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A large-scale stochastic gradient descent algorithm over a graphon

Yan Chen,! and Tao Li*?2

Abstract— We study the large-scale stochastic gradient de-
scent algorithm over a graphon with a continuum of nodes,
which is regarded as the limit of the distributed networked
optimization as the number of nodes goes to infinity. Each node
has a private local cost function. The global cost function, which
all nodes cooperatively minimize, is the integral of the local
cost functions on the node set. We propose a stochastic gradient
descent algorithm evolving as a graphon particle system, where
each node heterogeneously interacts with others through a
coupled mean field term. It is proved that if the graphon
is connected, then by properly choosing the algorithm gains,
all nodes’ states achieve consensus uniformly in mean square.
Furthermore, if the local cost functions are strongly convex,
then all nodes’ states converge uniformly to the minimizer of
the global cost function in mean square.

I. INTRODUCTION

In a distributed optimization problem over a network, all
nodes cooperatively optimize a global cost function which is
the sum of all local cost functions, and each node only knows
its own local cost function. The distributed optimization
algorithms involving information exchanging among nodes
over a large-scale network can be found applications in
distributed machine learning ([1]), multi-agent target tracking
([2]), distributed resource allocation ([3]-[4]), and so on.
The dimensions of these algorithms explode as the number
of nodes increases, and it is of interest to investigate the
limiting case as the number of nodes tends to infinity. In
fact, games and optimal control problems with a continuum
of individuals have been studied intensively in the field called
mean field games, which was pioneered independently by
Huang, Malhamé and Caines ([5]) and Lasry and Lions
([6]), repectively. They attempt to understand the behaviors
of the limiting systems of the dynamic games with a large
number of individuals. In the past decades, there has been
an increasing intention in mean field games and their appli-
cations ([7]-[11]). Motivated by the distributed optimization
over large-scale networks and the developing theory of mean-
field control and games, we investigate the limiting model of
the distributed optimization problem as the number of nodes
tends to infinity, that is, the distributed optimization problem
over a graphon with a continuum of nodes.
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Let [0,1] be the set of a continuum of nodes, each
element of which corresponds to a node. The connecting
structure among nodes is given by the graphon A, which is
a symmetric measurable function from [0, 1] x [0,1] to [0, 1]
([12]). Any node p € [0,1] has a private local cost function
V(p,x) : [0,1] x R® — R, which is strongly convex and
continuously differentiable with respect to x € R™ and is
integrable with respect to p € [0,1]. The objective of all
nodes is to cooperatively solve the optimization problem

min V(z) = / V(p, z)dp. (1
ERSIING [0,1]

Denote the unique minimizer of V(z) by x*.

In the distributed optimization over a network with finite
nodes, all nodes interact through the underlying network. The
interactions among nodes depend on their labels and so are
heterogenous. In the graphon mean field theory, the concept
of graph limit is introduced into the mean field theory, which
provides a powerful tool for modeling the heterogeneous
interactions among a large number of individuals ([13]-
[16]). Representing the heterogeneous interactions among
nodes in terms of the coupled mean field terms based on
the graphon, we propose the following distributed stochastic
gradient descent algorithm for the problem (1): given the
initial states {x,(0),p € [0,1]}, for any node p € [0, 1],

(1) =B0) [ Ao~y Ol gl
— AV (., (1) dt — a(t)Sduy (1), @)

where z,(t) € R™ is the state of node p at time ¢,
representing its local estimate of z*; V.V (p,z,(t)) € R
is the gradient value of the local cost function at the state
zp(t); fRnx[o,u A(p, q)(z — z,(t))pe(dz, dq) is the coupled
mean field term based on the graphon A. Let (2, F,P) be a
complete probability space with a family of non-decreasing
o-algebras {F;, t > 0} C F. For any t > 0, p(dz,dq) is
a distribution on R™ x [0, 1] and satisfies: (i) the marginal
distribution ,(dq) is always the uniform distribution on
[0,1], that is, u(dg) = dg, V t > 0; (ii) given ¢ € [0,1],
the conditional distribution . (dz|q) is the distribution of
x4(t). Here, {wy(t), t > 0, p € [0,1]} is a family
of independent n-dimensional standard Brownian motions,
x,(0) is independent of {w,(t), ¢t > 0} and adapted to Fo,
wy(t) is adapted to Fy, ¥V ¢ = 0, p € [0,1], ae(t) and B(¢)
are time-varying algorithm gains and ¥ € R™*"™,

Denote the conditional distribution p;(dx|q) by p,q(dz).
Then we have p(dx,dq) = p 4(dx)dg. Therefore, (2) can
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be written as

ry =) [ ([ A0~ su0)min) )

—a(t)VaV (p, xp(t) dt — a(t)Xdwp(t). ()

By using spatial and temporal discretion, we can show
how (1) and (2) are related to the distributed optimization
over the network with finite nodes. For any given pos-
itive integer N, we define VN (p,z) = V(&,z), p €

(% @ = , V. Then, f[O’I]V x)dp ap-
proximates f[o I V( x)dp if N tends to infinity. Define
uni(z) = VN( ,x), ¢ = 1,-+- N. Then one obtains a

distributed optimization problem over the network with N
nodes:

min / VN (p,
TER™ [071]

Define a step graphon as AN(p, q) = A(&. ). p €
(=A%, g€ (le,J\J , j=1,---,N, and then AV
approximates A if N tends to infinity ([13]) Define ;) ( ) =

:cﬁr()andw(t)—wﬁ(t)pe(N,ZH,z—l ,N.
Let u¥ (dz,dq) be a distribution on R™ x [0, 1] satisfying:
(i) the marginal distribution ¥ (dq) is always the uniform
distribution over [0, 1], that is, u¥ (dq) = dq, ¥V t > 0; (ii)
for any j =1,--- | N, given q € (%, %], the conditional
distribution 1" (dz|q) = 5azli(t)(dx)’ where 5351? v (dx) is

x)dp = min —Zle

zeR» N

N N
the Dirac measure at 2 (t). Therefore, ul¥ (dz, dp) approx-

imates p;(dx, dp) if N tends to infinity, which together with
(2) yields the following system: for any p € (0, 1],

dx (1) =B(1) / AN (p, g)(x — =Y (£))u (dr, dg)dt
R™ % [0,1]

—a(t)V.VY (p, xév (t)) dt — a(t)ZdeJ,V(t).
“)

By the graph limit theory and the mean field theory, the above

system approximates (3) if N tends to infinity. In particular,

take p = - in (4) respectively and denote xy ;(t) = 2% (¢),
N

wn,i(t) —w]iv( ),i=1,--- N, and an;; —AN(N,J{,)

i, g=1,--- iVN . Then we have the N particle systems:
d:L’N’i(t)
N
0 [ avsle = o)l (o dgi
=1 IR (I ]
—at)Veoni(zn(t))dt — a(t)Sdwn,i(t)

oy (L omta—omion

i (dela) ) dqdt — a(t)V o (o (1)t

<
Il
—

/Li
Nt
S~

de,j(t) (dl‘)) dth — OL(t)VIUN,i(xNJ (t))dt
—a(t)Xdwy (1)

N
2 Z /u %] anij (@3 (t) = o,i(t))dgdt

—a(t)Vaon,i(zn,i(t))dt — a(t)Zdwn (t)
t)% ZaN;ii(xN,j(t)

- Oé(t)vaN,i(.”L'N,i(t»dt — a(t)ZdwN,i(t),i = 1, s 7]\7.

— $N7i(t))dt

For a given sequence 0 < tp < t; < --- <t < --- in the
time interval [0, 00), where ¢, > 0 and kK = 0, 1, 2---,
by [17], the Euler approximation of the above stochastic
differential equation is given by

§ AN ,ij

TN (tet1) =N, (k) + B(tk) (Bkr1 — th) —

X (zn,j(te) — 2ni(te)) — a(tk)(tk+1 — tx)
X (Veuni(xni(te)) +Enite)) &)
where &ni(tr) = Z(wni(tes1) — wni(t)) is an n-

dimensional martingale difference sequence with zero mean
and covariance matrix (t;41 — tx)XXT. It can be verified
that (5) is just the distributed optimization algorithm over
the network with finite nodes in [18]-[21].

If a(t) = 01in (3), then x4 (t) degenerates to a deterministic
progress and fi; ,(dz) degenerates to &, (;)(dx). Then, one
obtains a special case of (3) given by

dap(t)
=50) [ ([ 40000~ 500, ) da
—5(t) / A f0) 2y (1)t ®)

which is called the first-order consensus system ([22]-[24]).

If the distribution of x,(0), V(p,x), wy(t), A(p,q) and
te,p(dx) do not depend on the label p in (3), and are denoted
by po, V (), w(t), Aq. pi(dz), respectively, then the system
(3) degenerates to

dr(t) =A(1) ( /H Aqdq> ([ (@ atnmian ) ar
—a(t)V,V(z(t))dt — a(t)Sdw(t),

in the sense of weak solution, which is the classical Mckean-
Vlasov equation ([25]-[26]).

In fact, the algorithm (3) belongs to a class of particle
systems with heterogeneous interactions: graphon particle
systems, for which fruitful results have been achieved. Works
([13]-[14]) have focused on the existence and uniqueness of
the solution for different graphon particle systems and the
convergence of finite particle systems to graphon particle
systems. Only few works ([15]-[16]) are concerned with the
asymptotic properties of graphon particle systems. Bayraktar
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and Wu ([16]) showed that the distribution of each node’s
state and the integral of the distributions on the node set
converge to the limiting distribution and the integral of the
limiting distributions on the node set respectively.

Note that all aforementioned works on graphon particle
systems do not reveal the relation between the limiting
distribution and system dynamics. However, for many prac-
tical applications, people are more interested in how the
limiting distribution is associated with the system dynamics.
In particular, for the problem (1) and the algorithm (3),
people expect to figure out whether the states {x,(t), p €
[0,1], t > 0} of the system (3) converge to the minimizer
of the global cost function under some proper assumptions.
However, all existing works are unable to address the issue.

In this paper, we prove that if the graphon is connected and
the local cost functions are strongly convex, then by properly
choosing algorithm gains, the states {z,(t), p € [0,1], t >
0} of the system (3) converge to the minimizer of the global
cost function in mean square. Different from Bayraktar et al.
([16]), we weaken assumptions on local cost functions and
yield stronger results. Bayraktar et al. ([16]) assumed that the
dissipativity of the drift term is strictly twice greater than the
Lipschitz constant of the interaction term. For the system (2),
this assumption is equivalent to the strong convexity constant
of the local cost functions being greater than 2, which
is not reasonable for distributed optimization problems. In
this paper, the local cost functions are only assumed to
be strongly convex and there is no further requirement on
the strong convexity constant. Bayraktar et al. ([16]) proved
that the all nodes’ states converge in distribution, while
we prove the convergence in mean square. Bayraktar et al.
([16]) proved the existence of the limiting distributions of the
nodes’ states. We not only prove the existence of the limiting
distribution but also reveal that the limiting distribution is
the Dirac distribution at the minimizer of the global cost
function.

Compared with the time-invariant graphon particle system
in [16], the system (3) is time-varying due to the time-varying
algorithm gains introduced. The introducing of time-varying
algorithm gains removes the requirement on the strong
convexity constant of the local cost functions, while it poses
difficulties in the uniform boundedness of the second mo-
ments of all nodes’ states. We prove that the second moments
of all nodes’ states are uniformly bounded in two steps.
At first, the uniform boundedness of [, ,, E[llzp(t)|?]dp
is proved by using strictly positive algebraic connectivity of
the graphon. Then, by properly choosing the algorithm gains,
we prove that the second moments of all nodes’ states are
uniformly bounded.

We prove that if the graphon is connected, then all nodes’
states in the system (3) achieve consensus in mean square,
that is, limgeo SUP,e(o 1] Elllzp, — f[OJ] z4(t)dg|?] =
0. To prove this, we obtain that lim; f[o_’”E[pr —
f[o,1] 24(t)dg||*]dp = 0 by the connectivity of the graphon
and the Lyapunov method firstly. We qualify how the conver-
gence rate of lim¢—o0 [ 5 Elllzp— Jioy z4(t)dg||*]dp =0

relates to the system dynamics (3), especially, the algebraic
connectivity of the graphon. Then, by exploiting the uniform
boundness of the second moments of all nodes’ states and
combining lim oo [io 1 Elllzp — f[O,l] z4(t)dg|*)dp = 0
with the Lyapunov method in the consensus error of each
node, we prove that all nodes’ states in the system (3) achieve
consensus uniformly in mean square, which in turn derives
that all nodes’ states converge to the minimizer of the global
cost function uniformly in mean square.

The remainder of this paper is organized as follows. In
Section II, we prove the convergence of the algorithm. In
Section III, conclusions are given. In Appendix, we provide
the definitions of the connectivity and the algebraic connec-
tivity of a graphon. Due to the space limitation, proofs of
some lemmas and theorems are omitted.

The following notations will be used throughout this
paper. Denote the set of all real numbers by R. Denote the
n-dimensional Euclidean space by R” and the Euclidean
norm by |-||. For a given matrix A € R"*" Tr(A)
denotes the trace of A. For a given vector z € R",
zT denotes the transpose of z. Denote L2([0,1],R") =
{f - 0,1 = R, [, || f(z)||?*dx < oco}. Denote the
set of all bounded linear operators from L2 ([0,1],R"™) to
L?([0,1], R™) by L (L*([0,1], R™)). Denote the inner
product on L? ([0, 1], R™) by (-,-)12([0,1],rn). that is, for
any given f, g € L?>([0,1], R"), (f,9)r2(0.1), mr) =
Jiog f¥(x)g(x)dx. For a given function f : F — R,
supp(f) = {x € F : f(z) # 0} denotes the support
set of f. For a given random variable X € R", denote
the mathematical expectation of X by E[X]. For a given
measurable space (F, ¢4) and © € F, where ¢4 is a o-
algebra in F', Dirac measure J, at x is the measure defined

1 zecA
by 8.(4) =4 i;A,VAE%.

II. CONVERGENCE OF THE ALGORITHM

We suppose that for any given 7' > 0, there ex-
ists a unique solution {z,(t), pe,, t € [0,T), p €
[0,1]} for the graphon particle system (3), satisfying
SUD,c(0.1] SWPe (0,71 Elllzp(1)[|?] < oo, where jui is the
distribution of z,(¢). In this section, we prove the conver-
gence of the stochastic gradient descent algorithm (3) by the
asymptotic property of the solution for the graphon particle
system. Firstly, we prove that the variance of each node’s
state converges to zero uniformly by properly choosing al-
gorithm gains in (3). Secondly, combining the connectivity of
the graphon and the uniform boundness of second moments
of the states, we prove that all nodes’ states achieve the
consensus uniformly in mean square. Finally, the uniform
convergence of all nodes’ states to the minimizer of the glob-
al cost function is given. We make the following assumptions
on the graphon particle system (3).

Assumption 2.1: The graphon A is connected.

Assumption 2.2: (1) suppeco,1) £ [z (0)[12] < oc;
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(i) There exists a constant > 0 such that ||V, V(p,z) —
V.V(p,z)| < kllz—Z|,Va, 2R, pel0,1];

(iii) For any p € [0,1], € R™, the local cost function
is continuously differentiable and uniformly strongly
convex with respect to x, that is, there exists ko > 0
such that (z—2)T (V. V(p,z) — V.V (p, 7)) = kallz—
z|?, Vo, ¥ €R”, pel0,1].

Assumption 2.3: The tlme -varying algonthm galns satisfy

a(t) > 0, B(t) > 0, [ B(s)ds = oo, [~ a?(s)ds < oo,
limy o0 B(t) = 0 and limy o0 5 = 0.
Denote ( = Sup,cio,1] £ [”%(O)Hz]

In the following lemma, we present the convergence result
for the variance of each node’s state.

Lemma 2.1: For the problem (1) and the algorithm (3), if
Assumptions 2.1-2.3 hold, then

lim sup E[ T
Jim s 5 [l (1) -

Ela, ()] =

Proof: Noting that i ,(dx) is the distribution of x,(t)
in (3), the graphon particle system (3) can be written as

dap(t) =5(0) | Alp) (Bl (8] = ap(0) dadt
— (VL V (p.2y(1)) dt — a(t)Sduw,(t). (D)

By fo s)ds < oo in Assumption 2.3 and [27], we have
E[fo Edwp( )} =0,V p € [0,1]. This together with
(7) leads to

Bl ) ~Eley (0] + [ [666) [ Alpa)(Eloy(o)
By (5)])da - a(5)E [T,V (o).

This can be written as

dl;kvp(t” _
T =0 [ A (Bl 0]~ Blay () d
—a(B V.V (p.2,(1))].

Denote S, (t) = ||z, (t) — Ela,(t)]||”
tion, (7) and It6’s formula, we have
Sp(t) — Sp(0)
= t z,(8) — Elz,(s)])T s
= [ 269 - Bl o) (500 [, A0
X (Ezp(s)] — xp(s)) — as) (VmV(pa zp(s))

— E[V,V(p,xp(s))] )) ds — /Ot 2a(s) (xp(s)

. By the above equa-

—E[xp(s)})Tzdwp(s)Jr/o a2(s) Te(=TS)ds.  (8)

By Assumption 2.3, we know that there exists a constant
a1 > 0 such that sup,> a(t) < «j. This together with Cy

inequality and Jensen inequality leads to
t
gl
0
t
<Aad|SPE | [ ey + 2Bk, G1IF) ds

—sat|=PE | t (o) s

<8tai|[B]* sup B [[lzp(s)]*] < o0

<s<t

2
20(5) (ay(s) ~ Elay(e))" 5 ]

then, by [27], we have E[fg 2a(s) (zp(s) — E[xp(s)])T

Edwp(s)} = 0. Noticing that for the given p, the terms

V.V (p, Elz,(t)])] and E[V,V (p, x,(t))] are deterministic,
then

B (0 (t) = Blay ()" (VaV (b, Blay (1))
~ E[V.V (p.x,(1)])] = 0.

Then, by (8) and Assumption 2.2, we have

dE[Sp(1)]
dt

~E[2 ()~ Blsy )" (50 [ Atp.a)da (Bl (o)

[0,1]
= 2,(8) = alt) (V:Vp.y(0) ~ EIVV (. 2,00) )
+a?(t) Tr(2Ty)

=20(0) [ A | ay(0) ~ Pley ()" (1)

- 2,(0)] - 200 (ay(0) - Bl (0"
< (VT (. y(0) ~ BV (0]
+a2(t) Tr(2TY)

—=200) [ Ap.0aBs, )] - 2000 [(w)

— Bley ) (VaV(prp(t) - VaV E[mpu)]))}
~90(H)E [(a:pu) ~ Ble,])" (VaV(p, Bl ()

V.V, xp<t>>1)} a2 (1) Te(2T)

- <2ﬂ(t) /[O ; A(p, q)dq + 2a(f)f€2> E[S,(1)]

(1) Tr(2T%)
<= @(OE [Sp(t)] + o (t) Te(S7'E),
where ¢(t) = 253(t) inf pej0.1] f[o,l] A(p, q)dg + 2a(t)k2. By

the above inequality and the comparison theorem ([28]), we
have

E[S,(t)] <e™ Jo ¢4 B[S, (0)]
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¢
+Tr(ETE)/ e*fstd’(sl)dslaz(s)ds.

0
By Assumption 2.2, we have E[S,(0)] < E[||lz,(0)?] < ¢
This together with the above inequality gives
sup B[Sy (1)]
p€[0,1]

t
<e Jo $(s)dsc 4 Tr(ETE)/ eI #4502 (5)ds.  (9)
0

It follows from Assumptions 2.1-2.3 that
lim e~ Jo (s)dSC =0.

t—o0

(10)

For the second term on the right side of (9), by Assumptions
2.1-2.3 and L’Hospital’s rule, we have

¢ rt ’
o JL (s

tlirgo ; o (s)ds
t s S/ S’
iy Jo €07 a2 (s)ds
% I b(s)ds
= lim 042(25)
t—o0 23(t pelr(l)fl] f[o 1 q)dq + 2a(t) k2
a(t)
= lim ko =0.
t—o0 a(t)
(2 pGH[%)fl f(] 1] pa Q)dq =+ QWHZ

Combining (9) with (10) and the above equality gives

. 2

lims o0 5P efo,1) B [l2p(t) = Blap(0)]]2] = 0. .
Lemma 2.2: For the problem (1) and the algorithm (3), if

Assumptions 2.1-2.3 hold, then there exists K > 0 such that

SUPpelo,1], t>0E [||xp(t)||2] S K

The following lemma illustrates that all nodes’
achieve consensus uniformly in mean square.

states

Lemma 2.3: For the problem (1) and the algorithm (3), if
Assumptions 2.1-2.3 hold, then

/ B ||at) - / 2q(t)dg
[0,1] [0,1]

<6e™ N ¢(s)dsC 4 3¢ 2(La) I ﬁ(s)dSC +6 TI“(ETE)

t t
X / e f: ¢'(s’)d5/a2(3)d8 + 3/ ( (SUUK + 8CUK%)
0 0

a(S)eszz(H‘A) S ﬁ(sl)d‘“/)ds

2
dp

and

2
lim sup E |||z,(t) —/ x4(t)dgq
Sopepy || Joar !

where ¢(t) = 2a(t)re + 26(t)inf,eg0,1 f[o,l] A(p, q)dq,
K is given by Lemma 2.2, and A2(L4) is the algebraic
connectivity of the graphon A.

:0)

Below we will prove that the integral of the expected states
on the node set converges to the minimizer of the global cost

function. By Assumption 2.2, we know that V' (z) is strongly
convex with respect to x. This together with the fact that
for all p € [0,1], V, V(p, x) is continuous with respect to
z € R™ leads to V.,V (z f[o 1y Ve V(p,z*)dp = 0.

Lemma 2.4: For the problem (1) and the algorithm (3), if
Assumptions 2.1-2.3 hold, then

2
lim =0.

Elx,(t)]dp —x*
i | [ B0

Combining the above lemmas, we obtain that all nodes’
states converge to the minimizer of the global cost function
uniformly in mean square.

Theorem 2.1: For the problem (1) and the algorithm (3),
if Assumptions 2.1-2.3 hold, then
lim sup E [[|lz,(t) —2*|*] = 0.
0,1]

Proof: By Cauchy-Schwarz inequality and Holder
inequality, we have

2

sup || Ele, (0] = | Elo,(t)]dg
p€[0,1] [0,1]
<3 sup B [||Elzy(t)] — 2p(0)]*] +3 sup B |z, (1)
pel0,1] p€(0,1]
2
—/ xq(t)dg|| | +3E H/ x
[0,1] [0,1]
~ [ Bl (®)dg
(0,1]
<6 sup B [|Elzy(t)] — 2p(0)|*] +3 sup B |z, (0
p€[0,1] pel0,1]

2
—/ xq(t)dg ]
[0,1]

By the above inequality, Lemma 2.1 and Lemma 2.3, we
have

2
lim sup [|E[z,(t)] — Elz,(t)]dg|| =0. (11)
t=o0 pefo,1] [0,1]

By Cauchy-Schwarz inequality, we have

sup E [|lay(t) - 2|

p€[0,1]

<3 sup B [lly(t) — Bl (]| +3 sup | Blay (1)
p€[0,1] p€(0,1]

2 2

- E[xq(t)]dq +3

[0,1]

Elz,(t)]dg — =~
[0,1]

This together with Assumptions 2.1-2.3, (11), Lemma 2.1
and Lemma 2.4 leads to limy oo SUp,epo 1 E[|lzp(t) —
z*[]?] = 0. |

Remark 2.1: The graphon particle system (3) is equivalent
to the following system in the sense of weak solution: given
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the initial value 2(0) = 2p(0),

) =50 [ AP0 ), do)

—a(t)V V(P z(t))dt — a(t)Sdw(t), (12)

where P is a uniform random variable on [0, 1]; for any
t > 0, ut(dz, dg) is a distribution on R™ x [0, 1] and satisfies:
(i) the marginal distribution p;(dg) is always the uniform
distribution on [0,1], that is, p(dq) = dg, V t > 0; (ii)
the marginal distribution u.(dx) = f[071] ue(dx|q)dg is the
distribution of x(t); w(t) is an n-dimensional standard Brow-
nian motion. From Theorem 2.1, we know that yu(dx|q) in
(12) converges to d,+(dz) uniformly. Then, the distribution
we(dx) converges to 0« (dx).

III. CONCLUSION

In this paper, the large-scale stochastic gradient descent
algorithm over the graphon has been studied. The evolution
of the algorithm is characterized by a graphon particle
system. By investigating the asymptotic property of the
solution for the graphon particle system, we prove that all
nodes’ states achieve consensus uniformly in mean square
if the graphon is connected and algorithm gains are chosen
properly. Furthermore, we prove that if the local cost func-
tions are strongly convex, then all nodes’ states converge to
the minimizer of the global cost function uniformly in mean
square.

APPENDIX

For a given graphon W, the Graphon-Laplacian Ly, €
L (L*([0,1], R™)) generated by W is given by: for any
z € L([0,1], R"), (Lw2)(p) = [0y WP, 0)(2(p) —
z(q))dg, ¥ p € [0,1].

The algebraic connectivity of a graphon W is defined by
Xo(Ly) = inf,ceg (Lw202) 12 0.0, &) > 0, where ¢ = {z €

9 " <z’z>iz([0,1], R™)
L?([0,1], R™) :f[071]z(a)da =0}.

Definition A.1 ([23]): For a graphon W, if
(i) for any p € [0,1] and ¢ € [0,1]\{p}, there exist
integer m > 1 and a finite sequence (I); x<,, C [0, 1]

satisfying p = Iy, ¢ =1, and l41 € supp (W (Ig,-)),
Vke{l,...,m—1}
inf

(ii) / W (p, q)dg > 0,
pe[0.1] Ji0,1]
then the graphon W is said to be connected.
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