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Global event-triggered regulation of unicycle
dynamics by bounded control

Denis Efimov, Mata Khalili, Shiyu Liu

Abstract—The problem of stabilization of the position of
a mobile robot using its cinematic (unicycle type) model
is considered. The suggested control is discontinuous and
bounded; moreover, it guarantees a global solution to the
posed problem. The properties of the proposed control law are
analyzed by applying the Lyapunov function method. An event-
triggering realization of the control algorithm is presented, and
its performance and tuning are evaluated through simulations.

Index terms— Event-triggered control, networked control
systems, mobile robots

I. INTRODUCTION

The navigation problem for mobile robots has plenty of
solutions [1]. The diversity of control laws proposed in the
literature can be attributed to the presence of different con-
straints and performance criteria within the field of robotics
[2]. Additionally, conventional and widely adopted cinematic
models for wheeled mobile robots, known as the unicycle
model, is characterized by the lack of controllability, a facet
that is studied in this work. For this class of dynamics, reg-
ulation of the complete state vector to a desired position via
a continuous state feedback is impossible [3], then different
time-varying or discontinuous solutions exist in the literature
[4], [5], [6], [7], [8]. One common approach to address
this structural challenge is to shift focus from stabilization
to tracking control [9], [10], which inherently introduces
time-varying control. Another approach proposes to relax the
regulation goal asking merely for control of the position, but
not the orientation of the robot at the final destination, then
continuous feedback may become possible [11]. Important
characteristics in applications are the boundedness of the
control, since robot motors cannot generate an arbitrary
amplitude torques, which becomes a challenging issue if
a global (or under sufficiently big deviations) regulation of
robots is considered [12], [13], [14]. Note that most existing
control laws are either not bounded or not global, or their
applicability is based on rather sophisticated hypotheses.

In the case of distant navigation of a mobile robot,
when a centralized planner is applied that makes a unified
supervision of the fleet of different mobile agents, then an
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additional important constraint appears, which deals with the
network load by control and estimation algorithms. Extensive
usage of the communication channel by different distributed
navigation/monitoring tools and agents may lead to channel
saturation and packet losses, which results in the degradation
of the quality of service and the appearance of significant
delays [15]. One strategy to alleviate network load is through
sampled or event-triggered (ET) control and estimation [16],
[17], [18], [19], updating information only when certain
conditions are violated. This guarantees the system’s proper
and desirable performance. A popular and simple method
for embedding the existent feedback solutions to ET setup
is based on the utilization of a Lyapunov function, which
ensures the stability of the control in the continuous-time
case [20], [21].

In this work, we consider the problem of positioning
global regulation to a point for a unicycle (without final
constraint on its orientation) applying bounded control, with
its posterior immersion to the ET framework. Roughly
speaking, we assume that a global planner provides us with
a set of waypoints, and the robot has to follow them in
the desired order without any special restrictions on the
behavior in between. This approach facilitates the integration
of this control strategy with a collision avoidance algorithm.
In the case of trajectory tracking, it may be necessary to
replan the desired trajectory after a collision avoidance event.
However, as long as the next set of waypoints is available,
no replanning or intervention from the global planner is
required, thereby conserving computational and communica-
tion resources. Boundedness of the control allows the robot
to navigate globally while staying close to the maximal
admissible velocity (if the control is saturated in almost all
operation domains), whereas ET serves for minimization of
the communication load, as has been explained above. To
this end, first, we propose a discontinuous bounded global
stabilizer of the position with a strict Lyapunov function (the
discontinuity region is not transgressed during the transients,
thus, the control signal stays continuous on each particular
trajectory). Secondly, using the approach from [20], an
ET scheme is formulated. Finally, the control tuning and
the performance of ET regulation are investigated through
numeric simulations under Matlab/Simulink environment.

The outline of this paper is as follows. The problem
statement is given in Section II. The design of a bounded
global stabilizer of the unicycle’s position is presented in
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Section III, where the analysis is based on utilization of a
Lyapunov function method. An ET implementation of the
proposed bounded feedback is investigated in Section IV.
The tuning of control parameters and their influence on
the transients are evaluated by computer experiments, and
discussed in Section V. We finally demonstrate in Section
VI the control performance with an ET scheme.

Notation

Denote by R and Z the set of real and integer numbers
respectively, Z, = {j € Z:j > 0}.

The symbol | - | is used to denote the absolute value of a
real.

The definitions of the used stability properties and notions
can be found in [22].

II. PROBLEM STATEMENT

Consider a mobile robot, whose dynamics can be presented
by the unicycle cinematic model:

z(t) = u1(t) cos(6(¢)),
y(t) = wa () sin(0(t)), (1)

where z(t),y(t) € R determine the robot’s position on the
plane, and 0(t) € [—m,7) is the heading angle that tabulates
the orientation, X (t) = [z(t), y(t),0(t)]T denotes the state
vector of the system; wuq(t) € [—ul,..ul. ], ua(t) €
[—u2,., u2 ] are bounded controls corresponding to linear

and angular velocities, respectively, with ul. > 0 and
u2,.. > 0 being the maximal admissible control amplitudes,

U(t) = [ur(t), ua(t)] " t > 0.

Problem. Design a bounded ET state feedback uq(t) =
u(X(t)) and wua(t) = ug(X(¢)) globally stabilizing any
given neighborhood of the set O = {X € R? x [-7,7) :
x =y =0} for (1).

This problem will be solved in two steps: first, a global
bounded discontinuous feedback stabilizing O for (1) will be
synthesized (the angle 6 is not constrained when the position
xr = y = 0 is reached); second, an ET mechanism will
be proposed using the Lyapunov function methodology [20].
Note that the practical regulation of the set O is demanded
in order to avoid an infinite commutation at this set, if
Zeno behavior is admissible, then the same ET control can
guarantee the exact asymptotic convergence to O.

III. GLOBAL BOUNDED STABILIZER AT THE ORIGIN

In this section we propose a bounded state feedback U (X)
providing asymptotic stability of the closed-loop system at
0.

Let us define the desired orientation of the robot as

y(t)

0u(t) = axctan (260 ) ~ .

then the heading 6(t) = 64(t) implies that the robot looks
exactly to the point x = y = 0 (further, in this section
the time dependence of the variables will be omitted for
brevity). Recalling the formulas cos(arctan(¢)) = —=

Vit+e?
and sin(arctan(¢)) = \/1‘17 that are satisfied for any

¢ € R, the following useful equalities can be established:

xcos(by) + ysin(0g) = —v/ 22 + 32,
xsin(fq) — ycos(6q) = 0. ()

To design the control laws we use a simple quadratic Lya-
punov function:

V(X)=2"+y* +7(0 — 6a)%,

where v > 0 is a parameter whose role will be clarified in
the next section. The function V' is continuous and positive
definite for 0 — 4 € [—m,7) (i.e., V(X) = 0 implies X €
O), but it is not continuously differentiable for |§ — 64| — 7.
Calculating the derivative of V' along the trajectories of (1)
we obtain:

V = 2zi 4 2y + 27(0 — 04)(6 — 6,) 3)
= 2uy (2 cos() + ysin(0)) + 2v(0 — 04) (uz — 64)
=W(X,U),

where straightforward computations show that

xsin(6) — y cos(6)
U1 2 3 .
e +y
Let us select the control laws in the form:

ur(X) = =p(0 = 0a)p1 (ki (x cos(f) + ysin(6))),  (5)

uz(X) = —¢2 <k2(9 —0a) — fd > ;

04 = 4)

max

where

) if <1
¢i<s>=u;m{5 fls<1 519

sign(s) if [s] > 1’
p(s) = exp(—ns?),

and k1 > 0, k2 > 0, and n > 0 are tuning gains, whose
values will be constrained later. Note that the control us may
be discontinuous while |6 — 64| — .

Remark 1. The intuition behind the appearance of p is to
decrease the linear velocity of the robot u; for big deviations
of 6 from its desired value 6, (and when the control uq in (5)
takes negative values), which can be regulated by adjusting
the value of 7. The gains k; and ko enlarge the domain
where the maximal amplitude of the control v’ ., i = 1,2
is applied by (5).

By construction, the following properties are satisfied for
all X € R? x [—m,m):
0 < exp(—nr?) < p(0 — 04) < 1,
il < 9i(8) S Uy, i = 1,2, Vs €R,

max?
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hence,

—ul L <u(X) <, i =1,2.

max — max’
Moreover, several less obvious relations can be observed:

Lemma 1. For any X € R? x [—7, ),
|6d| S Hmax‘g - 9d|

With Kmax = \/iklu}nax.
All proofs are excluded due to space limitations.

Lemma 2. There exists n > 0 such that

10a] < Fommin < U2 (6)

max

forall x € R, y € Rand all |0 — 04 >

P S
k2+(ux2nax)7l Kmax’
where

—n

e (k2 F(u20,0 ~ Trmax)?

\% 277 ’ kQ + (ur%lax)_lﬁ“mﬂx

6_0'5

Rmin = Kmax MaXx

Note that the satisfaction of (6) can be guaranteed by
tuning the value of #:

1 2
1 > max {exp (—1) (kwrmx) , (7

2 2 Kmax
(ke ) | (ke + 222)

2

umax Hmax
Using lemmas 1 and 2, straightforward calculations show

that for
1

By > (120 = /2y 22 ®)

umax

the inequality V' < 0 is satisfied for all 22 + 3 # 0 and
0 # 64, which ensures boundedness of the state X and
global asymptotic convergence of all trajectories in (1), (5)
to the set O. Note that the line § = 6 is not transgressed by
the trajectories of the closed-loop system, hence, there is no
problem with discontinuity of the control us (the solutions
are well defined, and there is no chattering).
Therefore, the following result can be proven:

Theorem 1. For any given u®, ., i = 1,2 and ky > 0, let
ko > 0 be chosen to verify (8) while n > 0 to guarantee (6),
then all trajectories of (1), (5) are bounded and the set O

is the global asymptotic attractor in X € R? x [—7, 7).

Remark 2. Note that the restrictions obtained for the values
of Kmax> Kmin, k2 and 7 are very conservative and they are
mainly indicating the reasons why these quantities exist. For
implementation, it is better to adjust them based on numerical
experiments (using the error and trial method).

IV. EVENT-TRIGGERING REGULATION

Let us consider how the control (5) can be implemented
using the event-triggered framework.

Assume that the control of the robot (1) is realized through
sampling-and-hold mechanism, thus, there exists a sequence
of time instants t, k € Z, such that tx11 >t > to =0
and w;(t) = w;(tx) for all ¢ € [tg,tx4+1). The regulation
problem stays the same, that is stabilization of any given
neighborhood of the set O. We assume that the commutation
instants t; can be selected by the designed ET mechanism,
and the objective of triggering consists in minimization of
the number of switchings during the transients.

To this end, according to the conventional ET results [19],
[20], let us select the following supervision algorithm for

Va2(ty) +y2(tg) > e
tpr1 = arg tigtfk{\/aﬂ(t) +y2(t) <eor W(X(t),U(ty))
> aW(X(t),U(t))}, ®)

where ¢ > 0 and a € (0,1] are tuning parameters, W is
defined in (3) and U(t) = [u1(X(¢)),u2(X ()T by (5),
X (t) is the current measurement of the state, and

[ 8 1 if \/2?(te) + 42 (tk) < €
Ulty) = |
uy (X (tr)) otherwise
U2 (X<tk))

(10)
where again u; and wuy are defined in (5), € determines the
neighborhood of the set O that is stabilized, then the control
(the velocities of the robot) is set to zero once it is reached.
During the transients, the derivative of the Lyapunov function
V calculated in (3) for the frozen control W (X (¢),U(tx))
is compared with the one obtained for (1), (5), namely
W(X(#),U(t)); if W(X(),U(tg)) < aW(X(t),U(t)) <0
then the new event is not generated and the triggered control
is not updated (according to the result of Theorem 1 we know
that W (X (t),U(t)) is negative for any x?(t) + y*(t) # 0
and 6(t) # 04(t), hence, W (X (t),U(tx)) is guaranteed to
stay negative). The parameter « characterizes the admissible
deviation of the decay of V'(¢) by U (t) with respect to one
provided by the nominal control law U (t).

Since € > 0 and a > 0, and —W (X (¢),U(t)) admits a
lower bound as a function of the distance to the set O, i.e.,

in terms of \/x2(t) + y2(¢), then tx41 > ¢ and the Zeno

behavior is impossible.

Theorem 2. Assume that all conditions of Theorem 1 are
verified, then for any ¢ > 0 and o > 0 all trajectories
in (1) with the triggered control (9), (10) stay bounded
and there is a finite index k* = k*(X(0)) > 0 such that

Var(te) +y? () < e
The role of the parameter « introduced in V' consists in

weighting the angle regulation part (6 — 64)% over the posi-
tioning component of V' to generate the control scheduling in
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(9) providing reasonable deviations of the trajectories from
the nominal ones. The former term is globally bounded by
297 (u2 i + Kmaxm) for @ — 0, € [—m, ), while the latter
can be unbounded for z,y € R.

V. ROLE OF CONTROL PARAMETERS

Let us evaluate the role and significance of the control
parameters in simulations while illustrating the control algo-
rithm’s performance

We have established a set of evaluation metrics to assess
the impact of control parameter tuning under the diverse
conditions mentioned afterwards, as described below.

1) Speed indicator: This metric assesses the speed at
which the robot can navigate between the waypoints
and reach its intended goal.

It is calculated using the formula

s
S Tul

max

ms

where s is the total traveled distance, 7' is the total
traveling time, and u) . is the maximum admissible
linear velocity.

2) Distance indicator: This indicator assesses the extent of
deviation of the robot from the straight line connecting
the two waypoints, which evaluates the necessary space
range for the robot’s movement while capturing the
smoothness of the traversed trajectory. The formula used

182
S

E,
where s is the total traveled distance, and d is the
shortest distance between two waypoints.

3) Heading indicator: This metric is formulated to com-
pute the accumulated heading corrections normalized by
the expected heading correction at the initial state. It
aims to evaluate the speed at which the robot aligns
its heading towards the goal and the smoothness of the
heading variation throughout its trajectory.

mqg =

1 r d
= g | 100 = 00
init init 0

where [0;nit — 09,::] := Oinit is the degree of variance
between the initial and desired heading when the robot
is directed towards the goal, |0(t) — 6%(¢)| indicates the
instantaneous deviation in heading from the intended
direction toward the goal. It should be noted that the
operation |f| represents the norm of an angle § whose
range is wrapped within (—m, 7).

Our objective in choosing control parameters is to maxi-
mize the speed indicator, while minimizing the distance and
heading indicators. We conducted a series of simulations in
Matlab/Simulink environment, by varying the three control
parameters (i.e., k1, ko, and 1) across diverse conditions
summarized as follows:

« variation of the distances between the two waypoints,
d = 0.5m, 2m, and 5m. The choice of the distance
range is intended to encompass a wide range of con-
ditions, from situations necessitating precise maneuvers
and short-distance waypoints, to those involving coarse-
grained and long-distance waypoints.

o variation of 0, ranging from 5° to 175° at 10°
intervals, signifies the various initial heading before
moving to the next waypoint.

The evaluation of the triggering conditions of the pro-
posed event-triggered controller is implemented in a discrete
manner due to the periodic nature of the state estimation
system, which is realized by the localization system that
processes sensor data. In the following sections, we present
results for a scenario where the triggering condition was
evaluated at 5Hz, which is the control frequency of the
current implementation of our system. This frequency was
chosen to guarantee the safety of robot operations within
its environment. However, depending on the computational
capacity of the system, it is possible to evaluate the triggering
conditions at higher frequencies.

In simulations, the maximum admissible linear velocity,
Ul Wwas set to 0.5m/s, reflecting the standard speed
at which we operate our mobile robot within a dynamic
industrial or enterprise environment, alongside humans and
other moving devices. We have also determined a stopping
criterion indicating that the neighborhood of the set O is
stabilized, whose threshold is set to € = 0.1 m, a reasonable
value compared to the size of our mobile robot. In every
single run, the robot starts from a specific initial pose
(according to the simulation condition such as waypoint
distance and initial heading) and heads towards a desired
waypoint located at the origin (0, 0).

The selection of k1, ko, and 7 is interdependent, as their
values must meet specific criteria to guarantee the stability of
the controller, as outlined in (7) and (8). Therefore, we have
first determined the range of k; values to be evaluated as
[1, 15], which covers the potential candidates that guarantee
the appropriate performance of the controller. The values
of ko and n were sequentially chosen within a range of
ratios relative to their respective minimum bounds, denoted
by k2 min and 7, and known by the right-hand side of
(7) and (8) respectively. The selected upper bounds for ko
and 7 values were set by the maximum ratio defined as:
k2,maw/k2,min = 3 and nmaw/nmin = 2, determined by
preliminary simulation results.

For each of the above-mentioned conditions we computed
the three evaluation metrics for every set of the selected
control parameters. We then assigned a score to each can-
didate set of parameters by combining the three metrics
normalized individually with respect to the best ones among
all the candidates, with different weights (ws,wg and wy).
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The formula for scoring each candidate set of parameters is

i i i
mg my my

i
Score’ = w, — Wy

Ms max

Y

—wy,

mMd,min Mhp min

where m’, m’, and m}, are three evaluated metrics calculated
for the ¢-th candidate, and Mg oz Mdmin aNd Mp min
represent the best metrics among all the candidate parameter
sets under the same simulation condition. We then consider
the following 2 cases for choosing the weights:

Casel: Prioritizing the average speed of reaching the goal,
where w, was selected to have the maximum value
compared to the weights of the other two metrics.
Prioritizing the shorter overall traveled distance,
where w, was chosen to have the maximum value
compared to the weights of the other two metrics.

Case2:

Speed Priority,
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Figure 1: Optimal values of control parameters k;, ko and
n for the designed controller. Top-row results are for a
controller prioritizing the average speed, whereas bottom row
shows the results prioritizing the shorter traveled distance.

The results of the optimal control parameters that yield
the best performance based on our introduced metrics are
summarized in Figure 1. The results indicate the following:

When prioritizing speed

o There is a reverse correlation between both the best
k1 and n values and the expected heading correction,
éim-t, meaning that higher k; and 7 values contribute to
better performance for smaller éimt, regardless of the
waypoint distances.

o For large waypoint distances, ko remains relatively
constant regardless of émzt value. However, for the short
waypoint distance (d = 0.5m), it tends to decrease as
éim-t increases. With a few exceptions for large heading
corrections, the value of ko is smaller than k.

When prioritizing distance

o We observe fewer variations in k; and ko values across
different waypoint-distance and heading conditions.

o In general, n values are larger compared to when
prioritizing speed, indicating a stronger inclination to
reduce speed when the robot’s heading deviates from
the direction toward the goal.

The trend of evaluation metric results for the periodic
controller, executed at 5Hz, is outlined in Table I within
rows linked to the Periodic Controller. In this context, the
initial expected heading corrections, éim-t, range from 5° to
175°, with the optimal gains chosen based on prioritizing the
speed or distance indicators. It can be seen that, regardless of
priority type, the performance indicators are initially aligned
for small ézmt As éim-t increases, both the distance and
heading indicators increase, whereas the speed indicator
decreases. This is because larger deviations in the robot’s
heading from the goal result in reduced linear velocity. Also,
when the robot’s heading significantly deviates from the goal,
the heading indicator increases, and consequently leads to a
greater traveled distance to correct the deviation.

VI. EVENT-TRIGGERED SIMULATION RESULTS

This section presents the simulation results of the designed
ET controller. We use the pre-tuned control parameters
detailed in Section V that provides the best performance
under the same simulation conditions (i.e., d and éim-t). The
ET supervision function given by (9) is evaluated at 5 Hz, the
same frequency as we run the periodic controller. As for the
ET parameters, ¢ determines the stopping neighborhood of
the waypoint when the robot approaches it, selected with
the same value as for the periodic controller, ¢ = 0.1.
Although the selection of o and y impacts the performance
(i.e., evaluation metrics) of the ET controller, this paper
does not delve into analyzing their effects. The range of «
evaluated is (0, 1] with 0.1 intervals, while « ranges from 1
to 20 with predefined steps determined through simulations.
As « increases, the supervision condition becomes more
strict with control instances being triggered more frequently.
As for the impact of <, by imposing higher ~ values,
the triggering condition becomes more stringent regarding
heading correction toward the goal.

To assess the performance of the ET controller, we select
the best ET parameters using a similar approach presented
in Section V. We select the best pair of o and y parameters
which maximizes the performance indicator scores as defined
in (11), and derive the associated Triggering Frequency (TF).
The trend of the evaluation metric results of the ET controller
and the associated average TF are shown in Table I within
rows linked to the ET controller.

As depicted in the results presented in Table I, the average
TF across various scenarios is below 5 Hz, lower than the
frequency at which the periodic controller performs. This
demonstrates the effectiveness of the proposed ET controller
in reducing communication load while maintaining evalua-
tion metrics comparable to those of the periodic controller,
referring to ET Controller row of Table I. Another observa-
tion is that the number of triggers is lower for longer way-
point distances, but we did not observe any direct influence
of éim-t on the TF.

1706



d Oinit Priority | Controller . [ Evaluat;(;ndMetrlcs [ o Average TF (Hz)

Speed Periodic | 0.9884 . 0.4027 | 1.0003 ~ 1.1523 | 0.1040 .~ 0.9611 -

05m | 50 — 1750 ET 0.9969 ~ 0.3711 | 1.0003 ~ 1.1596 | 0.1049 ~ 0.9183 3.07
’ Distance Periodic | 0.9884 . 0.3324 | 1.0003 .~ 1.0159 | 0.1040 ~ 0.9273 -

ET 0.9969 ~ 0.3099 | 1.0003 ~ 1.0002 | 0.1049 ~ 0.9209 3.70
Speed Periodic | 0.9979 \ 0.7684 | 1.0001 ~ 1.0747 | 0.1009 ~ 0.9224 -

9m | 5° — 1750 ET_ 0.9993 ~ 0.7953 | 1.0001 ~ 1.0776 | 0.1009 ~ 0.9248 341
Distance | Feviodic [ 0.9979 % 0.7236 | 1.0001 ~ 1.0144 [ 0.1009 ~ 0.9254 -

ET 0.9993 \ 0.7219 | 1.0001 ~ 1.0130 | 0.1009 ~ 0.9242 3.49
Speed Periodic | 0.9990 \ 0.8926 | 1.0000 .~ 1.0300 | 0.1003 .~ 0.9205 -

5m | 50 — 1750 ET 0.9998 ~ 0.9108 | 1.0000 ~ 1.0300 | 0.1003 ~ 0.9205 2.88
Distance Periodic | 0.9990 . 0.9245 | 1.0000 .~ 1.0055 | 0.1003 .~ 0.8701 -

ET 0.9998 ~ 0.8702 | 1.0000 ~ 1.0055 | 0.1003 ~ 0.9224 2.50

Table I: Evaluation metric and average triggering frequency (TF) results of the periodic (5 Hz) and event-triggered controller,
with various simulation conditions regarding the waypoint distances (i.e., d) and the expected heading corrections (i.e.,
éim-t). When 9~im-t is evolved from 5° to 175°, minimum and maximum results for each individual metric are given, with
the evolution being increased if indicated by ~, or decreased by .

VII. CONCLUSION

In this work, the stabilization problem of the position
of a wheeled mobile robot based on unicycle dynamics
was solved. Relaxing the regulation goal, a bounded control
was synthesized, which guarantees for the robot a global
approaching of the origin in x and y coordinates. To study
the stability properties of the closed-loop nonlinear system, a
simple strict Lyapunov function was found. To integrate the
proposed control law into a networked navigation system (a
centralized planner/supervisor), an event-triggering realiza-
tion of the algorithm was developed. The influence on the
regulation performance of the controller tuning was inves-
tigated. Simulations illustrate the comparative performance
and reduction in communication load achieved by employing
ET regulation in the designed controller in contrast to the
periodic controller. Future work could explore dynamic and
adaptable control parameters at each step during the transi-
tion from one waypoint to another. We also plan to investi-
gate robustness properties against external disturbances and
delays, as well as integrating sampled state measurements
and an observer into the design.
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