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A note on observability of nonlinear discrete-time systems

Arvo Kaldmie and Ulle Kotta

Abstract— A concept of backward observability is introduced
for nonlinear discrete-time control systems. According to the
new definition the state variables can be expressed as functions
of inputs, outputs and their backward shifts. It is shown that the
new observability definition is more general for non-reversible
systems than the one used typically in the literature. In case of
reversible systems it is proved that backward observability is
equivalent to the standard definition of observability. The new
definition allows to enlarge the class of systems for which state
variables can be estimated and the observers constructed.

I. INTRODUCTION

Observability is a fundamental concept in control theory.
For an observable system one can, in principle, construct a
state observer to estimate the state variables. The latter is im-
portant, since the state feedback is widely used tool in control
engineering, but all state components are rarely measurable.
For discrete-time systems many notions of observability are
defined, see for instance [17].

In this paper we are interested in single-experiment generic
observability as defined in [9], [10]. The word ’generic’
means that we are not studying observability in a neighbor-
hood of a point, but in an open and dense subset of the state
space. Nor are we interested in uniform observability [5].
Single-experiment observability refers to the case when the
state variables can be expressed as functions of the system
output, input and a finite number of their forward shifts. From
now on the word ’observability’ refers to single-experiment
observability. Interestingly, almost all the papers (see, for
example, [9], [10], [14]) that study observability of discrete-
time systems define observability using only forward shifts
of the input and output variables. This is probably due to
similarity to the continuous-time case. The only exception
is [1] where also the backward shifts are considered in
the definition of observability. In [1] it is proved that for
reversible systems, when considering both backward and
forward shifts of outputs and inputs in the definition of
observability, then such notion of observability is equivalent
to the standard observability notion, where only forward
shifts are used. However, nothing is said about non-reversible
case. Non-reversible systems, however, form an important
class of systems. For example, the state equations in famous
Brunovsky canonical form are non-reversible.

To show that backward shifts are necessary to characterize
observability for non-reversible state equations, consider the
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following motivating example:

zi(t+1) = u(t)
Ig(t—Fl) = 1‘3(t) (1)
w3t +1) = a1(t) + 2o (D)u(l)

y(t) = x3(t).

It is shown in [10] that system (1) is not observable.
This means that not all state variables can be expressed as
functions of the output y(t), the input u(t) and their forward
shifts. However, they can be expressed as functions of y(t),
u(t) and their backward shifts. From the first two equations
one gets x1(t) = u(t—1), x2(t) = z3(t—1) = y(t—1) and
from the last equation x3(t) = y(t).

Motivated by above example, in this paper a concept of
backward observability is defined for discrete-time systems.
We say that a discrete-time system is backward observable
if its state variables are equal to functions of the system
output, input and a finite number of their backward shifts.
It will be described how to check the property of backward
observability and how the concept is related to the standard
observability definition. More precisely, it will be proved that
the concept of backward observability is more general than
the standard observability notion, meaning that observabil-
ity yields backward observability. However, for reversible
systems the two concepts of observability coincide, that is,
like in [1], backward observability does not add anything
compared to the standard definition. It is also shown that
backward observability allows to estimate the state variables
of a larger class of systems than standard observability notion
and that there is more freedom in selecting an output to
guarantee observability of a system.

It should be noted that backward observability has sim-
ilarities with the concept of constructibility defined for
linear discrete-time systems, see, for example, [11]. Just
as backward observability, constructibility is related to past
measurements, but the latter is focused to the recovery of
the final state. The concept of constructability has been
generalized to the nonlinear case, see [15], [16]. In [15]
constructibility analysis was done for an observable model
of a robot. In [16], however, it was proved that observability
yields constructibility for nonlinear discrete-time systems.
Moreover, an assumption similar to backward observability,
called backward distinguishability is made in [3] to design
observers for discrete-time systems.

Finally, note that like in case of the observability property,
backward shifts play a critical role in characterizing the
flatness property for discrete-time systems though at first
flatness was defined for discrete-time systems through simply
replacing time-derivatives by forward shifts. However, re-
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cently (see [4], [7]) it was shown that allowing also backward
shifts of system variables leads to a more general definition.

II. PRELIMINARIES

Recall the basic concepts of the algebraic approach based
on the difference field and differential 1-forms, see [2]. For
simplicity we limit ourselves to single-input single-output
discrete-time nonlinear systems given by their state and
output equations

dt+1) = fla(o),u(0) (2)

y(t) = h(x(t)),
where z(t) € X C R" is the state, u(t) € U C R is the
input, y(t) € Y C R is the output, f = (f1,..., f,)" and h

are analytic in their arguments and X, U, Y are open subsets.

Assume that there exists an analytic function x(z(t), u(t)),
such that

z(t+1) =

z(t) =

can be globally solved for z(¢) and u(t), ie., z(t) =
F(z(t+1),2(¢)), u(t) = G(x(t+1), 2(¢t)) for some analytic
functions I’ and G. This is a typical assumption in discrete-
time case that allows to define uniquely a backward shift
operator, see below. A stronger assumption often made in
discrete-time case is system reversibility.

Definition 1: System (2) is said to be reversible if the
function x can be chosen as x(z(t),u(t)) = u(t).
Typically, reversibility is defined by the rank condition

Of (x(t), u(t))

rank————-- =n

Ox(t)

F(a(t) u(t) (3)

that is assumed to hold on an open and dense subset of
X x U. However, the rank condition does not guarantee that
globally there exist analytic functions F' and G as a solution
of (3).

Let £ be the field of meromorphic functions in a
finite number of variables from the set {z;, ul*, 2(=1:7 =
1,...,n;k > 0;1 > 0}. The variable ul¥! corresponds to
u(t + k), but is seen as an independent variable of the
field K, not as a function of time ¢. Similar interpretation

is used for z; and z[=Y. Define on K the forward shift
operator § : K — K as §(z) = f(z,u), s(ull) = ulF+1],
Sz = 2 for 1> 2, SN = x(z,u)
and S((z,u, ..., ulfl, 21 =20 L=0y) =
D (f(z,u),uld,. u[k+1] x(z,u), 20 1],... 2=,

The operator 5 has an inverse (backward shift) operator 5!

defined by 6~ '(z) = F(x,2l71), 6 1(u) = G(x,2l71),
SUAR) = Rl gy = el for
E > 1 and 6 '(Y(z,u,...,ul®, 200 0 2H0)) =
Y(F(z, 250, G, 250, . w1 222 R,

The pair (K, §) is an inversive difference ring corresponding
to the system (2). Note that the assumption that (3) can be
globally solved for x(¢) and w(t) guarantees that forward
and backward shifts of functionally independent functions
remain functionally independent.

Based on the field I one defines a vector field of 1-forms
as & = span{dy|¢ € K}, where d is the standard differen-
tial operator. The forward and backward shift operators can
be extended to & naturally as

6(2 aldwl) =

By abuse of notations, we use the same notation for the shift
operators defined on C and £.

al )do™ z/Jz)

III. OBSERVABILITY DEFINITION

There are many different notions of observability for
discrete-time systems, see [17]. In this section we use two
notions of observability. The first, the forward observability,
corresponds to the single-experiment observability, which
shows whether the state variables can be expressed as func-
tions of the system output, input and a finite number of their
forward shifts. This definition is a direct generalization of the
continuous-time case and is typically used in the textbooks
[12], [13] and when studying discrete-time systems, see for
example [8]. The second definition of observability intro-
duced in this section is called the backward observability.
The latter corresponds to the case when the state variables
can be expressed as functions of the system output, input and
a finite number of their backward shifts. As the past values of
the input and output variables are, in general, known, unlike
their future values, the definition of backward observability
is much more suitable in practical applications.

A. Forward observability

We define the forward observability through the observ-
able space of system (2), see [10]. In order to define the
observable space of (2) consider the following vector spaces
of 1-forms

X = spangc{da}
Uy = spang{du™;k >0}
Vr = spang{dyl*l; k > 0}.

Then the vector space Oy := X N (U + Vy) is called
the forward observable space of system (2). The space Oy
is named forward observable space, because the definition
relies on forward shifts of the output and input.

Definition 2: System (2) is said to be forward observable
if dim]c @ f=n.
It is obvious that the condition in Definition 2 is equivalent
to Oy = X. The forward observable space can be computed
as follows.

Lemma 1: The forward observable space is equal to Oy =
spany{w;;i=0,...,n — 1}, where

[d]
wi = P 4 &)
x .
Proof Observe that  dyl = w; +
Z _ (0y[l/8u ) bl i = 0,...,n — 1. Because
dyT7 , i > n, is linearly dependent on dy,...,dy" ' and
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du,...,dul”Y, then Yy + Uy = span{w;, dulfl;i =
0,....,n — 1;k > 0}. Thus, Oy = X N (Y; +Uy) =
spang{w;;i=10,...,n —1}. [ ]
Note that the 1-forms w; in (4) are not, in general, linearly
independent and thus do not form a basis of O¢. Instead, the
1-forms w; are just the generators of Oy. To get a basis of
Oy one has to remove the dependent elements of w;.

From Lemma 1 one gets the well-known observability rank

condition
Ay, ...,y T

ox

This also means that the input-output equation of a forward
observable system has order n or, in the other words, the
dimension of the forward observable space corresponds to
the order of its input-output equation.

Example 1. Consider the system (1) and compute the
forward observable space. Since y = x3, y[l] = T + 22U
and y' = u + z3ulll, then by Lemma 1 the generators of
Oy are wy = das, wy = day + uday and w3 = ullldas.
Thus, since w; and ws are linearly dependent, one has
O = spany{dxs, dz1 + udz,}. The dimension of Oy is 2,
which means that the system is not forward observable.

ranky =n.

B. Backward observability

We define the backward observability in a similar manner
as forward observability, except that backward shifts of y
and u are used instead of forward shifts. Define

U, =
W =

Note that compared to Uy the space U does not contain
du. The reason is that for system (2) output y and its
backward shifts do not depend on u and thus one does not
need to include du into U. Of course for systems, where
y = h(z,u), one has to include du into the space U,. We
say that the vector space Oy, := XN (Y,+Up) is the backward
observable space of system (2).

Definition 3: System (2) is said to be backward observ-
able if dimyx Op = n.
The backward observable space can be computed as follows.

Lemma 2: The backward observable space is equal to
Op = spany{wy ;,wy ;31 =0,...,n—1;7=1,...,n—1},
where

span{dul=*; k > 0}
span{dy=* & > 0}.

—i —j

Wy i = Mdm Wy,j = ﬂdx. ()

Proof: The proofT consists of two ste%s. First, we show

that dzl=Y € ), +U,. Then the second step is similar to the
proof of Lemma 1.

Since the forward shifts of the input u are all functionally
independent, then so must be the backward shifts of w.
Thus, there exists k& > 1, such that 8u[_k1/8z[_11 #0. Let
k be the minimal integer for which the latter is satisfied.
Then clearly (ul=*)[1 = 4[=*+1] = ¢(z, x(x,u)) for some
function ¢ € K. Since the selection of x is not unique,
one can choose instead of z = x(z,u) a function Y as
zZ = x = ¢(x, x(z,u)). The latter choice guarantees that
dz-1 = dul=* € ), + U,. By definition of spaces V), and

U, all the backward shifts of the elements in ), + U, belong
also to YV + Uy. Therefore, dzl=1 € Y, + U, for i > 1.

Now, one  has dyl=1 = wyi F
DT (T ) e O A R
Similarly, dul= = w, ; + ijl ﬂau[’j]/az[”]) dzl=],
j=1,...,n—1. Because dyl=%, dul=%, i > n, are linearly
dependent on dy,...,dyl""*t1 and dul=Y, ... dul-7+1,
then ), + Uy, = spang{wy,wy,j, dzl7%: =
0,....n — ;5 = 1,....n — 13k > 1}. Thus,
Op = XN W+ U) = spangf{wywy;;t =
0,...,n—1;5=1,...,n—1}. [ ]

Like in the case of forward observable space, the vectors of
1-forms w, ; and w,, ; contain, in general, linearly dependent
elements. Thus, they form a set of generators for Oy, but not
a basis.

Note that unlike in case of forward observability, there is
no known link between the dimension of backward observ-
able space and the order of the input-output equation of a
given system. Thus, the order of the input-output equation
of a backward observable system might be less than n.

Example 2. Check whether the equations (1) are backward
observable. Here we take z = xo, which yields

y = 3
yml =
y[*2] = =1
uml = T
ul=l = T3 — xlz[_l}.

By Lemma 2 one clearly has O, = span-{dzy,dzs,dzs}
and thus system (1) is backward observable.

We would like to stress, that the concept of backward
observability is not just something related to nonlinearities.
A linear system can also be backward observable and not
forward observable as shown by the following example.

Example 3. Consider a linear system described by the
state equations

Ty = X2+ a3

(1]
Tyt = U
Ao 6)
3 - 1

Yy = .

The forward observable space of (6) is Oy =
spang{dzi,d(zs + z3)} and thus system (6) is not
forward observable. However, the backward observable
space can be computed as O, = spang{dzi,dzs,dzs}
meaning that system (6) is backward observable.

IV. PROPERTIES OF THE OBSERVABILITY
NOTIONS

Next we study how the two observability notions — forward
and backward observability — are related. First, we show
that forward observability is just a special case of backward
observability.

Lemma 3: If system (2) is forward observable then it is
also backward observable.
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Proof: If system (2) is forward observable, then the
forward observable space has dimension n. This means that
the expressions of y, ...,y Y wu, ... ul"=? are function-
ally independent. Compute the (n — 1)-step backward shifts
of the latter expressions to get

hi(z, 208, 00 20, i=n—1,...,0,
gj(x,z[fl], 2T =100
(N

Since shifting functions back does not make them function-
ally dependent, then the functions on the right-hand side
of (7) are functionally independent and one can solve the
equations (7) for z and z[=%, i = 1,...,n — 1. Therefore,
the state variable x can be written as function of y[_i], 7=
0,...,n—1and ul=7 j =1,...,n—1. This means that the
backward observability space O, contains dx;, ¢ = 1,...,n,
and thus its dimension must be equal to n. [ ]
Note that the opposite is not, in general, true, i.e., if system
(2) is backward observable, then it is not always forward
observable. This can also be seen from Examples 1 and 2.
However, when system (2) is reversible, then the concepts
of forward and backward observabilities coincide.

Lemma 4: 1f system (2) reversible, then backward observ-
ability is equivalent to forward observability.

Proof: Since by Lemma 3 forward observability always
yields backward observability, it remains to show that for
reversible systems backward observability yields forward
observability. In the case of reversible systems one can
always take z = wu. Since backward shifts of z are inde-
pendent variables in the field /C, then Aul=F] /O0x = 0 for
all k> 1 and, by Lemma 2, one has Oy = spani{w, ;;i =
0,...,n—1}. Because system (2) is assumed to be backward
observable, then

y[_z] —
-

[—n+1\T
rank’cf)(y,-.-,y > _ .
ox
or in other words, y[*k], k=20,....,n—1, u[’s], s =
1,...,n — 1, must be functionally independent. Therefore,
also y*, k = 0,....n—1, ul¥, s = 0,...,n — 2, must

be functionally independent, because the latter expressions
are obtained by forward shifting everything n — 1 times and
it is known that forward shifts of functionally independent
functions remain functionally independent. Thus,

Ay, ...,y HT
ox

must be true, which means that system (2) is forward
observable. [ |

ranky =n

V. APPLICATIONS

In this section we show the usefulness of backward ob-
servability in observer design as well as for selecting sensor
locations for observation of system states.

A. Observer design

Here we demonstrate via example that backward observ-
ability enlarges the class of systems for which an observer
can be constructed. For nonlinear systems, which can be

transformed either into the classical or extended observer
form, observer design is a simple task [6]. In both cases
forward observability is assumed to derive the conditions for
the existence of such transformation and to find the necessary
(parametrized) state transformation itself. In this subsection
we show that a weaker assumption of backward observability
could be used instead.

Consider a non-linear system in the extended observer
form

x[ll] = x?+()01<y?"'7y[_N]au,"'au[_N])
IE]_N LTn—N+1 + QOn—N(yv cee 7y[7N]7 Uy ... 7u[7N})
_w(y[_NL u[_N])
fg],NJrl = Tpn-N+2
xsl_l = Tn
1 _
Tn - '(/}(yv u)
Yy = I,
®)

where 0 < N < n — 1, ¢ = y for reversible systems and
1» = u for non-reversible systems. The use of a function
1 in the latter form is to guarantee that the equations (8)
satisfy the assumption made in Section II to define uniquely
the backward shift operator.

An observer can be easily constructed for (8) as follows
(see also [6]):

i‘[ll] = JA"Q+<)01(ya"'7y[_N]au,"'au[_N])
+ki(y — 21)
A,[nl],N - i'anJrl +§0n7N(yv~~~7y[7N]7u1"'7u[7N])
oy N ulN) kN (y — #1)
ﬁjELN+1 = jn7N+2 + kn7N+1(y - j1)
i"[rzlLI - i’n + kn*l(y - ‘fjl)
B = d(y,w) +kaly — &),
©)

where the matrix K = (ky,...,k,)T is chosen such that
all eigenvalues of A — KC' are in the open unit disc, where
C=(1,0,---,0) and

0 10 0
0 0 1 0
A= 0
000 -+ 1
000 - 0

Based on our motivating non-reversible example (1), we
will show that the assumption of forward observability is
actually unnecessary to take the system into the extended
observer form.

Example 4. Consider the system (1). By simple inspection
one can see that equations (1) can be taken into an extended
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observer form by a state transformation & = x3, &2 = 7
and &3 = xa:

el = eyl

[ — BRESY
6%1] E4+u—y (10)
&3 = Y

Yy = 517

where y[*l] = x9 = &3 Therefore, one is able to construct,

as above, an observer for system (10) to estimate its state
variables. These estimations can then be used to estimate the
state variables of (1), although the system (1) is not forward
observable.

Example 4 shows that backward observability enlarges the
class of discrete-time systems (2) for which an observer can
be constructed.

B. Sensor location

Besides being able to estimate the states for a larger
class of systems, backward observability also provides more
freedom in selecting which function of state coordinates to
measure (if possible) to guarantee observability.

Here we address the following problem. Given the state
equations

‘T(t+1) = f(a?(t)7u(t)), (11)
where z(t) € X C R" is the state, u(t) € U C R is the
input, find an output function y(¢) = h(xz(t)), such that sys-
tem (11) is backward observable with respect to the chosen
output. A general solution to the latter problem is difficult to
find, because the function f may have complicated structure.
This is why we consider here systems of the form (11) which
are static state feedback linearizable. Such systems can be
taken into the form

EE” = &

: (12)
55]—1 = gn
el = ge,u)

by a state transformation & = (£1,...,&,)7 = ®(x). The
specific structure of equations (12) allows to compute the
backward shifts of system variables easily. This allows us to
prove the following result.

Lemma 5: Any function h(z) € K will guarantee that a
static state feedback linearizable system (11) is backward
observable with respect to the output y = h(x).

Proof: We show that any function H (§) will guarantee
that system (12) is backward observable with respect to
output y = H(). Then the output y = H(P(z)) will
guarantee backward observability of system (11).

For system of the form (12) one can always choose z = &;.

Then one gets that

gg—il B
=g
: (13)
gr[L—ll] = &2
’I[’L_l] = fnfl
u[_l] — a1(€72[_1])7
where o is obtained by shifting 57[11] =g(&,...,&n,u) back

once, which gives &, = g(z[_l],&,---,fn—l,u[_l])’ and
solving the latter for ul=1. Clearly one has Oay /0, # 0.
Using the rules (13) compute the backward shifts of w as

u[fl] = a1(2[711,51,~~~7£n)
’LL[_2] = O[Q(Z[_m,z[_l]aé-h"'7671*1)
: (14)
=t = anfl(z[_"ﬂ], 2 1,&2)
U[_n] = an(z[_n]a sy Z[_1]7£1)'

Since day/0¢, # 0 and f,[fl] = §,_1, then one must
have Oas/0¢,-1 # 0. Continuing in a similar way one has
Oay/0&n—k+1 # 0 for k = 1,...,n. Thus, one can solve
(14) for z, which gives fort =1,...,n

Z; = 5i(z[_n]7 ERE

As in the proof of Lemma 2 one can show that dzl=7] €
YV + Uy, which means that (15) yields dz; € )}, + U,. Thus,
system (12) is backward observable with respect to the output
function y = H(z). [ |

Pl Y ) .,u[_l]). (15)

g o

VI. CONCLUSIONS

A notion of backward observability was defined for
discrete-time control systems and shown to be more general
than the notion of forward observability usually used in the
literature. Backward observability allows to design observers
for a larger class of systems. Also, a larger choice of output
functions will guarantee observability, meaning that there is
more freedom in selecting sensor locations.

The future work will include extension of known results to
the case when backward observability is assumed instead of
the observability defined by the forward shifts of the output.
In particular, when solving the problem of transforming
discrete-time state equations into an extended observer form,
usually forward observability is assumed. However, as shown
in this paper a system in the extended observer form can
be backward observable, but not forward observable. Thus,
the solution to the problem, when weaker assumption of
backward observability is considered, is missing. Also, it has
been shown in [10] that the forward observable space is not
always integrable, meaning that discrete-time equations can-
not be always decomposed into observable and unobservable
subsystems like in the continuous-time case. Our hypothesis
is that backward observability may solve this issue, i.e., the
backward observable space is always integrable and allows
decomposition into observable and unobservable subsystems.
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