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Passivity-based Gradient-Play Dynamics for Distributed GNE Seeking
via Parallel Feedforward Compensation

Weijian Li, Lacra Pavel

Abstract— We consider seeking generalized Nash equilibria
for games with coupled nonlinear constraints over networks.
We first revisit a well-known gradient-play dynamics to solve
the problem from a passivity-based perspective, and address
that the strict monotonicity on pseudo-gradients is a critical
assumption to guarantee its convergence. Then we develop a
novel passivity-based gradient-play dynamics by introducing
parallel feedforward compensators. We prove that the dynamics
achieves asymptotic convergence in merely monotone regimes.
Moreover, in the absence of coupled constraints, we surprisingly
find that the dynamics can handle hypomonotone games with
inverse Lipschitz pseudo-gradients.

I. INTRODUCTION

Recent years have witnessed a flurry of research on
distributed generalized Nash equilibrium (GNE) seeking for
noncooperative games with coupled constraints. This was
motivated by their applications in different areas such as
power allocation in communications, smart grids and social
networks [1]-[3]. These are examples of multi-agent sys-
tems where each individual decision-maker (player) aims
to minimize a local cost function which depends on its
own action as well as on the actions of its opponents, and
meanwhile, the shared constraints should be satisfied. A GNE
is a reasonable solution to such a problem, whereby no player
can decrease its local cost by unilaterally changing its own
decision. Various distributed algorithms to seek GNEs have
been explored, such as (projected) gradient-play dynamics,
operator splitting approaches and pay-off-based dynamics
[4]-[6], to name just a few.

One of the most studied methods is the gradient-play
dynamics because it is easily implemented under full and
partial-decision information settings. Convergence of the
dynamics to an Nash equilibrium (NE) was addressed in
[7], [8], while its extension to NE seeking over networks
under partial-decision information was developed in [9].
A corresponding discrete-time algorithm was designed in
[10] for strongly monotone games, which achieved faster
convergence rates by incorporating a Nesterov’s accelerated
protocol. Based on a primal-dual framework, a fully dis-
tributed gradient-play dynamics was explored for games with
separable nonlinear coupled constraints in [3]. Similar ideas
were used to seek GNEs for multi-cluster games with nons-
mooth payoff functions, coupled and set constraints in [11].
However, all algorithms mentioned above require pseudo-
gradients of the local cost functions to be strictly or strongly
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monotone in order to ensure convergence. Unfortunately,
the assumption fails in some applications, including zero-
sum games, Cournot games and resource allocation problems
[12]-[14].

It is well-known that passivity is a powerful tool for the
analysis and design of control systems [15], [16]. More
recently, the concept of passivity has been applied to NE
computation [5]. On one hand, it provides us with a better
understanding of existing algorithms by explaining why they
can work under certain game settings. On the other hand,
it guides us to design new algorithms. For instance, stable
games and evolutionary dynamics were analyzed in [17]
after they were modeled as passive dynamical systems. In
[9], passivity was employed to prove the convergence of a
gradient-play dynamics for distributed NE seeking, while in
[18] equilibrium-independent passivity was applied to the
analysis and design of reinforcement learning dynamics in
multi-agent finite games. A heavy-anchor (HA) dynamics
was proposed in [19], which allowed a relaxation of the strict
monotonicity on pseudo-gradients, and could also handle
a class of hypomonotone games under inverse-Lipschitz
conditions. The authors of [20] designed a second-order
mirror descent (MD2) dynamics, which converged to a
variationally stable state without using techniques such as
time-averaging or discounting. We note that both HA and
MD?2 were designed based on passivity-based modifications
by introducing output-strictly passive systems, and both only
dealt with NE seeking.

In this paper, we focus on GNE seeking. Our main
contributions are summarized as follows.

a) We revisit a typical distributed gradient-play dynamics to
seek GNEs for games with nonlinear coupled constraints
from a passivity-based perspective, and conclude that the
strictly monotone assumption on pseudo-gradients plays
an important role on its convergence.

b) We develop a novel passivity-based gradient-play dy-
namics, by introducing parallel feedforward compensators
(PFCs). We establish that the dynamics can achieve exact
convergence to a GNE if the pseudo-gradient is merely
monotone. Furthermore, we surprisingly find that in the
absence of coupled constraints, it can also handle general
hypomonotone games with inverse Lipschitz pseudo-
gradients, unlike [19].

The rest of this paper is organized as follows. We introduce
some preliminary background and formulate the problem
in Section II. Then we revisit a well-known gradient-play
dynamics in Section III. In Section IV, we propose a novel
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passivity-based gradient-play dynamics, whose convergence
is addressed in Section V. Finally, we close this paper with
some concluding remarks in Section VI.

Notation: Let R™, R and R™*" be the set of m-
dimensional real column vectors, m-dimensional nonneg-
ative real column vectors, and m-by-n dimensional real
matrices. Denote 1,, (0,,) as the m-dimensional column
vector with all entries of 1 (0), and I,, as the n-by-n identity
matrix. We simply write O for vectors/matrices of zeros
with appropriate dimensions when there is no confusion. Let
()T, ® and | - || be the transpose, the Kronecker product
and the Euclidean norm, respectively. The Euclidean inner
product of x and y is 2Ty or (x,y). For x; € R™, we
define col{z;}icr := [2T,...,2%]T € RXicz™  where
Z = {1,...N}. Given a differentiable function J(z,y),
V. J(xz,y) is the partial gradient of J with respect to x.

II. PRELIMINARY AND GAME SETUP

In this section, we introduce some necessary concepts, and
then, formulate the distributed GNE seeking problem.

A. Mathematical Preliminary

Consider a multi-agent network modeled by an undirected
graph G(Z,E, A), where T = {1,..., N} is the node set,
& C I x T is the edge set, and A = [a;;] € RVN s
the adjacency matrix such that a;; = aj; > 0 if (¢,j) €
&, and otherwise, a;; = 0. Suppose that there are no self-
loops in G. The Laplacian matrix £ is £L = D — A, where
D = diag{d;} € RN*N, and d; = 3,7 a;;. Node j is a
neighbor of ¢ if and only if (i,5) € £. Let Z; = {j|(4,4) €
E} be the set of node i’s neighbors. Graph G is connected
if there exists a path between any pair of distinct nodes.
If G is connected, then £ = LT, rank(£) = N — 1, and
ker(£) = {kly : k € R}.

Let Q@ C R™ be a convex set such that Az + (1 — )y €
O, Va,y € Q,VA € [0,1]. Its tangent cone at x € £ is

Ta(z) = {
while its normal cone is

Na(z) == {fv e R™ v (y —2) <0,Vy € Q}.

. T — X
lim
k—oo Tk

|$k EQ7$k —x, 7 > 0,7 —>O}7

Take projq(r) = argmin,cqlly — z| for z € R™.
The differentiated projection operator on 7q(x) is defined
by o (z,v) = proxy, (v) = lim,_,o+ w It
follows from [21, Theorem 6.30] that

(D

Given a differentiable function f : @ — R, V f(z) denotes
its gradient at z. Function f is convex if f(y) > f(z) +
(Vf(x),y—x),Va,y € Q,VA e [0,1].

An operator (or mapping) F': @ C R® — R" is monotone
if (F(z)—F(y),z—y) > 0,Vz,y € Q, strictly monotone if
the strict inequality holds for all = # y, and v-hypomonotone
if there exists v > 0 such that (F'(z) — F(y),z —y) >
—v|jz —y||?,Va,y € Q. F is §-Lipschitz continuous if there
is @ > 0 such that | F(z)—F(y)|| < 8||lz—y||,Vz,y € Q, and

v = projTQ(z) (v) + projNQ(z)(v), Vv € R™.

R-inverse Lipschitz if there exists R > 0 such that ||z —y|| <
R||F(x)—F(y)||, Vz,y € Q (see [19] for more details). Note
that for a convex f : Q) — R", Vf is monotone.

Consider a system X given by

Y:d=f(z,u), y=g(z,u)

where z € R", u,y € R™, f is locally Lipschitz, g is
continuous, f(0,0) = 0, and h(0,0) = 0. If there exists a
continuous differentiable positive semi-definite storage func-
tion V such that V = VV (2)T f(z,u) < uTy, Y(z,u) €
R™ x R™, then ¥ is said to be passive. Moreover, ¥ is input
feedforward passive if V < uTy — uTu for some § € R,
where the sign of § denotes an excess or shortage of passivity.
Specifically, X is input feedforward passive-excess if § > 0,
and it is input feedforward passive-short if § < 0.

B. Game Setup

Consider a set Z = {1,...,N} of N players (agents)
involved in a game. Player ¢ controls its decision (action)
ot € R™, where Y n; = n. Let z = (z',27") € R"
be the N-tuple of all agents’ actions, where z~* is the
(N —1)-tuple of all agents’ actions except agent i’s decision.
Alternatively, z = col{z'},cz € R™. Player i aims to min-
imize its local cost function J;(z%,2~%) : R® — R, which
depends on both its local decision z* as well on those of its
opponents ¢, Furthermore, the following separable coupled
constraints should be satisfied X = {z € R" | g(x) < 0y, },
where g(z) := >, .7 gi(2%), and g; : R™ — R™ is a private
function only known by agent :. Given z~*, the feasible
decision set of agent i is X; (%) = {a? € R™ : (2',27%) €
X}. Player ¢ aims to solve

min J;(z',z7"), s.t. 2t € X;(z7Y).
T eR™i

2

A collective decision profile z* = (z%*, 2%*) is called a
generalized Nash equilibrium (GNE) if

% € argming J; (2", 27%%), st (zf,27") € X, Vie L.

3)
Particularly, if there are no coupled constraints X, i.e.,
gi(z') = 0, Vi € Z, then x* satisfying (3) is a Nash
equilibrium (NE).

To ensure the well-posedness of (2), we make the follow-
ing well-known assumption.

Assumption 1: For every ¢ € Z, J; is continuously differ-
entiable and convex in %, given %, and g; is continuous,
differentiable and convex. Furthermore, X is non-empty and
satisfies the Slater’s constraint qualification.

Under Assumption 1, x* is a GNE of (2) if and only if the
following Karush-Kuhn-Tucker (KKT) conditions hold [22]:

Oni :inJi(xi’*7x_i’*) —I—Vgi(xi’*)T)\i’*,

, 4
O € — gl(a") + Ny (A), @

where \»* € R™ is the Lagrangian multiplier of agent 1.
Given z* as a GNE of (2), the corresponding Lagrangian

multipliers may be different for the players, i.e., \&* # \J*

for i # j. In this work, we focus on seeking a GNE with
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the same Lagrangian multiplier, named variational GNE (v-
GNE), i.e.,, \b* = AL, Vi e 1 [22], [23], and we simply call
it a GNE.

III. GRADIENT-PLAY DYNAMICS

In this section, we revisit a typical distributed gradient-
play dynamics for (2) from a passivity-based perspective.

Consider that agent ¢ only knows J; and g;, but has the
knowledge of all its opponents’ decisions 2. As discussed
in [1], [4], [25], this is a full-decision information setting,
and agent i can compute the partial gradient Vi J;(x?, x7%)
at each step. Let A’ be the estimation of the consensus multi-
plier A*. To handle the coupled constraint Y, 7 g;(z") < 0
and ensure all local multipliers \* reaching consensus, we
introduce a auxiliary variable z* € R™ for agent i. Suppose
that all agents exchange their local data through a graph
G.(Z,E, A). Specifically, agent i can receive {\, 27} from
agent j if and only if j € Z,, where Z; is the neighbor set
of agent . We make the following assumption on G..

Assumption 2: Graph G, is undirected and connected.

Referring to [3], [11], a well-known gradient-play dynam-
ics to solve (2) is given by

it == VJi(zh 7% — Vg (z") TN, 2°(0) € R™
2= Z aij()\i — /\j), 21(0) e R™
JEL;
)\i :HRT [)\l, gz(xl) — Zaij (Zi —Z‘j)— Za”()\l—)\])} 5
J€L; JETL;
X (0) € R,

®)
where a;; is the (4, j)-th entry of A.

For ease of notation, we define a pseudo-gradient mapping
F as F(z) = col{V,iJ;i(2',27%)};er € R™. Take L :=
L ® I, € RN™XNm_ where £ is the Laplacian matrix of
G.. Define G(z) = col{g;(z%)}icz € RYN™, VG(z) =
blkdiag{Vg;(x%)}iez € RN™>X" 2 := col{z'};er € RV™,
and \ := col{\'};cz € RN™. Then (5) can be rewritten as

i=—F(x) - VG(z)"A
Z =LA, (6)
A =Hpyn [X,G(2) — Lz = LA]

where z(0) € R™, 2(0) € RN™, and A\(0) € RY™.

Remark 1: By the viability theorem in [26], A(t) € RY™
for all ¢ > 0 because of the projection operator HRQm [A, ]
If g; = 0, (6) degenerates into the dynamics discussed in
[8], [9]. If J; only depends on z*, then (6) is consistent with
the primal-dual method for constrained optimization in [27].

By Theorem 4.1 in [11] or Lemma 2 in [3], we obtain the
following lemma.

Lemma 1: Let Assumptions 1 and 2 hold, and F' be
monotone. Then z* is a GNE of (2) if and only if there
exists (A*, z*) such that (z*, \*, 2*) is an equilibrium point
of (6).

In the following, we put (6) in a block-diagram repre-
sentation. Note that x in the first equation of (6) can be
represented via a bank of integrators, x(s) = [(1/s),]v.(s),

where we defined v, := col{vi};cz. Similarly, 2(s) =
[(1/8)INm]v.(s), where v, := col{v’ };cr.

To handle A\ obtained as in (6) via the projection oper-
ator Ilgym [A,] in cascade with a bank of integrators, we
introduce the notation, A(s) = [(1/8)Inm])Tva(s), where
vy = col{v} }iez.

With these notations, (6) can be represented by the block-
diagram in Fig. 1.

Fig. 1.

Block diagram of dynamics (6).

Note that we can decompose (6) into two interconnected
subsystems X, and X,., where

Em:{ T = —F(x) + g, o
Yo =T
and

A= Hpym [X, Gurz) = Lz — LA,

z= L), ®)
Yr. = VG (urs) TN

2)\22

Let (x*,A*,2z*) be an equilibrium point of (6). Con-

sequently, F(z*) + VG(z*)TA\* = 0, L\* = 0, and
Mg [X*, G(2%) — Lz — LX*] = 0. Take
Uy 1= Uy — Uy, Uy 1= Uz — Uy,
; oo ©
Yz =Yz — Yzs Yz "= Yxz — Yz
where u}, =y} = 2* and v} = —y}, = —VG(z*)T A"

The next theorem addresses the convergence of (6).
Theorem 1: Consider dynamics (6). Let Assumptions 1
and 2 hold, and F' be monotone. Then

a) The subsystem >, (7) is passive from u, to 7y, with
respect to the storage function V,, = 1|z — z*||%.

b) The subsystem X, (8) is passive from uy, to ¥y, with
respect to the storage function V . = [|A—=X*[|2+ 12—
2|12

c) If F 1is strictly monotone, then every trajectory
(z(t), A(t),2(t)) converges to an equilibrium point
(z*, \*, z*), where z* is a GNE of (2).

Proof: Here we provide an overview for the proof, and the
details are given in the appendix.
a) We show that along trajectories of (7),

Ve =—(x— 2", F(z) = F(z")) + (Yo — U}, ua — u}).
) (10)
b) We prove that V , < (uy, —u3_,yr. — y5.) — AT LA
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¢) Resorting to passivity analysis for feedback systems,
we show that every trajectory (z(t), A(t), z(t)) converges to
an equilibrium point of (6). (]

Remark 2: Theorem 1 is an alternative result to those
presented in [3], [11], [27], in that the convergence of (6) is
addressed from a passivity-based perspective. Note that the
assumption of strict monotonicity on F' plays a critical role
on the asymptotic convergence of (6). If the assumption fails,
by (10), (6) may be passive lossless and not convergent. An
illustrative example is given as follows.

Example 1: Consider a two-players zero-sum game prob-

lem. Take Ji(z',2?) = zl2?, Jo(2?,2') = —2'2?, and
gi(x) = 0, where z!, 2% € R. Then (6) is given by
il = —22, % =zt (11)

Clearly, the NE is 0, but x(¢) will cycle around the NE and
never converge if 2(0) # 0.

Dynamics (11) can be viewed as a feedback interconnec-
tion of the two passive integrators. Referring to [16, Th. 6.3],
its asymptotic stability cannot be guaranteed because neither
strictly passive nor output strictly passive terms exist, and it
is a passive lossless system.

IV. PASSIVITY-BASED GRADIENT-PLAY
DYNAMICS

As mentioned above, to ensure the convergence of (6),
F' is assumed to be strictly monotone. In this section, we
develop a novel passivity-based gradient-play dynamics that
converges under relaxed assumptions.

Referring to [15, Th. 2.10], the passivity of a system
will be preserved if a passive compensator is added in
parallel, and the parallel feedforward compensator (PFC)
may enhance the stability of the original system. Recent
applications of PFCs could be found in [28]-[30]. Motivated
by the observations, we focus on enhancing the convergence
of (6) by introducing PFCs for ¥, (7) and X, (8).

For ¥, in (7), only passive integrators %In are involved
in the evolution of x as shown in Fig. 1. Here we introduce
static and dynamical PFCs for each integrator % Then,
instead of %In, we employ a diagonal matrix given by
M(s) = diag{Mi(s),..., M, (s)}, where

x
r

a¥ oy
M(s)= =Ty —2

+47, red{l,...,n} (12)

pechs BY,
with 8%, >--- > % >0, a7, >0,Vpe{l,...,x}} and
vy > 0. As a result, we have

J’JT(S) = MT(S)UwT(S)7 (13)

where v,, and z, be the r-th entry of v, and z for
r € {1,...,n}. Clearly, the proposed method is distributed
because M (s) is a diagonal matrix. For ¢ € Z, the evolution
of z* is given by

a'(s) = M'(s)vy(s)
where M(s) = R'M(s), R" = [On;xnoisLnisOnyxcns,)s
N<i = Zj<z’,jeI nj, and ns; = Zj>i,jEI nj.

Remark 3: To ensure that the PFCs are strictly passive, we
assume that of, > 0, 8., > 0 and ;7 > 0. Thus, M, (s) has
at least one nonnegative (stable) zero. As will be discussed
in Remark 6, the PFCs will preserve the passivity of 3., and
meanwhile, enhance the convergence of (6) by preventing (6)
to be passive lossless.

A state-space representation of (13) is

3 T
frl = 01 Vg,

grp = _ﬁfpf’r'p + Oéfpvxw pE {27 ) me«} (14)
Ty = 1;f r+ Vovge, T €{1,...,n}
where 57‘ = [grla o 757’5;{']T

As a simple example, we take kT = 2, af; = afy =
+, = 1forr € {1,...,n}. Then (14) is cast into

€1 =0y, Ea=—botvy, x=E6 +&+v,.  (15)

The evolution of &; is the same as that of x in (6). However, a
strictly passive system 52 = —&3+4v, is added, and moreover,
the output = aggregates the states &1, &2 and the input v,.
Remark 4: In [19], without the coupled constraints X, a
heavy-anchor (HA) dynamics is proposed for (2) as

r=alr—r), t=—-F(z)—08(x—-r) (16)

where o, 8 > 0, and r € R™ are auxiliary variables. In
fact, (16) can be viewed as adding an output feedback
compensator (OFC) to ¥, in (7). It was shown that HA
could achieve exact convergence to NE for games in merely
monotone regimes. Following the same idea, a second-order
mirror descent (MD2) dynamics was developed in [20].
Different from HA and MD2, we introduce PFCs rather
than OFCs and deal with GNE seeking. Both PFCs and
OFCs can deal with general monotone games, but PFCs are
more powerful to handle hypomonotone games as will be
discussed in Remark 8.

Returning to X, ., (8), Fig. 1, by a similar procedure, we
substitute the integrator %I ~Nm for z in Fig. 1 by a diagonal
matrix K (s) = diag{K1(s),..., Knm(s)}, where

z

agy r ap,

K,(s) = —+ +v2, pe{l,...,Nm
p(8) = — ;SJF%T Vg D€ I
with 87 > > B85 >0, a7, >0,V €{l,...,x;} and

”y; > 0. Then a state-space realization for z is
C'pl = a;zylvzp)
Cpr = _/B;TCPT + OJIZ)TUZP, TE {23 EERE) ﬁ;} )

zp = 1%@, +Ypvzp, P E{L, ..., Nm}

where ¢, = [(p1,-- -, Cp,{;]T, vzp and z, are the p-th entry
of v, and z, respectively.

Recall that for the evolution of A, from Fig. 1,
[(1/s)Inm]T is used as a short-hand notation for projection
in cascade with a bank of integrators. We introduce a similar
notation y(s) = [1/(as + B8)]Tu(s), to denote a short-hand
notation for projection in cascade with 1/(«s + ), where

a > 0 and B > 0. To be specific, in time-domain, § =

2314



g, [y, —(B/a)y + (1/a)u] if a > 0, and otherwise, y =
(1/8) max{0,u}. Consequently, A(s) = [(1/s)Inm] T vr(s).
Then, with these notations, instead of [(1/s)In.,]T for the
evolution of A in Fig. 1, we consider a diagonal matrix given
by [H] = ([ [H (). s

o= (2 +Z[ s

with qu > e > qu > 0, O‘qn
and 'yq > 0. Consequently, a

vq Tr, qge{l,...,Nm}
>0, Vn e {1,...,5)},
state-space realization for A is

— A
Wq1 = g, (w1, O‘qlv/\tJ7

gy =k, [Wan, —BoyWan+AgnUrg,n € {2,..., Ky}

Ag = 1?201(1 +’y;\max{0,v,\q}, ge{l,...,Nm}
(18)
where wy = [wg1, .- ., wge]", vAq and Ag be the g-th entry
of vy and .

Combining (14), (17) with (18), our proposed passivity-
based gradient-play dynamics is given as

€ = —afy[F(2) + VG ()T AL,

Erp = =By — aZ,[F(z) + VG(2) N,
2, =156 — 2 [F(2) + VG(2) A,

ijl = apl[L)‘]P’

CpT =-5; CpT + O‘;Z)T[L)‘]pv

=17 Cp +7; “[LA]p,

Wq1 = Hg, [wq, a?l [G(z) — Lz — L],

Wan = g, [qu, —ﬁ;‘ann + a;‘n [G(x) — Lz — L)\]q]7
A= 10w, + W;‘max{o, [G(z) — Lz — LA, },
’ (19)

where [-]; denotes the j-th entry of a vector.

Remark 5: From the perspective of agent i, in frequency-
domain, dynamics (19) is given as z%(s) = M?¥(s)vi(s),
Ni(s) = [H'(s)]Tvi(s), and 2*(s) = N(s)vi(s), where
[Hi(s)]t = RYH(s)]T, Ni(s) = R'N(s), and R} =
[0 x (i—1)ms L Omxc (N—i)m]- We should mention that simi-
lar to (5), only the first-order (pseudo-)gradient information,
such as F' and VG, is used in the proposed dynamics. Fig.
2 shows the block diagram of (19). We generalize (6) by
substituting 17, Iy, and [1Iy,,]" in Fig. 1 as M(s),
K(s) and [H(s)]* in Fig. 2.

Let (¢*,w*,¢*) = (col{&}}, col{w;},col{¢;}) be an
equilibrium point of (19), and (x*, A*, z*) be the correspond-
ing output. Then F(2*) + VG(2*)TA\* = 0, LA* = 0, and
gym [A\*,G(x*) — Lz* — LA\*] = 0. Moreover,

5: :[5:176:27"'75:/43]T = [$:707"'70]T’
wy :[w;hwg‘z,...,w;ﬁé]T =[A},0, 0%, (20)
C; :[C;1=C;27~-~7 ;H;}T :[Z;,O,...,O]T,

The next lemma addresses the relationship between equi-
libria of (19) and GNEs of (2). Its proof is similar to that of
Lemma 1, and omitted here.

A Gy

K(s)

T

Fig. 2.

Block diagram of dynamics (19).

Lemma 2: Consider dynamics (19). Let Assumptions 1
and 2 hold, and F be monotone. If (£*,w* (*) is an
equilibrium point of (19), then * = [£51,&5, ..., &5
(called the z component) is a GNE of (2). Conversely, if
x* is a GNE of (2), then there exists (£*,w*, (*) such that
it is an equilibrium point of (19) with output (x*, \*, z*)
satisfying (20).

V. MAIN RESULTS

In this section, we analyze the convergence of (19).
Similar to (6), we decompose (19) into two interconnected
subsystems X, and X, as shown in Fig. 2, where

érl = oy [ F(2) + uglr,
fpgrp + O‘fp[iF("E) + u-TL“’

Y 21
’ Ly = 1£;§r + 7 [ F (%) + vzl
Yr =
and
Wq1 =g, w1, 042\1 [G(ux.) — Lz — LX),
Wan =g, [wqm_ﬁz}\ann "‘0‘277 [G(uxz)—Lz— L)\]q}
A= 15w, + ’yé‘maX{O, [G(ux.) — Lz — LA},
Sag Gpr= iy [LA],,
Cp‘r = 75;7—4;07— + 04;-,— [L)\]pv
Zp= 1»{; G+ '7; [LA]p,
Yre = VG(ur.) T\
(22)
Let (£*,w™*, ¢*) be an equilibrium point of (19) with output
(z*, \*, z*) satisfying (20). For ¥, and X, ., we also define

Uy, Urz, Yz and yx. by (9). Then the following result holds.
Theorem 2: Consider dynamics (19). Let Assumptions 1

and 2 hold, and F' be monotone. Then

a) The subsystem f)m (21) is passive from u, to y, with
respect to the storage function S, = Y., S,,, where

+22a1 §,p

b) The subsystem ) Az (22) is passive from @y, to gy, with
respect to the storage function Sy, = S\ + S., where

Sm‘ . 2aT1 67"1
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S)\ - Z(II\/:I S)\q’ Sz == ZII,\[:“I Szpv

1
= 5o, o =20+ Z 20, Wiy
and moreover,
Szp = (Cpl - Z + Z 20[2 pT*

c) If v* > 0 or k¥ > 2 for all M,(s) in (12), then every
trajectory ((t),w(t),((t)) converges to an equilibrium
point of (19), where the x component is a GNE of (2).
Proof. a) Recalling (21) gives

n

zim

Z K2 r— T +uwr
r=1 r=1 p=2
n K
== D W lF @)+l | —ZZ e
r=1 r=1 p= 2

—(z—a", F(z) = F(2")) + (Yo — Yz Uz — ug).

) (23)
The monotonicity of F' indicates S, < (i, §.), and then,

part a) holds.

b) It follows from (22) that

Nm Nm “
Sz E <Wq1 AgWa1) + E E an,qu
q:1 q=1n= 2 @
Nm ”;

(s =27 L) - prn L -S> B
p=171=2 pT
(24)
According to (1), we obtain
(wa1 = g, q1) = (wq1 — )\Z,a(’z\l[G(uxz) — Lz— L),

_prOjNR+ (war) [afl‘l [G(up,) — Lz — L)\]q]>

< <wq1 — Ay 0431 [G(ux.) — Lz — L)\]q>.
Similarly, we have
{wWan, Wan) < {Wan, _5;\77‘*’(1?7 + a()}n [G(uxz) — Lz — L)‘}qb'

Substituting the above two inequalities to (24), we obtain

Sy <A =X, G(ux,) — Lz — L)\> (z — 2%, L))
pT
5> Z & -y Z
p=11= 2 T g=1n= 2
:<>\ — A, Gluy.)) = ATL2* — )\TL/\
m p Nm ’i

Gor ZZ

p=171=2 pT q=1n= 2
Note that A(t) € ﬁﬁm (A*), LN* =0, and G(u},) — LA* —
Lz* € NRfm(/\*)' Consequently, (A —\*, G(u},) — Lz*) <

0, and moreover,

Sax <= X5, G(uy,) — Guk,)) — ATLA

o & 25
DT Dl RIS
p=1l1= 2 q=1n=2
Because of the convexity of G and A € Rf m,
(A G(urz) = Gul.)) < (N, VG(uz)(uns — )
- <y)\za UNz — ’U/§Z>,
and moreover,
_<)\*7 G(’U/)\z) - G(ujz)> < _<y§\zﬂ Uxz — u§z>
Combining the above inequalities with (25), we have
S)\,z §<y)\z - y;zﬂ UNy — U§Z> - ATL)\
i m = (26)
-5 Z S 2 o O,
p=1l71= 2 q=1n= 2

Thus, S» . < (iixz, §r-), and part b) holds.

¢) Construct a Lyapunov function candidate as S = S, +
Sy,z. Note that uy, = y, and u, = —y,.. Recalling (23)
and (26) yields

§<- zwn ¥) + VG(@) N, | - zi
T1p2
—<x—x,F<>—F< >>—ATLA
—zz zzwz
p17—2 q=1n=2
27

The monotonicity of F' implies S < 0. Then every trajectory
(€(t),w(t),¢(t)) is bounded since S is radially unbounded.

Let R = {(&,w,¢) | S = 0}, and M be the largest
invariant subset of R. By the LaSalle’s invariance princi-
ple [16, Th. 4.4], (£(t),w(t),¢(t)) — M as t — oo.

Suppose that (£(t),w(t),((t)) is a trajectory of (19), and
(Z(t), A(t), Z(t)) is the corresponding output. Since M is a
positive invariant set, (£(t),&(t),((t)) € M forall t >0
if (£(0),@(0),(0)) € M. Next we characterize M. Recall
that v > 0 or ¥ > 2 for all M, ( s). From S = 0 it follows
that either [F'(Z ( ) + VG(z(t)TA()],. = 0, if v2 > 0, or
Eplt) = 0. &,(1) = 0, and [F(z(t)) + VG(@() TAD)], =
0, if k2 > 2, ¥r € {1,...,n}, Vp € {2,...,k¥}. In
summary, it holds that

F(z(t) + VG(Z(t)"A(t) =
g(t) = 0, and Z(t) = Z(0). Furthermore, S = 0 implies
LA(t) =0, {(t) = 0, and 2(t) = 2(0). By (19), we have
Wq1 = g, [@q1, 0 [G(2(0)) — Lz(0)].

If Wy # 0, then limy_, o Wq1 () = oo, which contradicts the

boundness of the trajectory, hence w,; = 0. Thus, by S = 0
w(t) = 0, and A(t) = A(0). Therefore, any (£,w,() €

is an equilibrium point of (19).
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In conclusion, every trajectory (£(t),w(t),{(t)) converges
to an equilibrium point of (19), where by Lemma 2, the =
component is a GNE of (2). ]

Remark 6: Theorem 2 indicates that the passivity of ¥,
and X, is preserved after introducing the PFCs. On the other
hand, dynamics (19) can deal with a broader class of games
than (6) since it does not require F' to be strictly monotone.
Intuitively speaking, as a result of the compensators, ¥, and
¥, cannot be both passive lossless as shown in (23) and
(26), due to the additional negative terms introduced by the
compensators. In Theorem 2, we take k¥ > 2 or v& > 0
as the general case for the analysis, and we can simply take
Ky = 2 or ¥ > 0 in practice. However, we should mention
that different PFCs will affect the performance including the
convergence rate of (19).

Remark 7: The concept of passivity has been adopted in
the analysis and design of optimization algorithms [29], [31].
However, in [31], the cost functions are strictly monotone.
In [29], PFCs were designed for a primal-dual dynamics to
solve constrained optimization problems with general convex
cost functions. To the best of our knowledge, this paper
introduces PFCs to seek a GNE for the first time. Note
that dynamics (6) is different from that of [29] because J;
depends on % as well as ¢, and the coupled constraints
g(x) < 0 are considered. Furthermore, we solve (2) dis-
tributedly rather than via a centralized method as [29].

In the following, we discuss a special case of (2), where
g:(z%) = 0. Then the formulation is the same as that of [19],
and dynamics (19) degenerates into

érl = —ay [F(2)]r,
§rp = *ﬂfpgrp - O‘ip[F(x)}m pEL2,... K}
Ty = 1:‘% r—Ve[F(x)]y, re{1,...,n}.

By (10), ¥, in (7) is a passive-short system if F' is
hypomonotone. Referring [15, Chapter 2], a passive-short
system can be passivated by adding passive-excess com-
pensators. In light of (23), ix in (21) is a passive-excess
system by taking +> > 0. Thus, this is potential to deal with
hypomonotone games as shown in the next theorem.

Theorem 3: Consider dynamics (28). Let Assumptions 1
hold, and moreover, I’ be v-hypomonotone and R-inverse
Lipschitz. If 4% > vR?,V¥r € {1,...,n}, then the trajectory
of z(t) converges to an NE z* of (2).

Proof. Let & = col{{"} be an equilibrium point
of (28), and z* be the corresponding output, where
& = [ STTICTRRS vg:jnf]T' Then [ & agafnfﬁ]T =
[z%,0,...,0]T, F(z*) = 0, and z* is an NE of (2).

Construct a Lyapunov function candidate as

=3 -2+ N,
r=1

r=1 p=2

(28)

By a similar procedure as the proof of (23), we obtain

Vo33 e, = S ) - FEE )
=1p=2 TP r=1

Since F' is v-hypomonotone and R-inverse Lipschitz,
(x =", F(z) = F(z")) > —v|a - 2™|?,

and moreover,
n
S IF (@) — P = min {78 /R o — 21>
r=1

_ Substituting the above two inequalities to (29), we obtain
V < —min, {7%/R? — v}|jz — z*||%. If v¥ > vR?, then
there exists & > 0 such that V < —§||z — z*||?. Invoking the
LaSalle invariance principle [16, Th. 4.4], z(¢) converges to
z*. This completes the proof. (]

Remark 8: To the best of our knowledge, only NE seeking
for hypomonotone games has been discussed in existing
literatures such as [19], and thus, Theorem 3 also considers
the unconstrained case. The inverse Lipschitz condition can
hold in many practical applications (see [19] for more
details). It was shown that HA in [19] could achieve exact
convergence for hypomonotone games satisfying vR < 1.
Theorem 3 indicates that dynamics (28) can handle a broader
class of hypomonotone games than HA, since the restriction
on VR is removed. The main reason is that ©, in 21 isa
passive-excess system, and moreover, its passivity index can
be adjusted by selecting suitable ;.

VI. CONCLUSION

This paper focused on the distributed generalized Nash
equilibrium seeking for noncooperative games with nonlinear
coupled constraints. Inspired by the concept of passivity, a
novel gradient-play dynamics was proposed by introducing
parallel feedforward compensators. The dynamics allowed a
relaxation of the strictly monotone assumption on pseudo-
gradients, which was important to ensure the exact conver-
gence of the standard gradient-play dynamics. Furthermore,
it could also compute Nash equilibria for hypomonotone
games without coupled constraints. Possible directions for
future work include analyzing the convergence rate of (19),
and extending the dynamics to a discrete-time setup for its
numerical implementation.

APPENDIX
Proof of Theorem 1: a) Due to u} = F(x*),
Vz :<.’E - (L'*, _F(l') + U’m>

=—(z—a" F(z) = F(z") + Yz — Y Uz — u).
| (30)
By the monotonicity of F', V, < (4, §.), and part a) holds.
b) It follows from (8) that

Vas = (A = A" Hpam [N, G(up:) — Lz — L]
— Tlgym [N, G(u},) — Lz" — LX*] 4 (z — 2, LA — LX%).
Recalling (1) gives [G(ux.)—Lz—LA\] —Ilgym [\, G(ur.)—
Lz—L)| € NRf'm (A\). Dueto \*—\ € ﬁﬁm (M), we obtain
(A= X" Tlgyn [X, G(uaz) — Lz — LA])
< (A= X, G(up:) — Lz — L).
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By a similar procedure, we have
—(x— )\*,H]Mm [/\*, G(uy,) — Lz — L)\*]>
< —<>\ - A, G(uy,) — Lz* — L)\*>.

Consequently,
Vi: < (X=X, G(ur:) — G(u},)) — ATLA.

Because of the convexity of G and A\ € ]Rfm,
N Guy,) — G(ui,)) < (N VG(ua)(ur, — ul))) =

(Urz, ur> —u},), and moreover, —(\*, G(ux,) — G(u},)) <
—(y¥,,urs —u},). As a result,
V)\,Z < {unz — U,y Ynz — Yrs) — AT L. 31

Therefore, V)\,Z < (@ixz, Ynrz)» and part b) is proved.

c¢) Construct a Lyapunov function candidate as V =V, +
V2. Combining (30) with (31), we obtain

V < —(x—a* F(z)— F(z*)) — \TLX
+ <ux - u:,yac - y;> + <u>\z - u;zaykz - y;z>
According to u, = —yx, and y, = uy.,

V< —(z—a" Fx)—F@)-ATLx<0. (32
Therefore, (z*,\*,2*) is a Lyapunov stable equilibrium
point. Furthermore, since V' is radially unbounded, every
trajectory (z(t), A(t), 2(t)) is bounded.

The strict monotonicity of F' implies that z* is unique.
Let R = {(z,\2) : V = 0} € {(x,\z2) : z =
x*, L\ = 0}, and M be the largest invariant subset of R.
From LaSalle’s invariance principle [16, Theorem 4.4], every
trajectory (x(t), A(t), 2(t)) — M as t — oo. Moreover, if
(2(0), A(0), 2(0)) € M, then (z(t), A\(t),=2(t)) € M for all
t >0, ie, z(t) = *, LA(t) = 0. To characterize M,
from z(t) = a* and LA(¢) = O, it follows that z(t) =
2(0), and \ = I v [\, G(z*) — Lz(0)]. If A # 0, then
lim; o A(t) = oo, which contradicts the boundness of A(t).
Hence, A = 0. To sum up, any (x,\,2) € M is an equi-
librium point of (6), and every trajectory (z(t), A(t), z(¢))
converges to an equilibrium point in M. By Lemma 1, z*
is a GNE of (2). This completes the proof. (]
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