — wy)t]
S5, (t) = Hy, — Hy, cos(2ant) H2a H22 a
2h% 2HZ, 0 + 21 cos(wyf) + —2— cos[(2m, + o (22)
+a—25in(w2t)+%sin(w2t) 2 (1) +— [( 1)t
2 2

5 It is worth noting that the quadratic terms in (15) and (16)
N Hy a1 cos[(@n + a1 )] can be disregarded in a local analysis [23]. Moreover, from
% ) 4), H,6; + H},0; +h} =0 and H36; + H5L6; +h3 = 0.
2Hj5, 6/ H i i i
516} sin(aat) + 7219 a cosl(@— )], (20) Therefore, the gradient estimate is locally expressed as
a a N ~ ~
’ ’ Gi(t) = 01 (1)61 (1) + Hia(1)6a(1) + &1 (1), (23)

Go(t) = 751 ()01 (1) + 752(1)02(t) + &2(1) . (24)

5250



Now, considering the time-derivative of (13) and referring
to the NES scheme illustrated ~in Fig. 1, we can derive the
dynamics governing 6(¢) and 0(r) as follows:

dé] (1) . dé](l) .

p7aniireniat 11O (25)
dby(t) dby(1)

dt - dt —MZ(t)a (26)

where u;(t) and us(¢) represent the NES control laws to be
formulated.
The continuous-time feedback law is given by:

Ml(t) ZKlél(t)
A , forallt>0. 27
) ket 7
This controller is stabilizing, with the gain represented as:
_|Ki O
-8 8] o

ensuring that KH is Hurwitz.

Here, control updates are triggered only for a given
sequence of time instants (zx)xen determined by an event-
generator. This generator is designed to maintain stability
and robustness. The control task is orchestrated by a moni-
toring mechanism that triggers updates when the difference
between the current output value and its previously computed
value at time t, exceeds a predefined threshold, determined
by a constructed triggering condition [17]. It is important
to note that in conventional sampled-data implementations,
execution times are evenly spaced in time, with t,c] =t +h,
where h > 0 is a known constant, for all k € N. However,
in an event-triggered scheme, sampling times may occur
aperiodically.

B. Emulation of Continuous-Time Extremum Seeking Design
We define the players’ actions as:

1.1

ui (1) =KGi(ty), Vi€ ltetiy), (29)
wr(t) = KxGo(17), Vit € [ta,tey)- (30)

The following functions e; and e, both mapping from R to
R, represent the difference between the current state variable
and its previously transmitted value for players P1 and P2,
respectively, and are expressed as

el(t) = Gl([ )—

11< él(t)’
62(t) = Gz(t,%) —

Gz(l‘),

Ve [tk tky),
Vi € [tK?tK+l)7

Kk eN,
Kk € N.

(31)

(32)

Using equations (29)—(32), we rewrite the distributed

event-triggered control policies for each player in terms of
e; and ey, as follows

ui (Z) = K]Gl([) + Kjeg (Z),

uz(l‘) = Kzéz(l‘) +K2€2(I),

Ve kil ),
Ve [22,).

(33)
(34)

Consequently, plugging the event-triggered control law
(33)-(34) into the time-derivative of (23), (24), (25) and
equation (26), for all ¢ € [, . 1), where t,, = min{z.,72} and

tetr1 = min{t}( 15 t% 11} (for more details, see [30]), yields the

following dynamics governing G(¢) and (r):

%:%1(0 Gi(t) + 1 (t)Kiei (1)
+ A02(1)Ka Ga (1) + s (1) Kaea (1)
dﬁ'( o (t)+%f(t)éz(t)+ d‘i;t(t), (35)
W) (1)K G(0)+ Aaa (K1 (1)
+ 55 (1) K2 G (1) + 562 (1) Kazea (1)
+%t‘(t)él (t)+%f(t)éz(t)+ %, (36)
) 01 (081 0) + K A28
) +Kiei(t) + K161 (1), (37)
de;t(t) =Ky 5 (1)0, (1) + K2 75 (1)65(1)
+Krer(t)+K20:(1). (38)
Hence, in a concise vector-form representation, we have
d(;(t) = (1)KG(t) + 0 (t)Ke(t) + dﬁ(t) 0(1)+ % )
(39)
dzgt) =K (t)0(t) +Ke(t) +KS8(t), (40)
where

4 4 o
0= [ Tl maso= 3] @

The closed-loop system described by (39) and (40) highlights
a crucial point: while the product .7 (f)K on averaging sense
forms a Hurwitz matrix, the convergence to the equilibrium
G=0and 6 =0 is not guaranteed due to the presence of
the error vector e(t) := [e1(¢),ea(t)]” and the time-varying
term &(¢) and their derivatives. However, the system does
exhibit Input-to-State Stability (ISS) concerning the error
vector e(t) and such time-varying disturbances. Additionally,

it is important to note that the disturbances §(¢) and %

. . . dA(r)
as well as the time-varying matrix —

values.

In the next two sections, we introduce the static triggering
mechanism for NES, as outlined in Definitions 1 and 2. This
mechanism represents a fusion of distributed event-triggered
data transmission with an extremum-seeking control system.

possess zero mean

III. DISTRIBUTED EVENT-TRIGGERED ACTIONS FOR
NASH EQUILIBRIUM SEEKING

Definition 1 in sequence outlines the utilization of small
parameters ©;, along with the errors e; representing the
disparity between a player’s current state variable and its
last broadcasted value, and measurements of the gradient
estimate G;. These components are employed to construct the
“NES Static Triggering Condition”. This approach involves
updating the control laws (29) and (30) and the ZOH
actuators, as depicted in Fig. 1. This ensures the asymptotic
stability of the closed-loop system.

Definition 1 (NES Static-Triggering Condition): The NES-
based event-triggered controller with static-triggering
condition consists of two components:
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1) The set of increasing sequences of time I = {I;,L}
such that I; = {¢,1],t5,...} with #; =0, for all i €
{1,2}, generated under the following rules:

o If {reRT 1> A 6ilGi(r) —ei(r)| <0} =0,
then the set of the times of the events is I; =
{tO 7t1 I t;c} . .

o If {teR*:t>t§< A 6i|Gi(t)] — et
the next event time is given by

)| <0} #0,
ti  =inf{t e RT 11>t A 6y|Gi(t)| — |es(t)| <O}
K+1— . K i|Yi i B

42

consisting of the static event-triggering mechanism.

2) The i-th feedback control action updated at the trig-
gering instants in (29) and (30).

IV. CLOSED-LOOP SYSTEM FOR TIME-SCALED
TRIGGERING MECHANISM

A. Time-Scaling Procedure

To facilitate the stability analysis of the closed-loop sys-
tem, we introduce a convenient time scale. By examining
(12), it is evident that the dither frequencies (10) and (11),
as well as their combinations, are rational. Additionally, there
exists a time period 7 such that

TZTFXLCM{l,l},
W]

where LCM denotes the least common multiple. Hence, we
define a new time scale for the dynamics (39) and (40) using
the transformation 7 = w¢, where
27
w:=—. 44
T (44)
Consequently, the system (39) and (40) can be expressed as,
for all ¢ € [tx,,tct1), and K € N:

(43)

dé@@) v . a1
dAF) ~ . 1d8(F)
) a OOt 45)
do() 1 s 1 1
e 6K%ﬂ( )0(7) + Ke(t)+6K5(t). (46)

Now, we can implement a suitable averaging mechanism
within the transformed time scale 7 based on the dynamics
(45) and (46). Despite the non-periodicity of the triggering
events and discontinuity on the right-hand side of equations
(45) and (46), the closed-loop system maintains its periodic-
ity over time due to the periodic probing and demodulation
signals. This unique characteristic allows for the application
of the averaging results established by Plotnikov [28] to this
particular setup.

B. Average Closed-Loop System

Let us define the augmented state as:

o ._ [G(D)
X() = [ : (t_)} | (7
which reduces the system (45) and (46) to:
dX(f) N l
pra 6/ (t,X, (0) . (48)

The system (48) features a small parameter 1/ and a T-

periodic function .# (t X, — | in f. Therefore, the averaging

o1
at lim — =0,
w— @)

following the principles established by Plotnikov [28].
By employing the averaging of (48), we derive the follow-
ing average system:

dX, (T 1
2[< ) = y& (Xav) 5

B w
av = T /
where we “freeze” the average states variables G(7) and 6(7),
resulting in the following equations, for all 7 € [fic,fic+1):

_ 1
theorem [28] can be applied to & | 7, X, P

(49)

Jav é XaVaO 6 (50)

Gy 1, 1 ]
= EHKGaV(t) + 5HKeav(t), (51)
dé, (1) 1 1 )
yF 6KHeaV( f)+ 6Keav(t) , (52)
eav(t_) = Gav(fk‘) - Gav (t_)a (53)
Gay(T) = HOy (1), (54)

recalling that the matrix HK is Hurwitz. Therefore, it is evi-
dent from (51) that the ISS relationship of G,y (7) with respect
to the average measurement error e,y (7) holds. Thus, we
can introduce the following “Average NES Static-Triggering
Condition” for the average system.

Definition 2 (Average NES Static-Triggering Condition): The
Average Nash event-triggered condition consists of two
components:

1) The set of increasing sequences of time I = {I;,L}
such that I; = {77 ,7},...} with § =0, for all i €
{1,...,N}, generated under the following rules:

o If {fERT:T>T EAGH G (T)| — e (T)| < 0} =0,
then the set of the times of the events is [; =
{to 7t 10 % ;c}

o If {teR+ F> 7 /\0,|Gav( H|—
the next event time is given by

e (7)) < 0} #0,

fiy =inf{feRT:7>7 A ;|G (7)| —|e(7)| < 0},
(55)

consisting of the static event-triggering mechanism.

2) The i-th feedback control action updated at the trig-
gering instants such that

ui () =

for all ZTG [ZTK7ZTK+1 ), kE N.

K,G™ (7) + Kie™ (7), (56)

V. STABILITY ANALYSIS

The next theorem guarantees the local asymptotic stability
of the NES control system employing static event-triggered
execution, as depicted in Fig. 1.

Theorem 1: Consider the closed-loop average dynamics
of the gradient estimate (51), the average error vector (53),
and the average distributed event-triggering mechanism in
Definition 2, and suppose Assumption 1 holds. For a suffi-
ciently large @ > 0, defined in (44), the equilibrium Gu(t) =
0 is locally exponentially stable, and 8,,(¢) exponentially
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converges to zero. Furthermore, for the non-average system
(40), there exist constants m and Mg such that

1
w) ) (57)

\/ai+a3, with a1, ap defined in (10)=(11), and

the constants m and Mg depending on the triggering pa-
rameters Oy, 0y, and the initial condition 6(0), respectively.
Additionally, there exists a lower bound t* for the inter-
execution interval 7,1 —, for all k € N, preventing the Zeno
behavior.

Proof: The proof of the theorem is split into two main
sections: stability analysis and avoidance of Zeno behavior.

16(t) — 6%[| < Mg exp(—mt) + € (a+

where a =

A. Stability Analysis

Let us examine the following candidate Lyapunov function
for the average system (51):

Va(F) = GL(T)PGw(T), P=PT >0. (58)

Since HK is Hurwitz, given Q = Q7 > 0 there exists P = P’
such that the Lyapunov equation is K'H' P+ PHK = —Q
and, therefore, the time derivative of (58) is given by
dVy (T 1 P |
Z\;—( ) = sz{v(t)QGaV(t)"‘a
| _
+ EG; (f))PKHey (7)),

el (NHTKT PGy, (1)
(59)

whose upper bound can be expressed as

AV (7 A 2||PKH
df() S ln( )”G ()||2+ || p ||Heav

DG (@)])-

(60)
In the proposed event-triggering mechanism, the update law
is given by (55). Thus, by design |e}'(7)| < o1[GT"(7)],
|65 (7)] < 02/ G5 (7)| and [leay(7)]| < c7||Gav( f)||, where & =
max{cl,Gz} Additionally, the Rayleigh-Ritz inequality

[21] give uS Amin (P)|Gay (0)]|* < Vav(7) < Amax (P)|| Gy ()]
Thus, inequality (60) is upper bounded by

dVav(f) 1 A'mm(Q) ( 2||PKH||6> by
APAS - Vo (F), (61)

i = 02m® ' Zmm@ )0

. dViyy Ami
with Vjy(f) > 0 and ;it( ") <0, for all 6 < 2”;);([%” For
instance, if we choose & = 2)L|[|l;’r}7(11<\>\ 6, where 6 € (0,1), and
defining o0 = A"“"((P; inequality (61) simply becomes
dVy (7) a(l—6)

<- f). 62
P o V() (62)

Using the Comparison Principle [21, Lemma], the solution
of

dVZ}(’) =-2 (1(0_ D). Tuli) =Virli) (63
provides an upper bound V,y () for V,y(f) such that
Vay(7) < Viy(T), Vi€ [Fic,Txcr1 ), (64)
with
Ful) =exp (- 21000 Vi) W€ ).
(65)

By defining 7 and t_,; as the right and left limits of
f = iy, respectlvely, it is easy to verify that Vi (7 <

o(l1-6) . - -
exp (_(w)(rK+1 —£5) ) Va(FF). Since Vi, (f) is con-

VaV(t_KH), VaV(f;Jcr)

K+l)

tinuous, Vo (7
sequently,

fey1) = = Vav(f), and, con-

(1-6

Vi Fes1) < exp (—"‘a))@m —m) Valid).  (66)

Hence, for any 7 > 0 in f € [fi,fx+1 ), kK € N, one has

exp (—@(f z})) Vav (Fc)

_a(l-6)

Vav(f) <

(fk‘_fk‘fl)) Vav(fkfl)

<exp (— a(1-6) (I_—t_r()) i:keXP (— ¢ (1(;6) (fi_l_i—l)) Vav(fi—1)

=exp (—

Now, by lower bounding the left-hand side and upper
bounding the right-hand side of (67) with their counterparts
in Rayleigh-Ritz inequality, we obtain:

onin(P) [ Gan (7P < exp (_aﬂ—fﬂ,—) A (PG (O)] .

o
(68)

a(1-6)

f) Vav(0), VF>0. (67)

Then,

1G (O)]]
(69)

16u DI < [exp (—““25 6)5)

and

Amax (P)
2'min (P)

Once H is invertible and, from (54), éav(t_) =
following inequality is established

1Ga (0)] -

G0l < exp (- *E207) a0)

H Gy (7), the

-~ 1—-6)_ -
||eav<t><exp(—“(2w°)z)Me||eav<o>|, an
A'mdx
Mg = T (P )>||H YIIH] - (72)

Since (40) has a discontinuous right-hand side, but it is also
T-periodic in ¢, and noting that the average system with
state B,y (7) is asymptotlcally stable according to (71), we can
invoke the averaging theorem in [28, Theorem 2] to conclude

that
16(1) - B (1)) < ﬁ(;) |

By applying the triangle inequality [4], we also obtain:
~ ~ 1
60 < 16u0)1+2 (5
a(l-6 ~ 1
<exp (—(2)t> Mg |64 (0)|| + 0O (a)) . (74)

(73)
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Now, from (10) and Fig. 1, we can verify that

0(t)—0*=0(t)+S(1), (75)
where S(t) := [S1(t),S2(¢)]" and whose the Euclidean norm
satisfies

18(r) = 87[| = [18() +S@)[| < [6(0)]| +[IS (1)

1—-6 1
<exp (_a(zc)t) Me|9(0)—9*|+ﬁ<a+ (0) ,
(76)

leading to inequality (57), for appropriate m and My.

B. Avoidance of Zeno Behavior

Since the average closed-loop system consists of (51),
with the event-triggering mechanism (55) and the average
control law (56), we can conclude that ||e,y (7)|| < &||Gay (7],
resulting in

6||GAaV(E)||2 - ||eaV(f)||||GaV(t_)H >0.

By using the Peter-Paul inequality [32], cd < ;8 % for all

c,d, & >0, with ¢ = |leay(7)||, d = ||Gay ()| and & = &, the

inequality (77) is lower bounded by
c_y”GAaV([_)HZ — |leav(@) || ”GAav(t_)” >
qHGaw(f)llz—plleaw(f)ll2

where g = Q and p = 5=. In [14], it is shown that a lower

bound for the 1nter—execut1on interval is given by the time
duration it takes for the function

. P llea(@)]|
Pay (1) = | | =2
" q (| Gav (@]
to go from O to 1. The time-derivative of (79) satisfies

Then, invoking the Compgnson Pr1n01ple [21, Comparison
Lemma] an upper bound @,y (7) for @ay(7)

¢av(f> < éav(t_% ¢av(0) = (ﬁav(o) = 07

(77)

(78)

(79

Vi e [t_kvfk+l )7
(81)

is given by the solution of the equation

du (7) |H*K|| 2
-1 (o)

The solution of (82) with the initial condition @,y (0) = 0,
given by

(82)

Py (7) = (83)

<
QI

This solution describes the evolution of @,y (7) over time,
plle®ll s

" gjco Vith
e(t) and G(t) being T-periodic in ¢, and its average version,
given by (79), is upper bounded by (83), by invoking [28,
Theorem 2],

starting from zero at 7 = 0. Since ¢(r) =

10() — o) < 0 (1> | (84)

(0]

By using the Triangle inequality [4], one has

00) < onl)+0 (;) <bul)+ 0 (01))

i 1
-t ”HfK”%t - Z+ﬁ(w>. (85)
Now, defining
" 5 13 1
(1) ::Wf q+ﬁ<w> , (86)

a lower bound for the inter-execution time of original system
is given by the time it takes for the function (86) go to O to
1, this is at least

1 p —0(1/w)
HK| g1+ /p/g—0(1/0)’

and the Zeno behavior is avoided in the original system. [J

(87)

VI. SIMULATION RESULTS

This section shows simulation results in order to illustrate
the distributed NES based on event-triggering mechanism.
The investigated system captures a noncooperative game in-
volving two firms operating in an duopoly market framework.
These firms engage in competition aimed at maximizing
their profits J; through the pricing strategy u; of their re-
spective products, without sharing any information between
the players. The plant parameters are consistent with those
outlined in [12]: initial conditions are set as 6;(0) = 50 and
6,(0) = 110/3. Additionally, S; = 100, p = 0.20, m; = 30
and my = 30. According to (7), these parameters lead us to
a unique Nash equilibrium given by:

(88)
(89)

0" = [43.3333, 36.6667)"

T =[11(6%), J(6%)]" =[888.8889, 222.2222)"
The controller parameters are chosen as follows: for the NES
strategy, we set a; = 0.075, a =0.050, K1 =2, K> =5, 0 =
27, and @, = 22. Regarding the distributed event-triggering
mechanism, the parameters are 6; = 0.85 and 6, = 0.95.
To achieve the Nash equilibrium (88) with optimal payoffs
(89), players P1 and P2 implement the proposed decen-
tralized event-triggered NES strategy employing sinusoidal
perturbations to dictate their optimal actions. The time evo-
Iution of the proposed approach is depicted in Fig. 2. Fig.
2(a) shows the aperiodic update behavior of the players’ ac-
tions. Recalling that each player estimates a distinct gradient
component and decides independently when to trigger and
update the corresponding player action, these updates occur
autonomously. In a simulation spanning 250 seconds, the
actions of player P1 were updated 549 times and those of
player P2 updated 569 times—see Fig. 2(b). Notably, while
these updates are independent, they collectively drive the
system towards the Nash equilibrium, as depicted in Fig.
2(c). Moreover, Fig. 2(d) illustrates how, within the described
duopoly market structure without information sharing, each
player can maximize their profits J;(¢) by employing the
proposed decentralized NES strategy via ETC to set the
product prices 60;(¢) and 6:(¢) in the noncooperative game.
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(c) Input signals of payoff functions, (d) Payoff functions.
t).

Fig. 2. Numerical simulations for NES in noncooperative duopoly games
through distributed ETC policies.

VII. CONCLUSIONS

This paper introduced a novel method for achieving locally
stable convergence to Nash equilibrium in noncooperative
games through a distributed event-triggered control scheme
using extremum seeking. This strategy enables the players
of a duopoly game to improve their profits without sharing
information, with action updates occurring independently
since each player estimates and updates her actions based
on different gradient components. The proposed approach
contributes not only to game theory but also offers a practical
method for decentralized decision-making in complex sys-
tems, demonstrating effectiveness even under limited band-
width and preserving closed-loop stability.
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