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Homogeneous Finite/Fixed-time Stabilization with Quantization

Yu Zhou, Andrey Polyakov, Gang Zheng, Xubin Ping

Abstract— The paper investigates the homogeneous stabiliza-
tion of linear plants with uniform and logarithmic quantization
of state measurements. To achieve quadratic-like stability, the
homogeneous control system with quantized state measure-
ments is transformed into a standard homogeneous one to
obtain a sufficient stability condition. It is shown that a
homogeneous feedback stabilization with a uniform quantizer
may achieve only practical stability, while, in the case of
a logarithmic quantizer, a global (finite-time, nearly fixed-
time, exponential) stability is preserved, provided that the
quantization density is sufficiently high. Theoretical results are
demonstrated in simulations.

[. INTRODUCTION

Quantization is the process of digitizing a continuous
signal. In network control, signals can be quantized before
transmission to overcome time delays and save communica-
tion resources. In recent years, the problem of controlling
systems through quantized signals has garnered significant
interest. Most feedback control designs that utilize digitized
data are developed under the emulation method, wherein the
controller is first designed in a continuous time and then
implemented as a digitalized-data controller [1], [2]. This
paper develops the mentioned approach for homogeneous
control systems.

The homogeneity is a dilation symmetry useful for control
design and stability analysis of the continuous-time model.
Homogeneous methods have been extensively studied in the
last two decades (see e.g., [3], [4], [5], [6], [7], [8]). In
the context of continuous-time homogeneous systems, many
important properties can help for a control design (e.g., the
existence of homogeneous Lyapunov functions, equivalence
between local and global stability, and the finite/fixed-time
convergence dependently on a homogeneity degree, etc.).
However, when these methods are applied to real-world
systems, they often need to be implemented using digital
control techniques, such as quantization. Quantization can
be modeled as a mapping from a continuous domain to a
finite (or countable) set of discrete values, which can result
in the loss of some important properties that were discovered
in the continuous-time case.

There are two classical quantizers: uniform quantizer and
logarithmic quantizer (see, e.g., [9], [10] or Section II of
this paper). The linear stabilization using state measurements
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quantized uniformly is studied in [11], [12]. The interaction
between control design and quantizer design was demon-
strated in [13], where an optimal logarithmic quantizer for
a single-input-single-output linear system is introduced and
studied. For the logarithmic quantizers, the quantization step
increases exponentially as the input increases. This approach
follows the intuitive idea that the farther from the origin the
state is, the less precise control action and knowledge about
the state are needed. If the number of quantization levels is
not limited, a logarithmic quantization does not destroy the
quadratic stability' in some cases [10].

Various results about feedback control using quantized
state measurements can be found in the literature (e.g. [12],
[13], [14], [15]). The simplest approach is proposed in [9],
where the logarithmic quantization error is represented as
sector-bounded non-linearity. Most of the results are obtained
for linear controllers, and the corresponding analysis is
essentially based on quadratic stability. Since the asymptot-
ically stable homogeneous system is topologically equiva-
lent to a quadratically stable [7], then the aforementioned
observation motivated us to investigate the stability of ho-
mogeneous stabilization with quantized state measurement.
Specifically, we focused on homogeneous control design
based on the canonical homogeneous norm ([16], [7], [8]).
This paper makes a twofold contribution. Firstly, we derive a
sufficient stability condition for stabilization with a general
quantization function. Secondly, we investigate emulated
homogeneous stabilization using uniform and logarithmic
quantizers. It is shown that, for a uniform quantization, just
practical stability can be guaranteed, while, for a logarithmic
quantization, the global finite-time, exponential, and nearly
fixed-time stability of the homogeneous system can be pre-
served.

The paper is organized as follows. In Section II, we
provide a brief introduction to homogeneous control systems
analysis and design. The detailed problem statement is given
in Section III. Section IV presents the main results of the
paper, which include a stability condition with a general
quantization function; stability of a homogeneous control
system with uniform and logarithmic quantization. Section
V presents simulation results.

Notations

R is the set of real numbers, R} := {x € R : = > 0};
|- is the Euclidean norm in R™ ; O denotes the zero vector
from R™; diag {)\;}!"_, is the diagonal matrix with elements

'A system is quadratically stable if it admits the quadratic Lyapunov
function
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Ai;P = 0(< 0,= 0,= 0) for P € R" ™ means that
the matrix P is symmetric and positive (negative) definite
(semidefinite); \pin(P) and A\pax (P) represent the minimal
and maximal eigenvalue of a matrix P = PT: for P > 0 the
square root of P is a matrix M = P73 such that M2 = P;
Let denote by K the set of continuous strictly increasing
functions map R to Ry.

II. PRELIMINARIES: HOMOGENEOUS STABILIZATION

Homogeneity refers to a class of dilation symmetries,
which have been shown to possess several useful properties
for control design and analysis [17], [18], [19], [20], [6]. In
finite-dimensional systems, the linear dilation is widely used.

Definition 1: [7] A mapping d(s) : R” — R", s € R is
said to be a group of linear dilation in R" if

e d(0) = I,,d(s+1t) =d(s)d(t) = d(t)d(s), Vs,t € R;

. sgmoo |ld(s)z| = 0 and 611}1{)10 ld(s)z| = o.

The dilation d is continuous if the mapping s — d(s) is con-
tinuous. Any linear continuous dilation can be represented as

oo

s"Gy
o

=0

d(s) = e*Ca .=

The matrix Gq € R™*"™ is the generator of the dilation
d, and is anti-Hurwitz, meaning that all its eigenvalues have
non-negative real parts. For the standard dilation, Gq = I,
and for weighted dilation, G4 is diagonal. Monotonicity is
essential in homogeneous dynamic analysis. Let us recall the
definition of a monotone dilation.

Definition 2: A dilation d is strictly monotone in R™ if
38 > 0 such that

[d(s)|| < €%, Vs<o.
The monotonicity of the continuous dilation guarantees the
uniqueness of the homogeneous projection of x # 0 on
the unit sphere. This property is essential in defining a
homogeneous norm.
Definition 3: [7] The functional || - ||q : R™ — (0, +00)
defined as ||0]|g = 0 and

|z]la = e®, where s € R: ||[d(—s)z] =1,

x#0

is called the canonical homogeneous norm in R"”, where d
is a continuous monotone linear dilation on R"™.
The functional || - ||q is single-valued and continuous at the
origin. Although the canonical homogeneous norm does not
satisfy the triangle inequality in R™, it is a norm in a special
Euclidean space R}} being homeomorphic to R™ .
Proposition 1: A dilation d is strictly monotone in R™
equipped with the norm ||z|| = V2T Pz if and only if the
following linear matrix inequality holds

PG4 +GiP =0,

where G4 € R" is the generator of the dilation d. Moreover,
one has

1
o < d(s)] < e, 520 M

)

{eas <llds)l <€, s <0,

where @ = IApax (PEGaP™H 4+ PTAGIPE) > 0, 8 =
Duin (PEGaP~% + PTAGIPY) > 0. and there exists
M > 1 such that

{mxnz <lall <lallg, N2l <1
|zlla < llz| < Mllz]|§, o] > 1.

The canonical homogeneous norm can be utilized as an
implicit Lyapunov function in homogeneous control design,
thereby simplifying both the control design and analysis
procedures. The partial derivative of the canonical homo-
geneous norm induced by ||z|| = V2T Pz can be calculated
as follows [7]:

Ollzlla _ 2" d" (—In|z][a)Pd(—1In|z]a)
O —||$deTdT(—1n|\x|\d)PGdd(—1n|\x|\d)a:- &)

Definition 4: [19] A vector field f : R® — R™ (resp.,
a function h : R™ — R) is said to be d-homogeneous of
degree i1 € R if

f(d(s)) =et*d(s)f(x), VzreR",
(resp., h(d(s)) = e**h(x), VzeR",
where d is a linear continuous dilation in R™.

In this paper, we investigate the stability of a homogeneous
control system under quantized state measurement. The con-

trol algorithm for continuous-time systems is taken from the
paper [8], which considers the linear time-invariant system

x(0) = o, 4
where z(t) € R” is the system state, u : R — R™ is the
feedback control to be designed, A € R"*™ and B € R™*"

are system matrices.
Theorem 1: [8] If the linear equation

AGo+ BYy =GoA+ A, GyB=0. 5)
has a solution Gy € R™*"™ and Yy € R™*" such that Go—1I,,

is invertible, then for any ; > —1 such that Gq = I, + uGg
is anti-Hurwitz, the linear system (4) with the control

u(x) = Kox + |l ¢ Kd (- In|z]a) z, K =YX
(6)
is d-homogeneous of degree 1 and globally asymptotically
stable provided that Ko = Yy(Go — I,,) ™!, Ag = A+ BK,,
X € R™™Y € R™*" gatisfy the following algebraic
system
XA]+AcX+Y "BT+BY +p (XG] + GaX)=0
XGl+GaX =0, X=0

Vs € R,
Vs € R),

& = Ax + Bu,

(7
and the canonical homogeneous norm || -||q is induced by the
norm ||z|| = VxT X ~1z. Moreover, the closed-loop system
is

« globally uniformly finite-time stable? for p < 0;

« globally uniformly exponentially stable for p = 0;

o globally uniformly nearly fixed-time stable® for > 0.
If the matrix A is nilpotent and m = 1 then Ky = 0.

2The system (4), (6) is finite-time stable if it is Lyapunov stable and
IT (z0) : ||z(t)|| = 0,Vt > T'(z0), Vo € R™.

3The system (4), (6) is uniformly nearly fixed-time stable if it is Lyapunov
stable and Vr > 0,37 > 0 : ||z(t)|| < r,Vt > T, independently of
zo € R™.
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III. PROBLEM STATEMENT

Let us consider the single-input system
i = Az + Bu(@), (@) = |25 Kd(~In [alla)z, (®)

where A = (8 )R B o= (9)R™, and the
feedback control u is designed using Theorem 1. In this case,
d(s) = diag(e™*,e™%, ¢c--- ™), r; > 0,i=1,2,---,n
is a weighted dilation.

We assume that the state measurement are quantized.
Mathematically, the latter means the state x in the control is
replaced with ¢(x), where

g:R"— Q={ieN: ¢ e R"}, )

is a piecewise constant function that maps R™ to a discrete
subset of R™.

The aim of this paper is to investigate the stability of
closed-loop control system in the case of quantized state
measurements.

We consider two commonly used quantizers:

e Uniform quantizer: uniform quantizer with a quantiza-
tion step size equal to some bounded value A is given
by

aly) =A- qu;J yeR
where the notation || denotes the floor function. For
the vector case, we define q(z) = (q(x1), ..., q(x,)) .
The quantization error is bounded by the quantization
step:

la(z) — zllee < A. (10)

Fig. 1. Uniform quantization

o Logarithmic quantizer: a static logarithmic quantizer is
described by

P, if 50" <y < 1550,
) = i=0,41,42,...
M=o, if y=0

—q(-y), ify<0

where p € (0, 1) represents the quantization density and
0= (1-=p)/(1+p). A small p (or large § ) implies

coarse quantization, and a large p (or small § ) means
dense quantization.

For the logarithmis quantizer, the quantization error is
sector bounded:

la(z) = zlloe < 8llzlloe, 6 € (0,1) (1D

the quantization is vanishing as state goes to the origin.
In order to do not change the equilibrium of system, we
invoke following assumption.

Assumption 1: Assume ¢(0) = 0 for both quantizers .

—y=4q()
y = (1+9) x
y = (1-0) x

Fig. 2. Logarithmic quantization

IV. MAIN RESULTS

The closed-loop system with quantized state measure-
ments can be represented as follows:

i = Az + Bla@)| 5 Kd(~ n[Ja(@)]la)al@).  (12)

The latter system is discontinuous. Its solution is under-
stood in the sense of Filippov [21].

A. Stability of homogeneous control system with quantized
state measurements

Since ||z||d is a Lyapunov function for the quantization-
free system (8), Theorem 4 in [7] shows that the
quantization-free system (8) can be transformed to a standard
homogeneous system (i.e. Gq = I) of degree u. Moreover,
the corresponding transformation of the system (8) gives a
quadratically stable quasi-linear system, so the analysis of
the robustness with respect to the quatization of the state
can follow the conventional ideas known for linear quantized
systems.

The mentioned transformation is
||z||lad(—1n ||z||a)z. It results in

given by z =

2= (I — Ga)d(—s)zdzla | ||z] 4d(~5)d

I-Gq)d(—s)zz'd' (—s)Pd(—s)i
z7d T (—s)PGad(—s)x

+ [lzllad(=5),
(13)
where s = In ||x||q. Taking the derivative of ||z|/q, we have

= [zl

— —s)zz'd T (—s .
i = lalla (SRRt H D) d(=s)i (4)

7639



Taking z = ||z||ad(—In||z||a)z and ||z|| = ||z|/a, then
d(—In|jz|la)z = a7+ Moreover, for the quantization-free
system (8), we have

s= 2l H.d(=s) (Az + |l2] 5 BKA(~ n alla)z)
(15)
where H, = %H. Since Ad(—s) = e"*Ad(—s)
and d(—s)B = e~ *B, we have

s = |2 (121" Ay + 21" BEA(=n |2]la)2)

— l2“H. (A + BK) 75

(16)

The latter transformed system is standard homogeneous of
degree p. If (8) is asymptotically stable, then the transformed
system is also asymptotically stable.

According to the definition of canonical homogenous
norm, we have ||z||q = ||z||, then the quadratic form 2z Pz
is Lyapunov function of system (16). Besides

2T Pz = ||z||**2T Pz

17
= |lz#2TP (U8 P4 T) (A + BK) 2 (4

Then
STP: = Ylal (pk: ) 2 P(A+ BK)2  (18)

Since P is positive definite, and from the monotonicity of
dilation we have PGgq + G,IP > 0, then there exists a
positive constant a;, such that

2" Pz < ap|z|*2"P(A+ BK) z (19)

#}%. Since system (16) is asymp-
taltically stable, we conclude that a1 |z||*2" P (A + BK) 2
is negative definite.

Based on the quantization-free standard homogeneous sys-
tem and the quadratic Lyapunov function, the stability of the
system with control using a quantized state is investigated.

Theorem 2: Letd, | -|la,] -|| be as in Theorem 1. Let q :
R — @ ={i € N: ¢g; € R"} be a quantization function,
where @ is a discrete set. If sup, o [[d(—In [|z|a)(g(z) —
z)|| is sufficiently small, then the system (12) is globally
asymptotically stable.

Proof: Using the coordinate transformation considered
above we derive

where a; =

s = |2l H (1211 Aoz + d(=5) a5 BEA(~n lall)a)

(20)
where s = In ||x||q. Let quantization error denote by o =
q(x) — x. Using the homogeneity, we obtain

d(=1Inz]la)allg™ BEd(~1n al)g
=d(—In|z]a)z + olly"* BKd(~In |z + ol|a)(z + o)

1+p
d) (W—’_O—Z)
2D

= |l=[1"

BKd (~n

where o, = d(—s,)o. Thus,

s 14+p z
2=l (An 1+ BE gy u)

+ |21 Hd(=9)|lallg"™ BEd(~1n a])g
HZHlJr H BK” I
(22)
=|z||*H, (Az + BK z)
1
+ HZHH“HZ IIZol\d+“ BEKd (—In||zlq) Z
+
— 2] BKd(—1n JF=n
a’ Izl
where z, = |Z” +0,, and z, — T T 0= Considering
the control using quantized states (2&) and the Lyapunov

function z | Pz, we have
2" Pz =|z||*2" PH, (A + BK) z
+lz)| 2T PH, ||z, g7 BKA (<In ||zl 4) 2

1+p

14+p z

= [lel2 IE ‘ T=ll ’ )T
(23)

BKd(~In ‘

Notice that @ = ||z[| ;" K d(— In ||z||)z, it is continuous out-
side the origin. By assumption, o, = d(—In ||z|la)(¢(x) —
z) < g for all x # 0 with a sufficiently small ¢ > 0.
Since \%\I belongs to the unit sphere for any z # 0 then for
sufficiently small & there exists a compact set (with does not
contain the origin), such that H T and z, always belongs to
this compact. Since @ is continuous on the compact, then it
is uniformly continuous on this compact, i.e., there exists a
class K function  such that

DI < (llo=lD)-

Taking (19) and using Cauchy—Schwarz inequality we have

|i(z5) — u( (24)

2T Pz < —|l2||f2T Pz (a2 —(llo:l) . (25)

where ay = —Amin(PA+ ATA+ PBK + K'BTP). It is
clear that 2" P# is negative definite for a sufficiently small
o. The proof is complete. [ ]

Recall that z — d(—In ||z||q)z is the homogeneous pro-
jector on the unit sphere, so the latter Theorem reveals that if
the projected quantization error is sufficiently small, then the
system can maintain the same stability as a quantization-free
system.

Corollary 1: Let q be uniform quantizer, then the system
(12) is globally asymptotically practically stable.

Proof: According to the Theorem 2, and the quantiza-

tion error of uniform quantizer (10), we have

[d(=In|zlla)e] < ld(=1nz]a)[vnA.  (26)
Using the estimate (1), it yields that
“Av/nA > 1
x nA, ||z|la >
(-t afla)o| < {1 “1a VERlella =1 o)
|zl VA, zlla <1

the latter estimate indicates that if ||z|la — oo, then
[[d(=1n||z|la)o|| — 0. Then, the system has no finite-time
escape.
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Meanwhile, taking account (25), it implies that the
attractive set of system is {zr € R" lz]la <
1/B 1/

VRA NN
maX{<771(a1a2)) 5 1, (7’771(611(12)) }}
||

In the case of the uniform quantization, only practical
stability can be guaranteed since the quantization error is
non-vanishing. The distinguishing property of a logarithmic
quantizer is that the quantization error decreases as the states
approach the origin. This allows the convergence/stability
property of the original system to be preserved.

Corollary 2: Let g be a logarithmic quantization function.
Then, the system (12) is globally asymptotically stable
provided ¢ is sufficiently small (see (11)). Moreover,

« globally uniformly finite-time stable for p < 0;
« globally uniformly exponentially stable for p = 0;
« globally uniformly nearly fixed-time stable for p > 0.
Proof: ~ For weighted homogeneous system (i.e.
Gq is diagnal), let Gq = diag(ri,re, - ,rp), T =
[1, 29, - ,2,]", and o = [qi(z1) — 71,q2(22) —
Za,++ ,qn(Tn) — x,)]. According to the stability condition
(25) outlined in Theorem 2, a sufficient criterion for the
global finite-time/exponential, nearly fixed-time stability is:

Z g™

where ¢ > 0 is small enough. On the other hand, from the
definition of canonical homogeneous norm we have

TP (28)

oi|* <

ey <o d (I fefla)d(~nfz]a)r < 5.
2
it is equavalent to
YRy S Z loll g™ eil® < st (30)
Then, it yields that
l2l13%" lz:* < 527y, Vi€ N, 31)

Since, due to logarithmic quantization, |o;|? < §2|x;|? then

2 =3
jos| <0 T?P) (32)

then for sufficiently small § we have
D13 loil* < 5t 252 oy 33

i=1

and the stability condition is fullfilled. Consider the quanti-
zation error for a vector, then the latter inequation becomes:

Z g oi]* <

The proof is complete [ ]
Corollary 2 extends result known for linear control system
to a class of generalized homogeneous control systems.

2
S NP (34)

mm(P)

V. VALIDATION AND SIMULATION

For validation, a simulation is created in simulink. Let
consider a second-order system

- Yaf)

Following the design in Theorem 1, we have
Gq = |:<1 - M)I 0:|

0 I\
A negative homogeneity degree is considered, and the control
parameters are obtained by solving the LMIs and listed as
follows.

8.9359 2. 2554]

p=—05 K =[-59429, -2.5], P— [2 55El 15036

In the simulationm, we set A = 1, § = 0.5. The simulation

uniform quantizer

20 ‘
—x(1)
10 —x(2) |
x
0 L
-10 : : : : :
0 2 4 6 8 10 12
t(s)
20 logarithmic quantizer
—x(1)
10 x(2) |
x
0 L
-10 '
0 2 4 6 8 10 12
t(s)
Fig. 3. The states of system (continuous time signal).
uniform quantizer
5
o0
<
100t
0 2 4 6 8 10 12
t(s)
logarithmic quantizer
B 100 F
&8
o0
<
10°

12

t(s)

Fig. 4. The logarithm of norm state of system(continuous time signal).
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uniform quantizer

20 w w
—a(1)
10 —q(2) |
o
ol " -
-10 :
0 2 4 6 8 10 12
i(s)
20 logarithmic quantizer
—a(1)
10 —a2 |
o
0
-10 :
0 2 4 6 8 10 12
t(s)
Fig. 5. Quantized state.

uniform quantizer

t(s)
logarithmic quantizer

t(s)

Fig. 6. Control signal using quantized state.

results are presented in Figures 3 to 6. The continuous-time
state signal shown in Figures 3 and 4 demonstrates that the
control using uniformly quantized states drives the system
towards a neighborhood of the origin. On the other hand, the
control law with logarithmic quantization achieves finite-time
convergence to the origin. The quantized states and control
signals obtained using the logarithmic quantizer and uniform
quantizer are shown in Figures 5 and 6.

VI. CONCLUSIONS

In this study, we investigate the stability of homogeneous
control systems under quantization of the measured states.
Sufficient stability for the preservation of the stability prop-
erties of the original (quantization-free) system is derived.
It is shown that in the case of uniform quantization, only
global practical stability can be guaranteed, while in the case
of a logarithmic quantizer, the system may preserve finite-

time/exponential/nearly fixed-time stability (dependently on
the homogeneity degree). Since the logarithmic quantization
is less dense far from zero, the obtained results open a pos-
sibility to use a homogeneity-based design of event-trigger
systems, which are aimed a minimization for information
transmission through communication networks.
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