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Distributed Online Learning Algorithms for Aggregative Games Over
Time-Varying Unbalanced Digraphs.

Xiaolong Zuo and Zhenhua Deng*

Abstract—In this paper, online aggregative games over time-
varying unbalanced digraphs are studied, where the cost
functions of players are time-varying and are gradually re-
vealed to corresponding players only after decisions are made.
Moreover, in the problems, players are subject to local convex
set constraints and time-varying coupled nonlinear inequality
constraints. To the best of our knowledge, no result about online
games with unbalanced digraphs has been reported, let alone
constrained online games. To solve the problem, a distributed
online algorithm based on primal-dual, mirror descents and
push-sum methods is developed. With the algorithm, sublinear
dynamic regrets and constraint violations are established.
Finally, online electricity market games illustrate the algorithm.

I. INTRODUCTION

Aggregative games (AGs) appear in various fields, such as
environmental economies [1], smart grids [2] and communi-
cation networks [3]. In AGs, each player aims to find an ideal
decision to selfishly optimize its individual cost function,
which relies on its own decision as well as the aggregate
of the decisions of all players. Hence, generalized Nash
Equilibrium (GNE) is a desirable decision for the players,
which portrays the state that no player can benefit more by
deviating from the equilibrium unilaterally (see [4], [S]).

To seek the (G)NE of AGs, numerous distributed strate-
gies have been developed in recent years(see [6], [7], [8],
[9]). However, these works typically assumed that the cost
functions are fixed and time-invariant, which is not in line
with most of engineering realities. For example, in many
practical situations such as radio resource allocation [10],
robust portfolio selection [11] and wind power grids [12], the
environments are dynamic and evolving, which often lead to
cost functions and constraint varying over time. Moreover,
the cost functions and constraints only can be known to
players after decisions are made. Accordingly, it is necessary
to investigate AGs with time-varying and gradually revealing
cost functions and constraints, which are called online AGs.

The communication networks are required to be static
and/or undirected in most of existing works for online games
(see [13], [14]). Nevertheless, in many situations, the com-
munication among players are time-varying and unbalanced,
such as transportation networks [15] and social networks
[16]. Moreover, it is well known that undirected graphs have
limitations compared to unbalanced digraphs which have
wider applications and are easier to implement [17]. Besides,
static and undirected graphs are special cases of time-varying
unbalanced digraphs. As far as we know, there are no results
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about online AGs over unbalanced digraphs so far, let alone
time-varying unbalanced digraphs.

This paper studies online AGs over time-varying networks
and design a distributed online algorithm to seek the GNE
sequences. The main contributions are outlined below:

« We study online AGs with local convex set constraints
and coupled nonlinear inequality constraint over time-
varying unbalanced digraphs. Unlike the traditional
static AGs, such as [6], [7], [8], [9], the cost functions
and coupled constraints are time-varying and unknown
before decisions are made in our problems. Besides,
our problems are extensions of existing online games,
such as [13], [14], by considering time-varying un-
balanced digraphs and time-varying coupled inequality
constraints.

o We design a distributed online learning algorithm for
AGs over time-varying unbalanced digraphs based on
mirror descent and push-sum methods. It is not easy
to develop online algorithms with sublinear dynamic
regrets (see [18] and references therein). We prove that
under our algorithm, the decisions made by players
are no-regret and the dynamic regrets and constraint
violations are sublinear.

The rest of the paper is organized as follows. Section II
recalls some preliminary knowledge and introduces problem
formulation. Section III develops a distributed online learn-
ing algorithm and presents the main results. Section IV gives
a simulation example. Section V summarizes the conclusion.

II. PRELIMINARIES AND FORMULATION

This section introduces some preliminary knowledge and
presents the problem.

A. Preliminaries

a) Notations: R is the set of real numbers. R” denotes
the n-dimensional Euclidean space. ® and x denote the
Kronecker product and the Cartesian product, respectively.
||x|]| is the standard Euclidean norm of vector. ||X|| is the
spectral norm of matrix X. col(xi,...,x,) = [xT,... . xI1T. x;
is the ith element of vector x. 1, is the column vectors of n
ones. I, is an n X n identity matrix. For a vector or matrix M,
the transpose of M is denoted by M”. Communication graph
between agents at time ¢ is denoted by ¢, = {7, 4;}, where
¥ is the vertex set of ¢, and &; is the edge set. The adjacency
matrix is A; and [A;];; denotes the weighting of (i, j) at time
t. For a vector v € R", [v]; = max(v,0). h; = €(hy) means
that &, grow sublinearly with respect to ;.
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b) Bregman Divergence: The Bregman divergence of
x, y with x,y € Q C R” is defined as (see [19])
Dy(x,y) := @(x) = 0(y) = (Vo(y),x—v),
where ¢ : Q — R is differentiable and J-strongly con-
vex distance—measuring function, ie., @(x) > @(y) +
(Vo(y),x—y) + ||x y||2 Therefore, it can be easily de-
rived that Dy (x, y) $llx—y|* and
(x=y,Vo(y)=V@(2)) =Dp(x,2) =Dy (x,y) =Dy (y,2). (1)
A mild assumption on the Bregman divergence are listed
as follows, which were widely used in [19], [20].
Assumption 1: The Bregman divergence satisfies the fol-
lowing conditions:

Zalyl S

1Dy (x,2) —D¢(y72)|| <lIpllx—yll

where x,y;,z € R" and nyzla,- =1 withg;€R and Ip is a
positive constant.

(x ¥i)

||Mz

B. Problem Formulation

Consider an online AG of N players over time-varying
unbalanced digraphs. At each time ¢ € {l,...,T}, where
T € N, denotes the running time, only after player i
has made a decision xi from its decision set Q; C
R”, it receives its cost function f/(x! x; %), where x;' =
col(x!,... . xi7! xi1 ... xN) denotes the decisions of other
players. Moreover, the decisions of players are coupled by
the following time-varying nonlinear inequality:

N
K= {x € RY"| ) () < 0n} 2
i=1
where g/ = col(gl',...,gi"™) and g’ : R* — R. Specially,
since the cost functions in AGs depend on the aggregate
of the decisions of all players, the function f/(x!,x, ") could
be rewritten as J/(x!,0(x,)), where the aggregative function
o(x,) is defined as o(x) = + ¥V | wi(x). yi(x)) : R* — R?
is differentiable and Lipschitz continuous, i.e., there exists a
positive constant /y, such that ||y;(x}) — wi(v}) || < Ly ||} — ]|
for any x/, y\ € R". Accordingly, for player i, it faces the
following aggregative game at time ¢:
min Jj(x;,0(x))
X €Q;

3)
s.t. th x, ) <0

The GNE of the AG (3) is defined as follows (see [5]):

Definition 1: A decision x* = (x*,x,™*) is a GNE of the
AG (3) at time ¢ € {1,2,..., T} if f1(x¥* x7™) < fi(x, %™,
VX, : (xi,xfi*) cQNK;,icV, where Q=01 x ... x Qp.

Similarly to [13], [14], [19], [20], [21], the path length of
the GNE sequence is defined as Vr =Y, [|xf, ; —x7||.

In the following, some widely used assumptions in online
games are listed.

Assumption 2: The nonempty set Q; is convex and com-
pact.

Assumption 3: The cost functions and coupled constraint
satisfy: (i) The function f/(x/,x;') and gi(x!) are convex

and differentiable on x. (ii) The gradient VJ;(x{,0(x;)) is
L1psch1tz continuous, i.c., ||[VJj(xl, 6/, ) = VJi(x,0(x))|| <
o (x)||, where [ is a positive constant and

116741 —

J J v
Vi (x,0 () = (aufi(u,")Jrain(u,v)M)
t

u=x
v=0(x)

(iii)The pseudo- gradient Fi(x;) is p-strong monotone, i.e.,
(Fi(xr) = Fr ()" (o = ye) > Rllx y|I*. where F(x) is de-
fined as F(x) = col (Vfi(x},x; D, VANGN YY) with
V() = M),

Assumption 4: The graph ¢, Vt € {1,..., T}, satisfies the
following conditions: (i) (Weight Rule) [A ], ;> @ with @ >
0,if (i, ) € &; |As]i > @, Vi € ¥ (ii) (Column-stochasticity)
Z{V 11A;]ij = 1; (iii) (Uniformly connectivity) There exists an
integer B > 0 such that the jointly graph {¥,Ur—o.. —1&+k}
is strongly connected.

The following lemma holds based on Assumption 4.

Lemma 1: (see [22, Corollary 2]) Suppose Assumption 4
holds, there exists a sequence {¢} of stochastic vectors ¢ €
R", 6> 0and 1 € (0,1), such that |[A(z : k)];; — ¢/| < On'F,
where A(t 1 k) = AA—1 ... Ari1Ag.

The dynamic regret and constraint violation are widely
used to evaluate the performance of online decision-making
process (see [13], [14] [20], [21]) and are defined as follows:

Zﬁ%7“ — fid ) )

-+

Regi(T

(&)

where x¥ = (x*,x; ™) is the GNE of AG (3) at time 7.

The sublinear dynamic regret and constraint violation are
expected to established in online problems because they
implies, in the terms of time average, the errors of the
algorithm approach zero and the coupled constraint is largely
satisfied, i.e., Tlig}qReg,-(T)/T =0 and Tlig:QRg(T)/T =0.

Therefore, the goal of this paper is to design an algorithm
for the AG (3) over time-varying graphs {%} such that
sublinear dynamic regret (4) and constraint violation (5) are
obtained.

ITIT. MAIN RESULTS

This section presents a distributed online algorithm (i.e.,
Algorithm 1) for the AG (3) and analyzes its performance.

A. Distributed Online Learning Algorithm Design

This subsection presents a distributed online algorithm
(i.e., Algorithm 1).

Assumption 2 indicates that the radius of the convex set
Q is bounded, i.e., there exists positive constant r such that
lx =yl <r, V¥x,y € Q, which together with Assumption 3
indicates .]ti(xg,c(x,)) and VJ,i(xf,'G(xl)) are bounded be-
cause J; (x},0(x)) is convex and x; € Q; always holds under
Algorithm 1, i.e., there exist positive constants By, C,, B; and
C; such that ||g} (x}) || < By, [[V; (x)|| < C. [If (xi, 0.(x0)) || <
B and |VJi(xi,0(x))|| < C;. Furthermore, since gi(x!) -+
Vgr(xz)(ZtJrl xp) < gt(Z;+1)’ by (6e) and [|g;(x;)[| < Bg, we
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have [|y’, | < B,. Besides, based on Assumption 1, it can
be deduced that Dy (x,y) < Ipr, Vx,y € Q.

Algorithm 1 Distributed Online Push-sum Mirror Descent
Algorithm

Initialization: z), x) € R", &y = ly, u) = 0y, sh = y;i(x})).
fort=0,...,T—1 do
Al k
St =Y [Adus, (6a)
k=1
u k
Wiy = Z [A]iw; (6b)
k=1
. N k
Uy = Z (A itz (6¢)
k=1
2 :arg)rcgg{a&VJi(xi,@’H)
+%Ver () gy 1,x) + Dy (x,24) ) (6d)
Vi1 =8 (%) + Vi (x) (211 —x7) (6e)
N
’4:+1 =[(1-9%) Z[At]ik”£{+7/tY;+l]+ (6f)
k=1
Xy =(1—oy)x + oz (62)
N
Sper = 3 [Adist + Wil ) — wi(x) (6h)
k=1
end for
where 6/ | = ol iy = L‘ ,and &, % € (0,1) are non-
f T+

increasing step31zes

B. Performance Analysis

In this subsection, we analyze the bounds of dynamic
regret (4) and constraint violation (5) of Algorithm 1. Before
stating our main results, some necessary lemmas are given
as follows.

Lemma 2: (see [21, Lemma 4]) Under Assumptions 2 and

4, Vie“//,te{l T} it can be obtained that § < @/ <N,
0 <1 and &< %2 .

Lemma 3: Under Assumptions 2 and 4, Vi€ ¥, t €
{1,...,T}, we have

N 26 29\/er
16711 — o) < FWHSOH _—* Z
40V/NNB, &
||”t+1 — ]| < 53 g};n’ Y.
where 6 = 710n1f (lmm [AAi—y ... Aply]i) > ﬁ, 5o =
col(sdy...,sY) and @, =¥V | ul.

Proof:  Denote &', = W;(x{, ;) — Wi(x}). Under As-
sumption 2, by (6g) and the Lipschitz continuity of y;(x}),
we have HQHH < ll,,Hx,Jrl x| < lq,alr Similarly, denote
g = [(1=¥)ap + w7 — )., based on ||yz+1H <
By, Lemma 2 in [4] and Lemma 2, we have g ; <

. 1+1
2y, B .
%. For easy of notation, we consider n = 1 and

m = 1. Then the compact form of s/, and !, are s, =
Asy+ &1 and up = Ajup + €41, respectively, where s, =
col(s!,....sV), u,=col(u},...,uM), & =col(&',... EN) and
g =col(g!,...,eN). Hence, we can deduced that §, = o(x,),
where §; = %Z?’lef(see [23, Lemma 1]). Then Lemma 3
can be obtained based on Lemmas 1 and the detailed proof
is given in [22]. |
Lemma 4: Under Assumptions 2-4, for Vu € R”, we have

T
-y

t=1 i

1+Z%2 ”L‘Hz_”TZ%Zgz xt )+NC r||u|| Z%

t=1

i
“t+l 7Yz+l>

Mz

5T

6N3B2 L, 2NBy -
g27’2 SZgZ%ZH“tH—“tH (7
Proof: See Appendix V-A. [ ]
Lemma 5: Under Assumptions 1-4, there holds
- 2
I Z [l — x|

. T N
<erZ||‘7zI+1—G(xt)||+BgZ%ZHﬂ§+1 i

t=li=

) NC; I
ff||zt+1 — x| +NCyB, rz% =5 Za,
R Nipr v/Nlp
—Z%Z<”§+17Y§+1>+7Z+72VT-
=1 =1 or or

Proof: See Appendix V-B. [ ]
Based on above analysis, we have the following theorem.
Theorem 1: Suppose Assumptions 1-4 hold. Under Algo-

rithm 1, the dynamic regret and constraint violation satisfy

T T
Regi(T) <ﬁ(\/T<VTO;1 +2 o+ ) ) ®)

T t=1 t=1

1 [ vr+1
Rg(T) <ﬁ(\/( L +Za,+2% 1+Zy, 9)
T o 5 5
Proof: By the convexity of the cost functlon it is

apparent that

V()T (g = x0)

T
Gl —x" | <Cjy [T Yl =72 (10)
t=1

Based on Lemma 3, we have

T N
ZZ”O}H

I
™~

Reg;(T)

N
I

I
™M~

N
I

o (x|
t=1i=
20 2emrl It
sflloul’]n CX Y e an
t=1k=1
where Y Y n"fey, = Y o X0t <

Therefore, it can be derived that

ﬁ(ZtT:l o).
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Y X6 t+1 — o) < Ol ).
have Y, X, [|a), — & < O, n).

Based on above analysis, it can be deduced from Lemmas
4 and 5 that

T T T N
w Y e = 1P = Y E@ul?+u” Y % Y 85(x)
=1 =1 =0 i=1

Vi + 1 T T
<o —+Yoa+Y 5
or =1 =1
where E(t) = 25 (8 +8 X, ¥ +2NC2 Y, 7).
Due to the arbitrariness of u € R}, let u = 0,,, we have

1+VT L

T
+Y a+ Y n).

Similarly, we

(12)

uZWz HIP <o (13)
T =1 t=1
Then (8) is obtained by substituting (13) into (10).
Let i = ZonEl 609l 17’%@;5’@’ L+ , we have
ul 2_ [Zz IYIZ Igt(xt V%Rgz
Z%zgt ) —E () Jul = == >

Wthh, together with (12), results in (9).

This completes the proof of Theorem 1. [ ]

Remark 1: Theorem 1 indicates that the bound of the dy-
namic regret and constraint violation depend on the algorithm
parameter o4, ¥ and Vr. Thus, provided that Vr satisfies
certain conditions, sublinear dynamic regret and constraint
violation can be obtained by choosing appropriate ¢ and 7.

Corollary 1: Suppose Assumptions 1-4 hold. Under Algo-
rithm 1 with oy = % = [ia and a € (0, %) the dynamic regret
(8) and constraint violation (9) are bounded by

Regi(T) < 6 (T%”\/VT + Tl—%)

Re(T )<ﬁ(r%wmrlf%)
Proof: By choosmg o =

Zat / 1%t < O(T'9).

Similarly, we have thl % < 0T and Y % <
O(T'~2%). Then based on Theorem I, the Corollary 1 can
be proved. [ ]

Remark 2: In Corollary 1, it is clearly that T2% and
T'-% are sublinear with T because a € (0,1). Hence, the
sublinear dynamic regret and constraint violation can be
established, i.e., Tli_r}r:oRegi(T)/T =0 and Tli_r)r:oRg(T)/T =0

if V7 satisfies lim V7 /T!72¢ = 0.
T—oo

t,, , we have

(14)

IV. SIMULATION

Consider the online electricity market games of six wind
farms over time-varying unbalanced communication net-
works (e.g., Fig. 1). Every wind farm faces the following
problem (see [24]).

min
P€R
st. P;e [P"””

6
Zmzimf
i=1 i=1

Jis(Pis,P_iy)

IaAX ]

5)

where J;;, is the cost function of wind farm i at time
t, in M$; P, is the generated power of wind farm
i at time ¢, in MW; The load demand of wind farm
i at time ¢ is denoted by Pp, with Pp, = [12,11 +
0.5sin(t/4),8,7.5,9,10]". The generated power P;, cannot
exceed the corresponding minimum output power P””" and
maximum output power P (Ppin = [2,3,3,6,5 4] and
PP = [65,58,73,35,66 45]) Moreover, the sum of the
generated power is expected to equal or greater than the
total load demand. Particularly, the cost function J;; is
Ji,t(Pi.,zaP—i,z) = Ci.t(Pi,t) - Pi,t(Pi,hPfi?t)Pi,t, where Ci,l(l)i,t)
and p;;(P,,P_;;) are the production cost and the electricity
price, respectively. pi; (P, P—is) = 1i; — %Zgzl P, with 1, =
80+ 0.5sin(t/12) and c;,(P;) is cit(Py) = @is + BisPrs +
%.(Py)?, where & = [2,5+ 0.5sin(t/12),4,3,7,2], B =
[35 + 3.0sin(t/3),20 + 1.5sin(¢/4),52 + 2.0sin(z/7),38 +
3.5sin(t/8),15 + 2.5sin(t/10),47 + 4.0sin(t/11)] and § =
[2,4,3,1.5,340.5co0s(t/3),2].

In Algorithm 1, we choose @(x) = 2||x||2 and the corre-
sponding Bregman divergence is D(x,y) = 5 >l =yl Setting
oy = 1/+/t and B, = 1/+/t. The simulation results of average
dynamic regret Reg;/t and average constraint violation Rg/t
are presented in Fig. 2 and Fig. 3, respectively.

It can be observed from Figs. 2 and 3 that both Reg;/t and
Rg/t approach zero as time tends to infinity, which implies
the dynamic regret and constraint violation are sublinear with
T, thus verifying the effectiveness of the algorithm.

Fig. 1. The time-varying unbalanced communication networks

V. CONCLUSIONS

This paper has investigated constrained online AGs over
time-varying unbalanced digraphs. To seek the GNE se-
quence of the online AG, a distributed online algorithm based
on push-sum and mirror descent approach has been proposed.
To the best of our knowledge, this is the first work to solve
online AGs over time-varying unbalanced digraphs. With the
algorithm, sublinear dynamic regret and constraint violation
have been established. Finally, simulation results of online
market games verify the effectiveness of our method.

APPENDIX
A. Proof of Lemma 4

Multiplying both sides of u,+1 = A;u; + &41 by %1,{,
because A; is column stochastic, we have i = it; +
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v YN &l ,. Therefore, for Vu € R,

21— u?
2 2 -
<|ld —ull”+ < Z||gz+1|| += ZEH-I (16)
For the term €/ (ii—u), we have
&y (i —u)
=& (@ —iy,) + & (@, —u)
. . . ‘ T
<& i [ty — |l + % Opr — Vltyyy)” (g — 1)
1. . . . .
+—— (& = %0 — Vi) (a4 —uiyy)
wt—H
1 i ~f T i i
+— (&1 — Y (Vi1 — Yly))" (up — @fqu)
@41
<ll&fy i Mty — il + % (vhy s By — )
}’zwz+1”z+1 (@, — )+,7%(Y£+1 — i) gl
1
2}/, B _ S
< I+ £a By oy — || + % Vs By — 1)
1 . 47 w2 B2
O B+ =5 (17)

where the second inequality holds for &7 (@' | —ul, ) =

_Hgti+1||2 < 0 and (8ti+1 - Vt(yt.+1 Yiu t+1))T(”;+1 -
o qu) <0 (see [4, Lemma 2]). —yrall (i@, —u) <
39 ||ul|* and g, < 27/'0;”7;‘3‘{ are used to get the last in-
equality.

Substitute (17) into (16) and rearrange (16), we obtain

N
_%Z<ﬁ;+17)’;+1>

i=1
N N N
*Ilut—thIz—*Hum—ull —%Zw 81(x1))

ZyNB 67N 3 2
' gZHqu |+ 55— £+ N7/2|| [&
— 7% Y (1, Vgi(x) (2l — 1))
i=1

where Y7 (| — ul]? — [[Gis1 — ul®) < NJjul%. Then
Lemma 4 can be obtained based on Cauchy-Schwarz inequal-
ity and [[Vg;(x)|| < Cq.

B. Proof of Lemma 5

Based on the optimality condition of zﬁ 41 in (6d) and by
(1), the following inequality is yields

O (21 =¥ VI (51, 6141) + 4 V8 (x0) Tty )
§<V¢i(Z;+l) - V(Pi(xt)vxz _Zt+l>
:D(P(x;*rx;) —D¢(X;*,Z;+1) _D(P(Z;+17x;)~ (18)

Based on Dy(x,y) > g”x—sz, we further obtain that

. . . . . 12
Dot 2141) <Do(xi",x7) = S llzts1 —xi]
Zt+17V‘Il(x;7 Atl+l)>

_Zt+17vgt(xt) "‘t+1>-

+ o ("
+ oy (g (19)
For the second term in the right hand sides of (19), we have

0 ()" =241, VI (6], 6741))

<oy (x" —x1, VI (31,0 (x)) = VI (", 0 (x)))
oy =, VI (x4, 6711) = VI (31,0 (x)))
+o{xy” —XNVJ’(XM () + % Ve () uy)
_O‘t%<xt xt,Vg,( )T 0

+ 0 (3 — 241, VI (x4, 6111))
<0y (x" =4, VJj (x1,0(x)) = VI (5", 0 (x7)))
oyl — x|V (f, 610) = VI (xp, 0. () |
o llxr = [ Vs () o |

+ oyl =z 1V O, 610 |
<o (x" —x1, VI (31,0 (x)) = VI (", 0 (x7)))
+Oz,lr||6f+1— o (x)|| + 04 %rCeBy
fxf||2+ 5C]2

where u; is the optimal dual variable and it has a upper bound
by Lemma 1 in [25], i.e., |u}|| < B,. The second inequality is

+ Z”Z’“ (20)
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obtained by Cauchy-Schwarz inequality and the optimality
of x/, and the third inequality is by Assumptions 2-3 and
Jensen’s inequality.

For the third term in the right hand sides of (19), we have

— 241, Ve () )
—x;, Ve () iy )+ oy (x
<ouyigi () ity — 0% (1,31 41)

Sat%Bg“ﬂ£+1 Tﬁt‘“t%@i—yh)’i—s—ﬁ (21)

Oﬂth()Ci*
<oy X" Zt+1ant(xt) Mt+1>

— i ||+ o 1 gh (x)

where the second inequality is obtain by the convexity of
gi(x) and the definition of yi_ .
By Assumptions 1 and (6g), it can be derived that

D(P ('x;il ,X§+] )
<Dy (x;",x;11) + Ipllxy — x|
<(1=0a1)Dy(x;"x;)+ 04Dy (x1"2111 ) +Iplxt —x ||

Combining with (19)-(22) and
{1,...,N} yields

(22)

summing over i €

|| —X;||2
< —x7, F(x) = F(x)))

1 Y | .
Saiﬂ(D(p(& X = Do (x| X)) + %ch o
+lr2||0t+1 (xt) |+%B ZHMI-H_MIH_‘_%NC Bur

L 4 \FID
—Y Z<”;+17)’;+1>+

i=1 t

||xt+1 x|l (23)

where YN, g/ (x*)Ti7 < 0 and the strong monotonicity of
F(x;) are used to get the inequalities. Hereto, Lemma 5 can
be easily obtained by summing over ¢ € {I,...,T} and by

the following inequalities

Z ZD‘P xt’xz

t= lat i=1
ul 1 ix 1 1 I i

(az Dy (x"x;) — ?D(P(xt-&-l?xt—o—l))
t=1i=1 t—1 t

1 1 . .
T)DqJ(x;il Xpy1)

=Dy (xij-l 7x§+1 )

where Dy (x,y) < Ipr is used to obtain the inequalities.
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