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A Passivity-Based Method for Accelerated Convex Optimisation

Namhoon Cho, and Hyo-Sang Shin

Abstract— This study presents a constructive methodology
for designing accelerated convex optimisation algorithms in
continuous-time domain. The two key enablers are the classical
concept of passivity in control theory and the time-dependent
change of variables that maps the output of the internal
dynamic system to the optimisation variables. The Lyapunov
function associated with the optimisation dynamics is obtained
as a natural consequence of specifying the internal dynamics
that drives the state evolution as a passive linear time-invariant
system. The passivity-based methodology provides a general
framework that has the flexibility to generate convex optimi-
sation algorithms with the guarantee of different convergence
rate bounds on the objective function value. The same principle
applies to the design of online parameter update algorithms for
adaptive control by re-defining the output of internal dynamics
to allow for the feedback interconnection with tracking error
dynamics.

I. INTRODUCTION

The analysis of accelerated optimisation algorithms in the
continuous-time domain has been the area of active research
in recent years. Well-known results include the analysis of
Nesterov’s accelerated gradient descent method provided in
[1] by taking the limit of infinitesimal step-size. In relation
to continuous-time optimisation as well as direct adaptive
control, [2] presented four different algorithms and studied
their stability properties. The recent work of [3] provided
a much more generalised understanding towards various
accelerated convex optimisation methods by highlighting
the role of using a time-dilated coordinate in the analysis.
However, the scope of [1]-[3] is focused on the second-order
optimisation dynamics of specific forms.

Meanwhile, there have been attempts to approach optimi-
sation from robust control perspectives [4]-[6]. The control-
theoretic concept of dissipativity was noticed to be central
in the construction of associated Lyapunov function, which
in turn enables rigorous convergence analysis. Although the
role of dissipativity theory in the analysis and design of opti-
misation algorithms was illustrated very clearly, the scope of
[4]-[6] alone falls short of providing a constructive procedure
for achieving accelerated convergence in the design of a new
optimisation algorithm.

Motivated by the viewpoints provided by the previous
works, we propose a constructive methodology for stream-
lined design and analysis of accelerated convex optimisation
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algorithms. The proposed approach combines the utility of
the two design philosophies, namely, the coordinate trans-
form of [3] and the dissipativity viewpoint of [6]. Cen-
tral to the new development is the idea that the passive
input-output pair of a open-loop stable linear time-invariant
dynamic system can be defined to be the gradient of an
objective function and the vector of optimisation variables,
respectively. Our new method characterises the structure of
passive optimisation dynamics to a generalised extent while
guaranteeing a prescribed order for the convergence rate
bound on the objective function value.

II. PRELIMINARIES

This section introduces several basic concepts as the
mathematical preliminaries and the notation.

A. Convex Optimisation

Consider a differentiable and convex function f : R™ —
R. The optimisation problem of our interest is described as

migleiﬂ{g’ise 1) (1)

If the solution of the problem in Eq. (1) exists, let 8, € R™
represents the optimal solution. Also, let f, = eilg f(6) be
e n

the optimal value of the objective function.
The Bregman divergence associated with f for points
p,q € R™ is defined as

Dy(p,) = f(p)—fl@—(Vf(e),p—q) (2

where (-,-) denotes the inner product. By definition of
convexity, for a differentiable and convex function f, we
have

Dy (p,q) 20 3)

for all p,q € R".

B. Stability and Passivity

Consider a linear time-invariant dynamic system whose
state space realisation is given by

z(t) = Az (t) + Bu (¢)

y (t) = Cz (t) + Du(t) @

with constant matrices A, B, C, and D, where x represents
the state, u represents the input, and y represents the output.
One may consider G [-] as an operator that maps u to y as
y=Glul

The following lemma is a classical result of linear system
theory which relates the stability of a system that has no
input-output with a Lyapunov equation.
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Lemma 1 (Lyapunov Equation, Theorem 3.7 in [7]). A
matrix A is Hurwitz if and only if for every positive definite
symmetric matrix Q) there exists a positive definite symmetric
matrix P that satisfies the Lyapunov equation

ATP+PA=—-Q 5)
Moreover, if A is Hurwitz, then P is the unique solution.

Passivity is a fundamental concept in classical control
theory which formally describes the property of a system
that does not generate energy internally but only stores and
dissipates energy supplied from outside [8].

Definition 1 (Passivity, Definition 5.3 in [7]). Consider a
dynamic system described by

@ (t) = [ (t),u(t))
y (@) =h(z(t),u()
The system in Eq. (6) is passive if there exists a continuously

differentiable positive semidefinite storage function V (z)
such that

(6)

uly >V = (V,V, f(z,u)) Y (x,u) (7)

Moreover, it is strictly passive if u7y > V o+ ¢ (z) for some
positive definite function ¢.

The following lemma is another classical result of linear
system theory which relates the passivity of a system that
has input-output with a set of algebraic equations extending
Eq. (5).

Lemma 2 (Kalman-Yakubovich-Popov, Lemma 5.3 and 5.4
in [7]). Let G(s) = C(sI—A) "B+ D be a square
transfer function matrix, where (A, B) is controllable and
(A, C) is observable. Then, G (s) is (strictly) positive real
if and only if there exist matrices P = PT >0, L, and W,
(and a positive constant €) such that
PA+ATP = —LTL (—€P) ®)
PB=C" - LW )
W'W =D + D" (10)
Moreover, the system with minimal realisation (A, B,C, D)
is (strictly) passive if G (s) is (strictly) positive real. The
storage function certifying passivity of the system is given
by )
V= 5gcTPa; (11)
Proof. For V given by Eq. (11), straightforward substitution
of Egs. (8)-(10) verifies
ul'y —V =u? (Cx + Du) — 2P (Ax + Bu)
1 1
3 (Lz + Wu)" (Lz + Wu) + §exTPx (12)

> eV

O

Readers may refer to [9] for more detailed discussion
on the equivalence between the frequency-domain notion of
strict positive realness and the time-domain notion of strict
passivity for linear dynamic systems.

C. Fartial Derivative of Time-Dependent Function

Motivated by [3], consider a scalar-valued function
U (v (t),t) where vector-valued v (¢) is differentiable with
respect to t. The chain rule states that

%U(v () ,8) = (VU (0,8) 5 (£)) + %U(v,t) (13)
Integrating Eq. (13) from %, to ¢t gives
t
/ (VU (v,7),0 (1)) dr
" - (14)
:U(v(t),t)—U(v(to),to)—/ U (v,7) dr
to

IITI. PASSIVITY-BASED DESIGN OF OPTIMISERS
A. Generic Method

Suppose that U (v (t),t) : R" x R — R is a lower-
bounded function (which will be specified later) whose value
is nonnegative for every ¢ and defined with respect to some
variable v (t) € R™ (which will also be specified later). Let
us introduce a variable w (t) € R™ where n = dim () which
evolves over time according to

W™ () + a1 ™Y () 4 -+ 4 a1 () + agw (t)
=—a(t)V,U (v(t),t)
15)
where {a;}7") is a set of constant coefficients, a (t) # 0
for Vt > tg, and w® denotes the i-th time-derivative of w.
Let us refer to the system in Eq. (15) as the generator

dynamics G for which state and input are defined as
w
w
. (16)
w(m_l)
u=—aV,U (v,t) € R"
Then, the ordinary differential equation in Eq. (15) can be

rewritten as a linear system of the form in Eq. (4) with the
controllable canonical form realisation given by

0 1 o - 0
0 0 r .- 0
0 0 0 1
—ap —a; —G2 - Oy
L 0 1 2 1 (17)
0
0
B=|:|®I,
0
|1

where ® represents the Kronecker product.

Suppose that A is Hurwitz by appropriate choice of
{ai}?;ol and () is an arbitrarily chosen symmetric positive
definite matrix. Given strictly stable A and B as defined in
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Eq. (17), Lemma 1 states that there exists symmetric positive
definite P satisfying Eq. (5). As noted in [10], given the
definition of input u, Lemma 2 implies that the arbitrariness
of @ carries over to the possibility of constructing an infinite
number of passive systems by compatible choices of outputs.
Let the output has no direct feedthrough term, i.e., D = 0.
Then, Lemma 2 verifies that the compatible output can be
obtained by setting

C=BTp (18)

In this setup, the time-derivative of the storage function V =
227 Pz can be written as

V =27 P (Az + Bu) = 2T PBu — %xTQx

1 (19)
= <y7u> - §£CTQII}
Equivalently, if one defines
t
WOLVE- [ G e
to
then Eq. (19) verifies that
L _ 1 T
W=V —-{(y,u) = 5% Qx 1)

<0

as per the definition of passivity stated in Definition 1. (We
will come back to Eq. (21) after defining the input-output

map.)
Integrating Eq. (19) gives
V(1) =V (o)
t t
:/ (y(r),u(r»dr—%/ o () 0z(yar @
to to

Considering the way that the input u is defined in Eq. (16)
and the integral relation shown in Eq. (14), a natural choice
is to define the variable v (¢) as the integral of scaled output,
that is,

0(t) =a)y(t) =a(t)Cz(t)
With this choice, Eq. (22) can be rewritten by using Eq. (14)
as
V(t) =V (to) ==U(v(t),t)+ U (v(to),to)
t t
-|-/ gU(’U,T)dT— 1/ 27 (1) Qx (1) dr
or 2

to to

(23)

(24)

Note that if an invertible preconditioner matrix M is intro-
duced in the definition of input as u = —aMV,U, then the
inner product between input and output does not change by
defining v = oM ~1y.

We are now at the stage to relate i) the system variable
v (t) to the optimisation variable # and ii) the auxiliary
function U to the objective function f. The purpose is to
associate the construction of the passive dynamic system
with the design of an optimisation algorithm to solve the
problem in Eq. (1). In a similar manner to [3], let us introduce
a coordinate transform given by

v(t) =~ ()0 —0) (25)

with a strictly monotonically increasing positive-valued func-
tion v (t) € Rsg, ie., ¥(t) > 0 for V¢t > ¢, and some
constant 6. € R™. Since 0 (v (t),t) =y~ (t)v (t) + 0., we
have
90 (v, t) _ .
S = A ()0 (1)

= A () 0 (0,0) - 6.)

In anticipation of the Bregman divergence Dy (-, -) appearing
in the subsequent derivation, let us also define the conjugate
function U as

U(v(t),t)
=y O @@),1) = fO)] + ¢ (v(t),1)
with a function ¢ (v (t),¢) which satisfies ¥ (v (t),t) > ¢

for some constant ¢ and %¢ (v(t),t) < 0 for ¥t > to,
and the choice of 6. compatible with the nonnegativity of
f@w(),t) — f(0.) such as 6. = 6. Then, using Eq.
(26) in the partial differentiation of Eq. (27) with respect to
t yields

0 .

50 @), 1) =7 (@) [f (0 (v(t), 1) - f(0c)]

+20(Tor 0, 25D ) 4 Zo w0

= —5(t) Dy (0,6 (v,t)) + %w (v (), 1)
<0

(26)

27)

Note that the gradient of U in Eq. (27) with respect to v can
be written as

V,U (v (t),t)
=y (t)Vof (v (®) v (t) +6.) + Vb (v,t)  (29)
=Vof(0(v(t),t) + Vuih (v,1)

Substituting Eq. (28) back into Eq. (24) and rearranging
the equation gives a conservation relation as

E =U (v (to),to) + V (to)
=U (v(t),t) + V (t)

+/ 5 (7) Dy (60,0 (v, 7)) d

to
t a d 1 t T d
/to §1/1(v,7) T+2/tox (1) Qx (1) dr (30)

=y O [F @ (v (t),8) = F(0)] + ¢ (v(t),t)

+V @)+ / A (1) Dy (66,6 (v, 7)) dr

to

t a 1 t
—/ — (’U,T)dT—‘r*/ xT(T)QJ;(T)dT
to OT 2 /i,
Since P > 0so V(t) >0, Q >0, ¢ (v(t),t) > ¢ and
%w (v (t),t) <0 by definition, + (¢) > 0 by definition, and
Dy (6.,0) > 0 as discussed in Eq. (3), the conservation law
of Eq. (30) indicates that

EZ~ @) [0 (#),t) = f(0)] +v @31
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As v (t) > 0 for Vt > ty by definition, Eq. (31) ensures the
convergence rate bound for the objective function value as

0lf (80) — £ (0] + o — 6+ LaT Py P

B v (t)

where 0 (to) = 6o, z (to) = o, ¥ (v(to),to) = %o, and
v (to) = 0. One may also establish that

Exye®).)=v(y000).t) 63
where 0 (t) £ 0 (t) — 6,. Note that Eq. (33) can be utilised
to certify the boundedness of 6 (t) with appropriate choice
of the function . For example, let ¢ (v,t) = ('yé, t) =

114 .
R(t) HOH where R (t) > 0, R(t) <0, p > 1, and ¢ > 0.
Then, corfsidering the absolute homogeneity of a norm and
the fact that « (¢) > 0 by definition, Eq. (33) ensures the
convergence rate bound for the optimisation variable as

<505 (wt)

It is impossible to obtain the actual optimisation variable
0 directly from the relation in Eq. (25). For implementation
of the process, we instead opt to the propagation of the
following dynamics from a given initial guess 6.

(e

(34)

i) = Low.n="2 (" 0om)
CWyOvB T Oaby ()

As a summary, Fig. 1 shows the block diagram representation
of the passivity-based convex optimisation algorithm.

(35)
="

A0

i open-loop strictly :
stable and passive
i system constructor ;

v

X=Ax+Bu |y
V@ -V a : y=BTPx
1 .
v v
1 0 v 1 s a0
— - ——V—-—y
s r? 14

Fig. 1: Block Diagram of Passivity-Based Convex Optimiser

B. Particular Case: m =1

Consider the particular case of m = 1. In this case, the
definitions of the variables reduce to x = w, A = —agl
forsomeao>0,B:[,C’:BTP:P:%>0,
y = Px,and u = —a (Vo f (0) + V¢ (v,1)). As a result,
the optimisation dynamics can be written as

& (t) = —aoz (1) — a(t) (Vo f (0) + Voo (v,t))  (36)
0 (t) = a(t) Pz (t) (37
(t)=—2OF @) vt)+y " ()a(t)Px(t) (38)
From Eq. (37), we have
r=a 'P 1% 39
t=—-a2aP Yo+a 1P (39)
Also, from Eq. (25), we have
v = 75
v =40 +~6 (40)

b =56 + 240 + 6

Substituting Eq. (39) into Eq. (36) and rearranging the result
leads to

b+ (ao - 3) O+ Pa® (Vof (0) + Vi (v,t) =0 (41)

Again, substituting Eq. (40) into Eq. (41) and rearranging
the result gives

é+<2’7+a0_a>é+<7+<ao_a)7>9~
v o v o)

" Pj (Vof (6) + Vs (0,8)) = 0

(42)

The equation above clearly shows that the optimisation
dynamics for this particular case is a second-order dynamics
in € which can still capture many existing algorithms through
the choice of ag, v (t), « (t), and ¥ (v (t),1).

1) Example 1: 1If we take ¥ (v (t) ,t) = %7}2((?) o (8)]12 +
¢ for a function R (t) such that R () < 0 and some constant
0, then Eq. (42) turns into

. 25 2\ .
9+<7+a0—°‘>9
Y (6%

. . . P2R ~
+<7+<ao—a)7+ - >0
y a)y

2) Example 2: If we choose a to be a constant and take
¥ (v,t) = 0, the time-derivatives of « disappear from Eq.
(42), and we get

(43)

. 2. . . .~ P 2
b+ ”:“%H*jww jvef(e)zo (44)
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3) Example 3: Suppose that v (t) = $a?(t) for some
constant ¢ > 0. In this setup, we have
24
T o
&2 + ad
2

(45)
=2

2[R 2|2

o
Plugging Eq. (45) into Eq. (42) brings

0+ (ao+3d>é+2(d+a°d)é
@ op @ (46)
+— (Vof (0) + Vot (v,1)) = 0

Let ¢ (v,t) = 0 for simplicity and consider the limiting case
of ag — 0. By choosing « (t) = kt with some nonzero
constant k£ and setting ¢ = 2P, Eq. (46) reduces to

0 (t) + %9' (t) +Vof(0(t) =0

which recovers the well-known result presented in [1], [3]
as the continuous-time limit of the Nesterov’s accelerated
gradient descent method. Since 7 (t) = Pk*t? in this case,
Eq. (32) with 6. = 6, certifies the convergence rate as

E 1
FOO) - 1. < o ~0 ()

Remark 1. Design parameters of the accelerated gradient
flow dynamics in Eq. (42) should be chosen carefully to
ensure realisability and robustness against noisy gradients.
First, the coefficient of the third term in Eq. (42) should be
zero to make the algorithm implementable since 6 cannot be
measured. Second, establishing uniform asymptotic stability
is advantageous to ensure robustness of the time-varying
optimisation dynamics against disturbances [11], [12].

(47)

(48)

C. Particular Case: m =0

The particular case of m = 0 corresponds to the case
where the generator G is a static function, i.e., memoryless
map, between the input-output pairs. In this special case, the
system y = G [u] is defined to be passive if uTy > 0, and
the notion of storage function is no longer necessary. By
understanding that Eq. (15) becomes an algebraic relation of
the form w = u, a passive map can be constructed naturally
by defining the output as y = w = u since u’y = uTu > 0.
Without changing the definition of the signals and functions
introduced to be compatible with the passivity of the input-
output pair, the main conservation result given by Egs. (30)
reduces to

E= U(’U (to) ,to)

=7 O ®),1) = f0)] +¢(v(t),1)

. (49)
+/ (r)Dy (6,6 (v, 7)) dT—/—T¢UT
which verifies
E>y@)[f@(v(t),t) = f(0)]+ (50)
E>4(v(t),t) (51)

Also, the optimisation dynamics in 6 can be expressed by
combining Egs. (23), (29), (40), and the relation y = u as
. ".Y ~ a2

which recovers the simple gradient flow dynamics given by
0+ Vof (0) =0 if v = o? is constant and v (v,t) = 0.

IV. EXTENSION TO ADAPTIVE CONTROL

Adaptive control deals with stable tracking of an uncer-
tain dynamic system by means of online parameter update.
Hence, the corresponding closed-loop dynamics generally
consists of tracking error and parameter estimation error
subsystems. If the uncertain part of the plant dynamics can
be represented with a linear parametric model, parameter
update for stable adaptive control can be interpreted as a
convex optimisation process which involves interaction with
an external system.

Consider the common tracking error model of an adaptive
control system given by

é(t)=Ane

(t) + Bp® () 0 (t) (53)

where A,, is a constant Hurwitz system matrix of the closed-
loop plant dynamics, B, is the constant control effectiveness
matrix of the plant, & represents the known basis function
for the linear model of the plant uncertainty, and x, (¢)
denotes the plant state. It is assumed that the true uncertainty
is represented with a constant true parameter 6, = 6.
Lemma 1 states that there exists P, = PZ > 0 verifying
AL P, + P.A,, = —Q. for any given Q. = QT > 0 and
the corresponding Lyapunov function is V, £ %eTPee. The
time-derivative of the Lyapunov function can be written as

V.

1 .
——el' Qe + eTPeBPCI)G
2 : o (54)
= —56 Q.e + <9, V9V6>

One may notice that V. alone is sign-indefinite.

To design a parameter update algorithm based on acceler-
ated gradient flow, it is necessary to allow the optimisation
dynamics to have a port for interaction with exogenous
signal. With this background, let us redefine the output of
the generator G inside the optimiser by introducing a new
variable z to replace Eq. (23) with

=a)y()

while keeping the input definition unchanged as shown in
Eq. (16). With this setup, Eq. (21) can be rewritten as

v (t) +2(t) (55)

W=V = (yu) =V + (042 9,0 (u,1))
=V+— d —U (v,t) — gU(v,t) + (2, V,U (v,1))
dt ot (56)
= f%xTQx
<0
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Since we already have Eq. (28) that states %U (v,t) <0,
the following inequality also holds

0
W+ 8tU(v ty=V+ dtU(U t)a (2, VU (v,t))
_ T . g 67
= 2x Qx — 4Dy (0.,0) + 6tw(v,t)
<0

In the followings, let ¥ (v,t) = 0 for simplicity, the choice
which verifies V,U (v,t) = Vg f (0) according to Eq. (29).
Then, by rearranging Eq. (57), we have

V+ dtU(v t)

d

(58)

= —%xTQaj — 4Dy (6.,0) — (z,Vaf (6))

—(2, Vo f(0))

Now, let us define the Lyapunov function for the total
closed-loop system by

IN

Ve 2V H+U+V, (59)

Also, let us define the additional variable as z = 0 =% and

choose the objective function as f (#) = V, + L (#) where L
is a loss function representing the goal of uncertainty learning
which should be measurable. One example for the learning
loss based on regressor extension is L(0) = iVTY =
167020 where Q = F [®7®] with some stable linear filter
F. Then, by using Egs. (54) and (58), the time-derivative of
Eq. (59) satisfies

Vp = —%xTQx - %eTQee 4Dy (0.0) = 0702
<0
for V¢ > f. Integrating Eq. (60) yields
EAC =V (to) + U (v (to) . to) + Ve (to)
EZ) SO0HNO g,
v (@) [f ( () — f (6e)]

As v (t) > 0 for Vt >t by definition, Eq. (61) ensures the
convergence rate bound for the objective function value as

(62)

If the plant controller is driven by an exogenous reference
command under which the system experiences a sufficient
but not necessarily persistent excitation, then we can intro-
duce a mild assumption that {2 > 0 will be satisfied after
some finite time t.. Therefore, assuming the presence of
interval excitation, Eq. (60) indicates the negative definite-
ness of VT for Vt > t.. Consequentially, the convergence of

(:r, e,é) towards (0,0, 0) can be established.

V. CONCLUSION

This study developed a systematic method for constructing
an accelerated algorithm in continuous-time domain to solve
convex optimisation problems. The proposed method takes
a control-theoretic approach which is to synthesise a passive
dynamics as an internal generator with compatible choice of
the input-output pair. The classical notion of passivity along
with the Kalman-Yakubovich-Popov lemma plays a key role
not only in the definition of output of the generator dynamics
but also in the characterisation of the storage function.
The convergence rate bound for the function value was
established in relation to the time-varying factor that relates
the integral of scaled output with the optimisation variable.
As an example, the ordinary differential equation model
for the Nesterov’s accelerated gradient descent method is
shown as a particular case. The passivity-based optimisation
methodology has its significance as i) a theoretical bridge
between optimisation and control and also as ii) a generic
framework that can be utilised to design convex optimisation
algorithms.
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