2024 IEEE 63rd Conference on Decision and Control (CDC)
December 16-19, 2024. MiCo, Milan, Italy

Asymptotic Stability Preservation of Input Delayed Nonlinear Systems under
Sampled-Data Feedback

Xin Yu and Wei Lin

Abstract— We study the problem of global asymptotic stabil-
ity preservation (GASP) for C° non-smoothly stabilizable sys-
tems with input delay under sampled-data feedback. With the
aid of Halanay inequality and the notion of homogeneity, the
following sampled-data control results are established under a
fast sampling: 1) GAS is preservable if the nonlinear system
is homogeneous of degree zero and globally asymptotically
stabilizable by homogeneous feedback; 2) As a consequence,
GAS via sampled-data feedback is achieved for a class of
non-smoothly stabilizable systems with input delay in a lower-
triangular or upper-triangular form.

I. INTRODUCTION AND PROBLEM STATEMENT

In [29], the stability preservation problem was studied for
the nonlinear system

w(t) = f(z(t),u(t), f(0,0)=0, (1.1

under sampled-delayed input, where € R" and © € R™
are the state and input, respectively.

The main outcomes of [29] are two-fold: i) GASP under
sampled-delayed input is possible if the nonlinear system
(1.1) is globally Lipschitz continuous (GLC) and globally
exponentially stabilizable (GES) by smooth state feedback;
ii) Semi-GASP is possible if the C'* nonlinear system (1.1)
is globally asymptotically locally exponentially stabilizable
(GALES) by smooth feedback, under a fast sampling and
limited input delay.

Following the development of [29], we address in this
paper the problem of GASP under sampled-delayed input
for the C° non-smoothly stabilizable system (1.1). For
technical convenience, the GASP problem is recalled below.

Assume that u = oa(x) with a(0) = 0 is a C°
globally asymptotically stabilizing (GAS) controller for the
C° system (1.1). That is, the continuous-time closed-loop
system & = f(z,a(z)) is GAS at = 0. When taking
into account a delay in the input, the closed-loop system
becomes #(t) = f(x(t),a(z(t — d))). In practice, the
control action is often implemented by digital computer or
by “sample and hold” signals x(¢j) at the sampling time
ty = kT for k = 0,1,2,---, where T" > 0 is a sampling
period. In this case, the feedback controller is generated by
u(t) = u(ty) = a(z(ty)), t € [tk, tk+1). This, combined
with the factor of input delay, yields

u(t —d) = ax(ty)), t—d € [tg, thi1) (1.2)
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Consequently, the resulting hybrid closed-loop system with
delay is described by

a(t) = f(2(t), a(z(tr))), t€[th+d, thpa +d). (1.3)

With the help of (1.3) and discussions above, the GASP
problem under sampled-delayed input can be formally for-
mulated as follows.

Definition 1.1: The C° non-smoothly stabilizable sys-
tem (1.1) is called global asymptotic stability preservable
(GASP) under sampled-delayed input if there is a real
constant 6* > 0 such that the hybrid closed-loop system
(1.3) with delay is GAS at z = 0 for (T'+d) € (0,6*] and
any initial condition zg = p € C([—(d + T), 0], R").

To the literature we are aware of, various interesting
and important results have been obtained for sampled-data
control of time-delay nonlinear systems over the years,
as documented, e.g., in [1], [2], [7], [8], [16], [17], [19],
[14], [15], and [3], [12], [18], [4], [10], [13], [26], [27]
as well as the references therein. One of effective methods
for the design of sampled-data feedback controllers is the
so-called emulation technique. Roughly speaking, one de-
signs sampled-data feedback controllers by discretizing the
corresponding continuous-time controllers with appropriate
sampling periods, to achieve local, semi-global and global
stability for time-delay nonlinear systems [7], [17], [16],
[19], [10]. Both memorized and memoryless sampled-data
control schemes have been developed so far.

For example, predictor based sampled-data control strate-
gies were developed in [7], [17] to deal with linear systems
or forward complete nonlinear systems with input delay,
while the problem of global asymptotic stabilization (GAS)
of nonlinear systems with affine input was addressed in
[16], using sampled-data memory state feedback. It was
showed that, with the aid of some restrictive assumptions,
the property of GAS is preservable if the sampling period
and input are limited. For time-delay nonlinear systems
with the global Lipschitz continuity (GLC), the GAS prop-
erty was also proved to be preservable via sampled-data
feedback with a fast sampling [19]. This was obtained
under the very demanding condition that the time-delay
systems are globally exponentially stabilizable by memory
GLC state feedback in continuous-time. Recently, semi-
global exponential stability (SGES) of locally Lipschitz
nonlinear systems with state delay has been established by
memory sampled-data feedback [1], [2], under a time-delay
type (infinite-dimensional or FDE version) of the global
asymptotic local exponential stabilizability (GALES) char-
acterized in [10] for finite-dimensional systems described
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by nonlinear ODE.

In contrast to the previous works [10], [28], [2], [29]
which concentrated primarily on the semi-global asymptotic
stabilization (SGAS) via sampled-data feedback or semi-
global input delay tolerance of nonlinear systems, the focus
of this paper is on the problem of GAS preservation
for non-smoothly stabilizable nonlinear systems subject to
sampled-delay input. A Halanay inequality approach is
presented for the nonsmooth analysis and synthesis of the
GAS property of the time-delay hybrid closed-loop sys-
tem. Specifically, following the idea of [29], together with
the nonsmooth analysis tools, homogeneity, and Halanay
inequality, we prove that the time-delay hybrid closed-
loop nonlinear system induced by sampled-delayed actuator
maintains the GAS property under a fast sampling and
limited input delay. The main conclusion is that global
asymptotic stability is preserved if the nonlinear system has
a dominated homogeneity with zero degree. As a byproduct,
global asymptotic stabilization of non-smoothly stabilizable
systems with input delay in a lower-triangular or upper-
triangular form is shown to be possible by sampled-data
feedback with a fast sampling.

II. PRELIMINARY AND TOOLS

This section review briefly some tools to be used in
this research, including the notions of homogeneity with
respect to a family of dilations, homogeneous function
and homogeneous vector field, and related properties. The
reader is referred to the papers [6], [9], [25], [22], [23],
[32], [31], the survey papers [5], [24], the book [34] and
the references therein for further details.

Consider the autonomous system & = f(x), f(0) =0,
with f : R" — R" being a continuous vector field. The fol-
lowing concepts are fundamental in studying homogeneous
systems [34], [6], [9], [23], [24], [32], [31].

(@) Forr; > 0,i=1,---,nand x = (x1,---,2,) €
R", the dilation A is defined by Al(z) =
(e"xy, -+, e™ay,), Ve > 0, where r; is the weight
of x; and r = (ry,---,r,) is a dilation weight.

(b) A vector field f : R" — R" is homogeneous of degree
7 if there is a real constant 7, such that Yz € R"\{0},
Ji(AL(z)) =77 fi(x), fori=1,---,n.

() & = f(z) = [fi(z) - fn(x)]T is a homogeneous
system of degree 7 if the vector field f is homogeneous
of degree T with respect to the dilation AL(x).

(d) For a real number p > max{r;, ¢ = 1,---,n},
a homogeneous p—norm is defined by [|z|a, =
(o0 JaiP/7)YP, Vo € R™. For simplicity, [|z||a
stands for ||z| A p in this paper.

(e) A function V : R" — IR is homogeneous of degree k
if there is a real constant k, such that Vo € R"\{0},
V(A~L(z)) = bV ().

A homogeneous Lyapunov function has the following
important properties.

Lemma 2.1: ([34], [6], [23], [24], [32], [31]) Assume that
V :R* — R is a C' homogeneous function of degree k
with respect to the dilation A”(z) and V' (0) = 0. Then,

i) 0V/Ox; is homogeneous of degree k — r;;

ii) %—Z (x) is homogeneous of degree k + T;

iii) There is a constant ¢z > 0 such that V' (x) < cszHZ;

iv) If V() is positive definite, there is a constant ¢; > 0
such that 01H:1:||Z < V(x);

v) Let Vi(z) and V2(x) be homogeneous functions of
degree k1 and ko with respect to the dilation A7 (z).
Then, Vi (x)Va(z) is homogeneous of degree k1 + ks
with respect to the same dilation.

The following lemmas are very useful in addressing
sampled-data control of nonlinear systems with input delay.

Lemma 2.2: [31] Let g : R — IR" be a continuous map-
ping on the interval [a, b]. Then for any p > maxj<;<n {7},
there exists a positive constant py < p such that

H/ dsH (b—a) 5 / la(s)[[%. ,ds. @.4)
Lemma 2.3: [31] If r, >0,7=1,---,n, the homo-

geneous p-norm satisfies ||z + z||ar g 03(Hx||N,p +

Izllar p), Y,z € R", where ¢z > 1 is a constant.

Lemma 2.4: [31] Let f : R — R" be a C° homo-
geneous vector field of degree 7 = 0 with respect to the
dilation AZ(x) = (€™ @y, -, xy). Then, for any p > 0,
there is a constant L > 0, such that Vz, 2 € R",

I1f(z) = f@)llarp < Llz = Zl|arp + pllzlarp. (2.5

Lemma 2.5: (Halanay inequality [19]) Let a,b,r be
positive real constants with a > b, and ¢( be a real number.

Assume that z : [tp — r,+00) — IRy is a continuous
function satisfying the inequality

DTa(t) <

—az(t)+b sup z(t+0),
0e[—r,0]

Yt > to.

Then, z(t) < supge(s,—r1y) 2(0)e™, where D denotes

the upper right-hand Dini derivative, A > 0 is a real solution
of the equation \ + be*” = a.

III. MAIN RESULT

The main result of this paper is presented in this section,
which addresses the GASP problem for the input delayed
nonlinear system (1.1) under sampled-data feedback via
zero-order holder. The class of nonlinear systems under
consideration is characterized by the following conditions.

Assumption 3.1: The vector field f(xz,u) is homoge-
neous of degree 7 = 0 with respect to the dilation

Ag(«r7u):(arlxl, e ,ET"IH,ET"+1U1, .. ,’ETn+mUm), i.e.,
fi(eMay, - e my, e g e e, )
=gl (x17'-'7$n7u1,'-',um)7 i=1,2,---,n3.6)

Vr € R*,ue R™ and £ > 0.

Assumption 3.2: For the nonlinear system (1.1), there is
a C% GAS controller u = a(z) = [ai(z) -+ an(2)]T €
R™ with a(0) = 0, and «j, j = 1,---,m, which is
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homogeneous of degree 1,4 ; with respect to the dilation
Al(x) = ("1, -, e™xy), e,

(€M, e ey) = e a(y, o x,),  (37)
Vz € R™ and € > 0, such that the C° closed-loop system
& = f(z,a(x)) is GAS at z = 0.

Clearly, Assumptions 3.1-3.2 imply that the vector fields
f(x,a(z)) and f(z, a(z)) are homogeneous of degree zero.

With the help of the notion of homogeneity and its prop-
erties related to homogeneous vector field, homogeneous
function and homogeneous norm, the following result on
sampled-data control of the input delayed nonlinear system
(1.1) can be proved.

Theorem 3.3: Under the Assumptions 3.1 and 3.2, global
asymptotic stabilizabiliy of the nonlinear system (1.1) is
preservable under input delay and sampled-data state feed-
back. More precisely, there exists a constant 6* > 0 such
that the sampled-data feedback controller

u(t) = u(tr) = a(z(tr)), Vi€ [te, trr1), (3.8)
with t, = kKT, k = 0,1,..., globally asymptotically
stabilizs the nonlinear system (1.1) with input delay, if
d+T < §*.

Proof: The proof is divided into two steps. In the first
step, we establish the following result.

Claim I: For any initial state zo(s) = ¢(s) € C([—(d +
T),0],IR"), there exists a constant ¢y > 0 such that
=01, , < colllla, o ¥t < 0.).

The claim is proved by considering two cases.

Case A) — When d < T': In this case, it is clear that ¢ €
[-T+d,d) fort € [0,d). Thus, @(t) = f(x(t), a(z(=T)))
when ¢ € [0,d). By Lemmas 2.2 and 2.3, we have

le®l5... = 20)+ | r(ats) ate-Tas ],
<alr O3, +all [ 16, amnasy.,
gcl||x(0)ug,w+cldﬂ1/0 £ (@(s), ala(=T)))|['5. .ds

< (c1 + c2d™ )| 9]

t
ZT_K+C2d’“/ |#(s)['x .ds.(3.9)
, ; ,

where c1, co and pp are some positive constants.

It follows from (3.9) and Gronwall-Bellman inequality
that V¢ € [0,d),

|25, < (e1 + cad e X, (3.10)

Case B) — When d > T: For t € [0,d), there is an
integer N > 1 such that (N —1)T' < d < NT and [0,d) C
[-NT+d,—(N-1)T+d)U[-(N-1)T+d,—(N-2)T+
d)U---U[=T+d, d). As a result, there must exist a positive
integer N/ < N such thatt € [-N'T+d,—N'T+T+d).

By Lemma 2.2 and Lemma 2.3, we have
lz®1lx- .

“ oo+ [ st ate-NTys

—(N=2)T+d
+ / f(x(s), alz(~(N — 1)T)))ds

—(N=1)T+d

N / f(x(s),a(xz(=N'T)))ds )

~N'T+d ATk
< sl 2(0) 5,

—(N=1)T+d K

sad [ Fla(s).ale(-NT)s|
—(N-2)T+d "

e /(Nl)T+d fa(s), ala(=(V = )T))ds||

K

bt C3H /_tN/Ter f(x(s), a(:v(—N’T)))ds’

A" Kk
t
g(03+C5d“2+1)H¢HZW+C4d“2/ ()%, ds3.11)
, ; .,

where c3, ¢4, c5 and po are some positive constants.
Using (3.11) and Gronwall-Bellman inequality, we de-
duce that Vt € [0,d),

Hx(t)HZr_ﬁ < (cs+ C5du2+1>”¢||2r_ﬁ€c4d“2t
( "¢l As . 312)

Then, from (3.10) and (3.12), the Claim 1 is true.
Using Claim 1, the continuity of the solution trajectory
x(t) of (1.1)-(3.8), and a derivation akin to (3.9), we obtain

l=(@)]

< c3 + C5d“2+1)804

K

A < Colle@] s

vea| [ 1Gats).ate0))as

t
crer [ oo
’ d

where cg, c7 and p3 are some positive constants.
By (3.13) and Gronwall-Bellman inequality, one has

le®llar < csllllar o Ve €T +d),

K

AT K

K

< (er+e )| 9| A ds,(3.13)

(3.14)

where ¢ = (c7 + c7Trat1)eer T

From Claim 1, (3.14), and the continuity of the solution
trajectory x(¢) of the hybrid closed-loop system (1.1)-(3.8),
it is concluded that

|l=(®)]

where ¢g = max{cg, cg}.

In the second step, we consider the case when t > T+ d
and prove that the hybrid closed-loop system (1.1) and (3.8)
is GAS at z = 0 by the Halanay inequality.

By Assumptions 3.1-3.2, the continuous-time closed-
loop system @ = f(x,«(z)) is GAS and homogeneous
of degree 7 = 0 with respect to the dilation Al(z) =

K

A S 0l|9]

N VEEDT+d],  (3.15)
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(eMay, -+, e™ay,). In view of the converse Lyapunov the-
orem of homogeneous systems [25], there is a C'* positive
definite and proper Lyapunov function V' : R" — IR, which
is homogeneous of degree x > maxi<i<,{r;}, such that

o S V(@)

(3.16)

oV

—f(:z: a(z)) < —angHZTﬁ (3.17)

where a;, az and a3 are positive constants, and the homo-
geneous p-norm with p = x is adopted for brevity.

Along the solution trajectories of the hybrid closed-loop
system (1.1) and (3.8), It is deduced from (3.17), Lemma
2.1 and Young inequality that for ¢ > T" + d (without loss
of generality, let ¢, +d <t < tyy1 + d for some k > 1),

V(x() < —as|z(t)|x.

+§j\ ~ |0 ae(®)) - f(a0).ale(t)

<-ﬂ%Hw ‘AT
+blew Ol i@ (®), ala(?)) = filz(t), ala(te))))]

3
< Zafletv), .

+bo| f(2(1), a(a(t)) = F(2(t), alzt))|| A o B-18)
where b, and by are positive constants.

Note that f(z,a(z)) is homogeneous of degree

7 = 0 with respect to the dilation Al(z,z) =
(eMay, -, e™map, 21, ,6™2,). By Lemma 2.4, that
there is a constant b3 > 0 such that

ba || f(2(t), ala(t)) — f(z(t), alz(ty

1
< Zasux(t)

DA

+ b3l (t) — 2 ()] 5 ,-(3:19)

I
AT K

Substituting (3.19) into (3.18) yields

+ bl (t) = w(te)][y, . 3:20)

. 1 “
Vi) <~ gasla |3,

Because k > maxj<ij<n{ri}, it is deduced from Lemma
2.2 the existence of constant ¢ > 0 such that

t K
KAT,»-; = bgH/t Dt x(s)ds
k

bgHI(t) Ar ok

—x(tk)‘

<bs(d+T)" /tt [D*a(s) 5, ds (3.21)
k
Putting (3.21) and (3.20) together results in V¢t > d + T,
V() < - gasll 0|3, ,
+bs(d+T)" /tt [D*a(s)|| 5, . ds. (3:22)
k

For any d,T > 0, there always exists an integer j < k such
that ¢, € [t;+d, t;41+d), where ¢t; = jT. Then, it follows

from Lemma 2.4 that

t
| Dt s
23

tivrtd . tivatd .
<[ et [ ) s
ti+d t]‘+1~‘rd

! tr+d " t K
+m+/‘ HﬂMA%®+/'Hﬂmuw®
" ] tr+d i
(3.23)

k—1+d

< 2b4(d+T) sup

t+|%,
0€[—2(d+T),0] Hx( )HA i

where by > 0 is a constant and is independent on d, 7.
By (3.16), (3.22) and (3.23), one has

DYV (x(t)) < —asV (x(t)) + bs(d + T)**!
sup V(z(t+0)), Vt>T+d(3.24)
6€[—2(d+T),0]

where ay, bs are posmve constants and independent on d, T'.
Pick 6" = (3 )u+1 In view of (3.24) and Lemma 2.5,
there exists a constant A > 0 such that

V(z(t)) < sup V(z(0))e ™, Vd+ T < §*(3.25)

0e[—d—T,d+T)
Using (3.16) and (3.15), we arrive at

sup V(2(0)) < ol 5. (3.26)

0€[—(d+T),d+T]
for some constant ¢ > 0.

Substituting (3. 25) and (3. 26) into (3.16) yields
|t ‘N & < (%) _Hqﬁ‘ Ar € *. This, in turn, implies
that the hybr1d closed loop system (1.1)-(3.8) is GAS.

As a consequence of Theorem 3.3, the following global
stabilization results can be obtained immediately.

Corollary 3.4: Under Assumptions 3.1 and 3.2, the
nonlinear system (1.1) with d = 0 is GAS by sampled-
data state feedback. In particular, there exists a 7% > 0,
such that the sampled-data state feedback control law

u(t) = u(ty) = a(x(ty)), Vt € [tr, tri1), (3.27)

with t, = kT, k= 0,1,..., renders the system (1.1) with
d = 0 GAS, if the sampling period T" € (0, T*].

Corollary 3.5: Under Assumptions 3.1 and 3.2, there
is a d* > 0, such that the memoryless state feedback
controller u(t) = a(x(t)) globally asymptotically stabilizes
the nonlinear system (1.1) with input delay if d € (0, d*].

IV. SOME APPLICATIONS

We now apply Theorem 3.3 to derive some impor-
tant sampled-data feedback control results for input de-
layed nonlinear systems in a lower-triangular or an upper-
triangular form, without local exponential stabilizability
(LES). In each case, an explicit formula is given for the
design of sampled-data state feedback controllers.

One of the applications of Theorem 3.3 is devoted to a
class of nonlinear systems with input delay described by

@i(t) = i1, (8) + @i (t), -+, 2i(t), i=1,- -+,
En(t) = u(t —d) + dn(z1(t), - 2n(t)),

n—1
(4.28)
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where d > 0 is the input delay, pi,---,p,—1 are positive
odd integers, and the functions ¢;, ¢ = 1,---,n, are cY

with ¢;(0,---,0) = 0, and are homogeneous of degree r;
with respect to the dilation AZ(z) = (e™ay, -, ™a,),
withri =landrj = —2L1— i=2--- n.

pPip2-Pi—-1

Corollary 4.1: There is a constant §* > 0 such that
the lower-triangular system (4.28) is GAS by sampled-data
feedback if d + 7 < §*, where T" > 0 is the sampling
period. In particular, a sampled-data controller is given by

u(t) = ulte) = =Ly B ( e

8oL (1) + B () )”,

(tk) + -

t € [th,thy1), tx=kT, k=0,1,2,---, (4.29)
where \; =0, \; = 1?‘—4” fori =2,---,n+1, p, =1,
Ly > 1 and pq,---, B, are positive constants that can be

determined explicitly.

Proof: By assumption, the function ¢;(xy,---,x;) is
homogeneous of degree r; with respect to the dilation
Al(z) = (eMxy, -+, e™ay), fori=1,--- n. By Lemma
2.1-ii), there i is a constant ¢ > 0 such that |¢1 (:cl, x| <

czj 1 |:CJ| , i =1,---,n. With this in mind, we can
apply the adding a power integrator (AAPI) technique [11],
[21], [22], [30], [32], [31] to design a Holder continuous
controller of the form

A —An/Tn
’U,:Llwrl’l): n+1ﬁ ( /r xn 4.

4By ( —)\2/T2 T2 + ﬂlxl) ...)Tn, (4.30)

globally stabilizing the nonlinear system (4.28) when d = 0.
In addition, it is also easy to check that for
fi(xlv"'v'ri) = xz+1+¢z(xla' xi)’ t=1,--,n—
L, folw,u) = u+ ¢n(z), the vector field f(z,u) =
[f1()--+ fo(-)]T is homogeneous of degree 7 = 0 with re-
spect to the dilation AL (z,u) = (e"xy, -+, ™ xy, e u),
where 1 = 1 and r;, = % i = 2,~-~,n.
Thus, the lower-trioangular system (4 28) with d = 0
is homogeneous of degree zero with respect to the dila-
tion A”(z,u). Finally, the designed controller (4.30) sat-
isfies u(e™wy, -, e™mwy,) = e™u(xy, -, xy,), with 7, =
m, and hence is homogeneous of degree 7,,.

In conclusion, Assumptions 3.1 and 3.2 hold for the
lower-triangular system (4.28) with d = 0. By Theorem
3.3, there is a constant 6* > 0 such that the nonlinear
system (4.28) with input delay is GAS by the sampled-data
feedback (4.29), as long as d + T < §*. ]

The following example illustrates the application of
Corollary 4.1.

Example 4.2: Consider the input delayed system

i‘l(t) = 1‘2( ) —l—l‘l( ), ig(f) = u(t — d) + 51[:2(t) 4.31)

which is of the form (4.28) with p; = 3, ¢1(x1) = 1 and
¢2(x1,22) = ).

Note that even when d = 0, the planar system (4.31) with
strong nonlinearity is difficult to be controlled. Indeed, it

is neither locally nor globally stabilizable by any smooth
nonlinear feedback, as the uncontrollable mode of the
linearization has a positive eigenvalue 1.

On the other hand, it is straightforward to check that the
planar system (4.31) is homogeneous of degree zero with
respect to the dilation A”(z) = (ex1,e3x). By Corollary
4.1, there is a sampled-data controller (4.29), i.e.,

u(t) = ulty) =—L3 B (LT w3 (t)+Bra (1)), (4.32)

Vt € [tg, tg+1) with t, = kT, k=0,1,2,-- -, rendering the
planar system (4.31) GAS, provided that d 4+ T is limited.
Applying the AAPI technique [11], [22], [20], [24], [32],
we find explicitly a set of controller gains L; = 2 and
B1 =2,82 =5 in (4.32), which do the job.

The other application of Theorem 3.3 is devoted to a dual
class of nonlinear systems (4.28) with input delay, namely,
upper-triangular systems of the form

I (t) = ‘T;gl (t) + ¢ (.’L‘3(t), T 7xn(t)7u(t - d))

Bp1 = 2P (1) + by (u(t — d))

En(t) = u(t — d), 4.33)

where d > 0 is the input delay, py,---,p,—1 are odd
positive integers, the functions ¢;, i = 1, - - -, n, are C° with
¢:(0) = 0, and are homogeneous of degree r; with respect
to the dilation AZ(z,u) = (" zy,- -, ™ xpy, ™), with
rl—landn—pl% i=2,-

Corollary 4.3: There is constant 5* > O such that system
(4.33) with input delay is GAS by sampled-data feedback
if d+ 7T < 6% where T' > 0 is the sampling period. In
particular, a sampled-data controller is given by

An 1

u(t) =u(ty) = —Ly "*1@1 (L2 xn™ (tr) + -
- A2 1 ~ T
+034 (L;2 .1'27‘2 (tk) + Brx1 (tk)) o )
t € [tp,terr), te=kT, k=0,1,2,---, (4.34)

where \; = 0, A; = S22 with p, = 1, Ly > 1 and
Bl, s Bn > (0 are constants that can be designed explicitly.

Proof: By hypothesis, it is clear that the function
@i(Tiyo, -+, Tn,u) is homogeneous of degree r; with re-
spect to the dilation AL (z,u) = (e™zy,- -+, ™ xy, e u),
for7 = 1,.--,n. Using Lemma 2.1-ii), one can show the
existence of ac > 0 such that |¢;(@iq2, -, Tn,u)] <
(X iive |:c7| i+ |u|rn), i =1,---,n. Using the AAPI
design method [22], [24], [31], [33], one can find a Holder
continuous, state feedback controller

A ~ An 1
L; n+16n(L£n .’L‘ﬁ" + ..
/\2 1
+52( +[31$1) ) ", (4.35)

which GAS the nonlinear system (4.33) with d = 0.
Similar to the argument of Corollary 4.1, Corollary 4.3
follows from Theorem 3.3. 1

“Ant1~
u=DL,"""y=—
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Example 4.4: For the nonlinear system with input delay

B1(t) = 2o(t) + 23 (1), T2(t) = 25(t) + v’ (t — d)
Z3(t) = u(t — d), (4.36)
it is of the form (4.33) with p; = 1 and ps = 3.

It is easy to verify that the nonlinear system (4.36) is
homogeneous of degree zero with respect to the dilation
(EIl,E.IQ,E%.Ig,E%U). By Corollary 4.3 and the AAPI
technique [31], [33], we design the sampled-data controller
B (L3 )+ B L) s (1))
L]

te[tkvtk+1)7 tk:kTv k2071527"'7
with the gains Ly = 10 and 51 = 0.3,32 = 3,33 =1,

globally asymptotically stabilizing the nonlinear system
(4.36), as long as d + T is limited.

u(t) = u(ty) =

V. CONCLUSION

In this paper, the problem of global asymptotic stabi-
lization by sampled-daat state feedback has been addressed
for possibly non-locally exponentially stabilizable or non-
smoothly stabilizable systems with input delay. It was
shown that sampled-data feedback stabilization is achiev-
able under a fast sampling if the nonlinear system has cer-
tain homogeneity and input delay is limited. The proof was
carried out by virtue of Halanay inequality, and the proper-
ties of homogeneity. As a consequence of this development,
globally stabilizing sampled-data controllers were obtained
for input-delayed lower-triangular and/or upper-triangular
nonlinear systems with uncontrollable linearization. For the
sake of space, the discussion on the relation between this
paper and finite-time stabilization is omitted (beyond the
scope), so is the simulation result of Example 4.2 or 4.4.
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