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Towards a MATLAB Toolbox to compute backstepping kernels
using the power series method

Xin Lin, Rafael Vazquez and Miroslav Krstic

Abstract—1In this paper, we extend our previous work on
the power series method for computing backstepping kernels.
Qur first contribution is the development of initial steps
towards a MATLAB toolbox dedicated to backstepping kernel
computation. This toolbox would exploit MATLAB’s linear
algebra and sparse matrix manipulation features for enhanced
efficiency; our initial findings show considerable improvements
in computational speed with respect to the use of symbolical
software without loss of precision at high orders. Additionally,
we tackle limitations observed in our earlier work, such as slow
convergence (due to oscillatory behaviors) and non-converging
series (due to loss of analiticity at some singular points). To over-
come these challenges, we introduce a technique that mitigates
this behaviour by computing the expansion at different points,
denoted as localized power series. This approach effectively
navigates around singularities, and can also accelerates con-
vergence by using more local approximations. Basic examples
are provided to demonstrate these enhancements. Although this
research is still ongoing, the significant potential and simplicity
of the method already establish the power series approach as
a viable and versatile solution for solving backstepping kernel
equations, benefiting both novel and experienced practitioners
in the field. We anticipate that these developments will be
particularly beneficial in training the recently introduced neural
operators that approximate backstepping kernels and gains.

I. INTRODUCTION

Backstepping has emerged as a powerful, versatile and
broadly applicable technique for the control of systems
governed by partial differential equations (PDEs). Initially
introduced for the design of feedback laws and observers in
one-dimensional reaction-diffusion PDEs [16], it has been
extended to higher dimensions [26] and applied to a re-
markably diverse array of applications, including flow con-
trol [23], [29], thermal convection loops [24], thermoacoustic
instabilities [1], hyperbolic 1-D systems [7], [10], [15], multi-
agent deployment [20], and wave equations [21]. Backstep-
ping even allows for closed-form control laws in certain
cases [25] and even the design of adaptive controllers [22].

The implementation of backstepping controllers and ob-
servers hinge on the solution of associated kernel PDEs.
These are typically linear hyperbolic equations (first- or
second-order) defined on a triangular (Goursat [11]) domain
and subject to non-standard boundary conditions. The numer-
ical solution of these equations presents a unique challenge,
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especially for complex systems or those with discontinu-
ous kernels, a common feature in coupled systems (both
parabolic [27] and hyperbolic [12]); these discontinuities
should be accurately captured with the numerical approxi-
mation if the implementation aims to be precise. While this
topic is critical to backstepping applications, surprisingly, it
has not received focused attention in the research literature.

Existing approaches for solving kernel equations include
finite difference methods [2], [9], [14], [16], symbolic suc-
cessive approximation series [24], or numerical solutions
of integral forms of the equations [4], [13]. While some
numerical methods exist for Goursat problems [8], they have
not yet been explored in the context of backstepping kernels.
These techniques can often lack flexibility, particularly when
adapting to specific kernel equations or handling discontinu-
ities.

The use of power series as an alternative method for
solving backstepping kernel equations was introduced in
several works. It was first proposed in [3], where con-
vex optimization ideas were used to approximate kernels
while maintaining stability, but without detailed analysis
of convergence. Later, the method was used without proof
in [6] for a problem involving coupled parabolic equations,
where piecewise-analytic kernels required the use of several
series to account for discontinuities. The first rigorous proof
of uniqueness and convergence was given in [28], in the
context of a multi-dimensional case with singularities at the
origin, thus demonstrating both convergence and the kernel’s
existence. Finally, in our recent work [30], we presented the
power series-based method as a general approach, providing
a solid theoretical foundation leveraging the classical succes-
sive approximation proof. We also introduced a framework
for kernel computation based on Mathematica’s symbolic
algebra capabilities. The advantages of the method (ease
of implementation, accuracy, and the ability to produce
parametric kernels) were highlighted, along with the pri-
mary limitation: the requirement of analyticity for system
coefficients (satisfied by most backstepping applications).
Slow convergence in some cases might necessitate high-
order approximations, although modern computing power
mitigates this issue at least for simple cases.

In this work, we significantly advance our previous
power series method for backstepping kernel computation by
developing a MATLAB-based implementation. Leveraging
MATLAB’s sparse matrix manipulation and linear algebra
features, we achieve substantial computational efficiency
gains (of several orders of magnitude) while preserving the
precision of our symbolic solver. This transition marks an
initial step towards a user-friendly toolbox for the controls
community, as reflected in the name given to this paper. The



paper provides links to Live Scripts prepared by the authors,
so that interested readers can already try and implement by
themselves the examples provided in the paper, or even adapt
the code to cases of interest to them.

Furthermore, we address limitations encountered in our
earlier work, such as slow or non-convergent series due to
singularities as shown in examples of [30]. We introduce a
technique employing power series expansions calculated at
strategically chosen points. This approach effectively helps
in circumventing singularities and accelerates convergence
through localized approximations, and this is directly shown
by revisiting a problematic example of [30].

These advancements, combined with the inherent sim-
plicity of the power series method, establish it as a pow-
erful and versatile tool for solving backstepping kernel
equations. The MATLAB implementation further enhances
its accessibility and efficiency. This is particularly relevant
within the emerging context of training neural operators
for backstepping kernel approximation, where solution qual-
ity plays a paramount role. Current progress in this area
demonstrate the enormous potential of neural operators to
effectively learn backstepping gains and controllers while
maintaining stability guarantees. This is reflected in the latest
works, which include methods for bypassing traditional gain
computations entirely [5], designing neural operator-based
observers and controllers [17], extending the approach to
more complex hyperbolic PDE systems [31], developing
adaptive neural operator-based control designs [18], and
even implementing gain scheduling techniques using neural
operators [19]. The methodology presented in this paper can
significantly accelerate the generation of large solution sets
required for training the approximating DeepONets used in
these works, thereby facilitating their adoption and further
advancement in the field of neural operator-based control
for backstepping systems.

The focus of this paper is twofold. Firstly, we present our
current progress on migrating the computational framework
from Mathematica to MATLAB. To this end, in Section II,
the paper first focuses on a framework to pose the power
series computation of an example problem as an (sparse)
linear algebra problem easily solvable with MATLAB, and
in Section III we review all the basic examples from our
initial paper. Secondly, we analyze in Section IV an idea to
overcome the main weakness of the method, namely slowly-
convergent or even non-convergent series, by moving the
point of expansion, getting farther away from singular points;
an example shows how both ideas are blended together
to provide a much improved solution both in terms of
computational efficiency and by avoiding non-convergent
behaviour. MATLAB code is provided separately by the
authors in the form of Live Scripts. We finish in Section ??
with some concluding remarks and future lines of work.

II. TOWARDS A MATLAB TOOLBOX

Our previous paper [30] introduced the concept of a power
series solution by an example. We use the same example to
illustrate the basic framework developed for the MATLAB
solver, even if at the cost of some redundancy, to make this
paper self-contained.
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A. A review of the basic results of [30]

Consider the reaction-diffusion equation,

€Uy + A(X)u, (L

for t > 0, with ¢ > 0 and A(z) an analytic function in the
domain z € [0, L], and with boundary conditions,

u(tv L) U(t)v u(tv O) =0, (2)

where U is the actuation variable. For sufficiently large
A(z) > 0, (1)=(2) becomes open-loop unstable.

Applying backstepping [16], one chooses a tuning param-
eter ¢ > 0; then, the stabilizing control law is

Ut

L
v o= /0 K(L, €)u(€)de,

where the kernel function K(x,&) verifies the so-called
kernel equations:

3)

A
Korl@.8) = Keelw) = 2 kg @)
with the boundary conditions
K@a) = -5 [ 0@+0d )
€Jo
K(z,00 = 0 (6)

in the triangular domain 7 = {(x,£) : 0 < ¢ <z < L}.

Denote Dy, as the complex-valued open disc centered at
the origin and of radius L, i.e., Dy, = {x € C: |z| < L}.
The following theorem holds [30]:

Theorem 1: If there exists § > 0 such that A is analytic
on Dy s, then the solution K of the kernel equations (4)—
(6) can be extended to an analytic function in the polydisc
DL+5/2 X DL+6/2 of (CQ.

Note that such a § > 0 is required since it is essential to
evaluate the kernel at x = L for the control law (3). The
only requirement of Theorem 1 in [30] is that there exists
0 > 0 such that A is analytic on Dr4s.

Based on Theorem 1, it is known that there exists a
kernel function K (z,£), analytic in both variables, which
can therefore be expressed by using a double power series,

K(z,¢) = Z ZKijl"ifjfj

i=0 j=0

)

where K;; denotes the series coefficients. In practice, an
N-order truncation operator T () is defined for the power
series to retain the terms of 2°¢7 with i+ j < N and discard
the other terms, where N indicates the series truncation
order. Applying the N-order truncation operator to (7) gives
an NN-order truncated approximation of the kernel function,

N 1
EN(2,6) = TV (K (2,) = Y. Y Kyai el (8)

i=0 j=0

To compute (8), one starts by expressing the analytic
function [A(£) + ¢]/e as a power series and applying the N-
order truncation operator,

N
Klre, gy (M) o5 e o)
=0

€



Substituting (8) and (9) into (4)—(6), and equating all terms
having the same powers of x and &, one can obtain equations
with respect to the coefficient K;; (see (12)-(16) in [30]).

B. A MATLAB double series vector-matrix framework: def-
initions and operators

Up to here, the development mimics the one given in the
previous paper [30], where the task of finding the coeffi-
cients is accomplished by using the symbolic capabilities
of Mathematica. The symbolic procedure is fast enough for
small orders, but the computation slows down when the
size of equations becomes relatively high (which happens
when the series truncation order N is large). To overcome
this difficulty, a vector-matrix formulation of the problem
is proposed to exploit MATLAB’s linear algebra and sparse
matrix manipulation features for much enhanced efficiency.
The basic framework is explained below.

The N-order approximated polynomial K™ (z,¢) of the
kernel function given in (8) is written in a vector form,

N i
Nz, &) = ZZKij:ci*jgj =k

(10)

i=0 j=0
where k¥ = [Koo, Kio, Ki1, ---,Kno, ..., KnN]
and 2V = [20€0, €0, 20¢, 2N, L 20eN]T

It can be seen that K,; and x'~7&/ are respectively the
m(i, j)-th term of k™ and 2%, ie., k¥(m(i,j)) = K;; and
2N (m(i,j)) = «*~7¢, where m(i,j) == (i = 1) + 7+ 1,
and where [(¢) := (i +1)(i + 2)/2. Thus, these functions m
and [ translate indexes of the double series to indexes of the
coefficient vector.

The next step is to appropriately define transformation ma-
trices so that the different operators that one needs to apply
to KN (x,€) (truncation, differentiation, trace operators at
the boundaries, multiplication by A(£)) are transformed into
a matrix operation. The general mathematical formulation of
such operators is

FEN(2,8) =k (11)

where f(-) denotes any operator applied to KV (z,¢), RN €
RIN)XUN) denotes the corresponding transformation matrix.

Based on (10), the operation of taking a first-order partial
derivative of KV (x, &) with respect to the first variable  is
expressed as a truncated power series in the following way:

7
ZZZ_]+1 (i+1)5T fj
=0 j5=0
—RNDi,VzN

NRNZN

(12)

where DY € RINV)XUN) 5 the transformation matrix for
the operation of taking the first-order partial derivative with
respect to x. Similarly, the transformation matrix DN for
the first- order partial derivative K} ¢ (2,€) as well as the ma-
trices DX D]\é 2 for the second-order partial derivatives
KX (z, 5), Ké\g(m, €) can be also obtained. Then, the (N —2)-
order truncation approximation of the left-side of the kernel
equation (4) is given by

TN72 (Kmx . Kff) _ I‘-‘,N(Di\;72 . Dé\g—Q)zN72

13)
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In addition, substituting (7) and (9) into the right-side
of the kernel equation (4) and applying the (N — 2)-order
truncation operator yields

TN-2 ()\(f) + CK)

J

i— 14
Z)‘q (i—q)(G— Q)) Jf] 14

where the transformation matrix H 2 € RUN)XUN=2)

Hence, for (4), one can obtain that

KNMgzVN"2=0 (15)

where My = DN ~2 DN 2 HN 2. Note that ¥ My

are the coefﬁ01ents of a power series Wthh equals zero, and

therefore must be zero themselves. Thus one can write
N

K" Mg = brx = 015 (N—2) (16)

For the boundary conditions (5) and (6), mimicking the
above development process, one can get

(VPN Afﬁt) =0 VPN = AN
N pN =N
(VP ) a =0 KNP = 01 (v
where =V = [2°, ... N7, Ay = {O, =20, 7’;%’1 ,

P(iv e RINX(N+1) denotes the transformation matrix of
the operation of taking the second variable ¢ in KV (z,¢) as
a function of the first variable x, i.e., & = ax. In addition,
note that the first equations of the two systems of equations
in (17) are the same, both being Koy = 0, thereby one of
them can be discarded. Therefore, (17) can be written as

bpc1 = A

kN Mpc int (18)

19)

N
K Mpc2 = bpca=01xn

where Mpc,1 = PlN and M pc s includes the second to the
last column of P{.

Finally, based on (16), (18), and (19), the equations with
respect to the series coefficient vector k” are obtained as

N b

kNN = (20)

where

M = [Mg,Mpc,1, Mpc,2],b = [bx,bpc,1,bpc 2]
(2D
(20) is a system of linear equations with respect to «V, and
it is easy to verify that the numbers of unknown variables
and equations are the same, both being {(N). The linear
equations of k' can be efficiently solved with MATLAB.
In addition, when the series truncation order N becomes
large, it can be seen that most elements of the transformation
matrices DY, DN and H, N 2 will be 0, which implies that
the system matrlx M in (20) may be sparse. In this case,
the sparse matrix manipulation features in MATLAB can be
adopted to enhance the solving efficiency by reducing the

memory occupied by these matrices.



0 ‘
\ — N =2
05F X - .N—14
A ——-- N=8
-lr Q\ ............. N =100
N\a
\
\
< -15F N\
A .
- N
I~ \,
X oot XN
N
\\\
25F \\\
‘:\
3r So
’ ~.
’:-\v B
35 . . ! S~ - -4
0 0.2 0.4 0.6 0.8 1
¢

Fig. 1. Convergent case with A(z) = 3 + 22 sin(3z) for Example 1.
TABLE I

MATHEMATICA VS. MATLAB COMPUTATION TIMES (EXAMPLE 1).

Computation time (s)

Mathematica MATLAB Sparsity
Non-sparse Sparse
2 2.03e-03 7.44e-05 7.82e-05 0.694
4 6.94e-03 8.73e-05 1.11e-04 0.836
6 1.66e-02 1.19e-04 1.23e-04 0.895
8 3.78e-02 1.33e-04 2.17e-04 0.926
25 243 4.23e-03 2.56e-03 0.982
50 176.49 8.07e-02 1.64e-02 0.992
100 — 1.83 1.14e-01 0.996

III. BASIC EXAMPLES REVISITED

Our previous paper [30] demonstrated the performance of
the proposed power series method by some basic examples,
which are solved by using the Mathematica solver [32]. In
this section, we revisit these examples with the developed
MATLAB solver, except for a symbolic example. To avoid
redundancy, we only repeat the kernel equations but not the
plant equations and plot just the kernel gains and use differ-
ent values of the coefficients except for Example 1 which is
used for computational speed comparison. The examples can
be downloaded as Live Scripts', which are fully commented
and can be reused by interested readers for their own kernel
computations. Some examples in this section and the next
provide computation times for comparison; all the tests are
performed on an Intel® Core™ i5-6300HQ 2.30GHz with
Windows 10 and run on MATLAB 2018b.

A. Example 1: Parabolic equation with space-varying reac-
tion

Consider A\(z) = 3 + 2?sin(3z), L = e = 1, ¢ = 3. This
verifies Theorem 1 in [30] and Fig. 1 shows the resulting
kernel gain for several orders of approximation by using
the proposed MATLAB solver. It can be seen from Fig. 1
that the obtained results by the proposed MATLAB solver
are the same as those by the Mathematica solver in [30].
The computation times of the Mathematica solver and the

The MATLAB Live Scripts can be downloaded from the website http:
//aero.us.es/rvazquez/PowerSerieslLiveScripts.zip.
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MATLAB solver (with and without using sparse matrix
definitions) for several series approximation orders are listed
in Table I, where the results of the Mathematica solver for
the case with N = 100 is not provided since it takes too
long. The results of Table I clearly show a very significant
computational efficiency advantage of the MATLAB solver
relative to the Mathematica solver, particularly for large or-
ders. The Mathematica solver shows sufficient computational
speed only when N is small (e.g., N < 8), whereas the
developed MATLAB solver is still fast enough even with a
large N (e.g., N = 100). In addition, the sparsity of the
problem for different series approximation orders are also
listed in Table I, where the sparsity is defined as the ratio
of the number of zero coefficients of the system matrix M
in (20) to the number of all elements of M. The results
of Table I show that when the sparsity of the problem is
high (e.g., the cases with NV = 50 and N = 100), the use
of the sparse matrix manipulation features in MATLAB can
enhance the computational efficiency (as well as memory
savings, not shown).

B. Example 2: Motion planning kernels for (04 2) x (04 2)
1-D linear hyperbolic system with space-varying coupling

This was Example 5 in [30] and directly extracted
from [12], having even a explicit solution for constant
coefficients, which is the case under consideration. In this
case one needs to find five gain kernels from Ly, L2, Lo
and Los, that verify

p10z L1y (2, &) 4+ p10¢ L1 (, §) 021(&)L12(, £),(22)
W10z L1o(2, &) + poeLia(w,€) = o12(€)La1(w,§),(23)
1205 Lo (2, &) + p10c Loy (7,8) = 021(§) Laa(x,£),(24)
P20z Loo(x, &) + p20¢ Lo (x, ) 012(&) La1(x, £)(25)
with boundary conditions
Ln(l‘,O) = L12($,O) = LQQ(Q?,O) = O, (26)
L12($,l‘) = M,Lm(x,x) = L@:) (27)
M2 — K1 M1 — p2

Here, (411 > po > 0 are the (constant) transport speeds. As
explained in [12], Lqo, differently from the other kernels,
possesses two boundary conditions, namely Lis(z,0) = 0

and Lis(z,2) = 222 which is solved by defining a
’ M2 — M1
‘ Lu(L&) Li(L.&) Lu(L.8) ‘

La(L,€) Lo

(£0)

1(L,€), Li2(L, &)

L

L L L L L
0.5 0.6 0.7 08 09
¢
13

L L L L
0.1 02 03 04

Fig. 2. Solutions of gain kernels for Example 2. Note the discontinuous
kernel Li2(L, &) and the piecewise differentiable kernel Li1(L, €).
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Fig. 3. Divergent case with A(z) = v/0.5 + x2 (Example 1).

piecewise smooth kernels; because of the coupling with Ly
this necessitates a similar piecewise definition for L.

Consider the particular case p; = 1, s = 0.2, 015 = 5,
and o097 = 2 considered in [12]. The example presents
numerical difficulties due to oscillations for these chosen
coefficients and the Mathematica symbolic solver of [30]
takes too long to obtain an accurate solution. To mitigate
the problem, note that the kernels (L1, L12) and (La1, Lag)
can be computed individually, thereby the series truncation
orders can be selected individually, which are denoted as
Ny for (Lq1,L12) and Ny for (Le, Loo). The resulting
gain kernels are shown in Fig. 2 for N;,; = 8 and N; = 40,
which shows that a small order is enough for (L1, L12) and
a relatively large order is needed for (L1, Loo) (Which are
more oscillatory). The obtained results are consistent with
those by the explicit solutions given in [12] (see Fig. 1 in
that paper), and the computation time is 1.93e-02 s.

IV. CHANGING THE POINT OF EXPANSION TO
ACCELERATE CONVERGENCE AND AVOID SINGULARITIES

For simplicity, the arguments of this section refer to the
basic example (4)—(6). According to Theorem 1 in [30], a
d > 0 needs to exist such that A(z) is analytic on the disc
Dy s to ensure the convergence of the power series solution
in (7). When the function is not analytic within the disc
Dy s, the power series solution diverges. For example, if
one has A(z) = v/0.5 + 22 which is not analytic on the unit
disc, the kernel gain does not converge as the order increases
as it can clearly be seen in the Fig. 3 by inspecting the gain
for different orders of the series. In this section, we will show
that for some cases the divergent problem can be resolved
by expanding (localizing) the series at a different point. We
call this new power series, expanded at a strategically-chosen
point, a “localized” power series.

Now, the kernel K (x,¢) is expressed by using a double
power series around the point (g, &y) rather than the origin,

= Z ZKU(?«" —0)" 7 (€ = &)’

i=0 j=0

(28)

Denote & = = — xy and 5: & — &o. Then, (28) becomes

ZK = Jg]

0 7=0

K(z,6) = (29)

1=
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Fig. 4. Convergent case with A(z) = /0.5 + z2 by localized power

series (Example 1).

Based on (29), the kernel equations in (4) can be transformed
into those in terms of = and ¢,

AME+ &) +c
€

Ka"c:i’(i'7§) _Kéé(i‘vé) = K(:&g)

For the left-sides of boundary conditions in (5) and (6), the
values of the second variable ¢ are respectively & = x for
the first boundary condition and £ = 0 for the second. Thus,
in terms of Z and &, they result in { = Z + x9 — & for the
first boundary condition and ¢ = —¢; for the second. For
the integral in the right-side of boundary condition in (5), it
can be also expressed in terms of z and &,

/O< )+ c)de = /+ - £+£o>+c)d§ 31)

Based on the change of variables and (31), the boundary
conditions (5) and (6) can be expressed in terms of & and &,
K(Z,%)

~ */
K(&,—&o)

where 1 = T + xg — &o.

For the transformed kernel equations in (30) and the
boundary conditions in (32) and (33), a Theorem similar to
Theorem 1 in [30] can be stated for the given x( and &p:

Theorem 2 (Localized power series): 1f there exists § >
0 such that \(&) is analytic on the disc D 44(£o) centered at
&o, and such disc covers the interval [0, 1], then there exists
a xo and power series solution in the form of (28) which
converges and defines an analytic function in the polydisc
Drs/2(x0) X Dry5/2(&0), that is the unique solution of the
kernel equations (4)—(6).

The proof of the above Theorem is similar to Theorem 1
in [30], since only the point of expansion varies and in [30] it
was shown that the kernel is analytic in 7; by uniqueness of
analytic functions any converging power series representing
the kernel has to solve the kernel equations. In principle one
can choose xy = &y but other values are admissible. This
theorem can be easily adapted to other examples, which is
not done here due to lack of space. Instead, some numerical
evidence is provided next for the basic example.

(30)

AE+ &) + c) A (32)
(33)



TABLE I

ORIGIN-BASED (DIVERGENT) VS. LOCALIZED (CONVERGENT)

POWER SERIES

Computation time (s) Sparsity

At origin  Localized At origin Localized
2 8.08e-05 1.08e-04 0.694 0.556
4 1.12e-04 1.68e-04 0.831 0.702
6 1.68e-04 2.79e-04 0.890 0.783
8 2.44e-04 2.15e-03 0.921 0.832
15 4.98e-04 1.27e-03 0.964 0.908
25 1.32e-03 3.32e-03 0.981 0.945
50  6.37e-03 2.49e-02 0.992 0.973

A. Example 3: Parabolic equation with space-varying reac-
tion not verifying Theorem 1 in [30]

Choosing x¢p = 0.5 and &y = 0.7, it can be verified that
the above Theorem is satisfied for A(z) = V0.5 + 22, and
the resulting kernel gain for several orders of approximation
by using the proposed MATLAB solver is plotted in Fig. 4,
which clearly shows that the localized power series solution
is convergent. In addition, the sparsities and computation
times of the zero-centered solution (divergent solution) and
the localized solution (convergent solution) are listed in
Table. II, which shows that convergence is achieved at the
cost of losing some sparsity and computational speed; the
loss is in any case reasonable.

The idea of a localized power series gives rise to an
additional concept, that of patches of power series, where
instead of a single power series representation one employs
several localized approximations. This would allow to better
approximate oscillatory kernels while at the same time using
smaller orders of approximation, for instance such an idea
could reduce the order required to solve the Example 4 of
Section III. This concept will be explored in future work.
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