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EVENT-DRIVEN /,-GAIN ASYNCHRONOUS FILTER OF POSITIVE
MARKOV JUMP SYSTEMS'

Junfeng Zhang, Yahao Yang, Mengxing Huang, Xuanjin Deng

Abstract—This paper investigates the event-driven asyn-
chronous filter for positive Markov jump systems (PMJSs) by
employing hidden Markov model. Based on the output of sensor
measurement, a weighted event-driven threshold is established
in the form of 1-norm. The stability of the corresponding
augmented system is achieved by transforming the error signal
into interval uncertain form. Under the established driven
condition, an event-driven positive /;-gain asynchronous filter
is constructed for PMJSs. Then, the asynchronous filter design
for PMJSs with partial information of hidden Markov model
is further addressed. All conditions are described in the linear
programming (LP) form. Finally, one example is given to
illustrate the validity of the proposed design.

I. INTRODUCTION

In the real world, there are some important dynamic
processes which can be described by positive systems [1]
such as formation flying, electronic circuits, urban water
management, and so on. PMJSs composed of several positive
subsystems and a Markov process have attracted much
attention in the control filed. Different from Markov jump
systems [2]-[4], PMJSs have distinct research approaches. In
the literature [5], 1-moment stability, exponential mean and
almost-sure stability of PMJSs were addressed. Stochastic
stability and control synthesis of PMJSs were investigated
by virtue of an LP-based framework [6]. In [7], the issue
of /1-gain stability was explored and a positive ¢1-gain filter
was constructed using some special properties of the system
matrices of positive systems. The literature [8] considered
mean stability of PMJSs. More achievements on PMJSs can
be found in [9]-[14].

Event-driven mechanism is one of significant strategies
in practice. In [15], a distributed event-driven framework
was proposed for dealing with the cooperative control of
large scale multi-agents. A dynamic triggered threshold
was also introduced in [16]. The research status of event-
driven approach was further explored in [17], [18]. The
literature [19] presented a so-called hybrid-driven mechanism
for the stability of networked control systems. The hybrid-
driven mechanism introduces a stochastic signal that orches-
trates when and how the state/output and the corresponding
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sampling signal switch. It balances the time-triggered and
event-driven mechanisms by virtue of the stochastic signal.
Hybrid-driven mechanism was developed to investigate the
guaranteed cost control of networked systems in [20]-[22].
Some results have also been published for the event-driven
topics of positive systems [23]-[26]. It should be pointed
out that the error term between sampled state and real-time
state was assumed to keep decreasing in [24], [25] and the
weight of every sensor output was assumed to be the same
in [26]. However, few results on PMJSs with event-driven
mechanism are reported. This paper is to construct a new
framework on event-driven filter of PMJSs.

This paper is concerned with the ¢;-gain asynchronous
filter of PMIJSs. The main contributions are as follows:
(i) A weighted event-driven linear threshold is established
for the systems, where the weighted coefficients of the
threshold are different for different sensors, (ii) An event-
driven asynchronous filter is proposed for PMJSs using a
filter matrix decomposition technique, and (iii) A hidden
Markov chain-based asynchronous filter is proposed for
PMJSs. The remainder of this paper is structured as follows:
Some preliminaries are given in Section II, main results are
presented in Section III, Section IV provides one example,
and Section V concludes this paper.

Notation: The symbols > 0, > 0, <, < hold for compo-
nents. AT represents the transpose of A. I stands for the
identity matrix. diag(x1,2,...,%,) represents a diagonal
matrix with diagonal elements 1,29, - ,2,. 1, is an n-
dimensional vector whose elements are all 1. 17(5 ) is a vector
whose sth element is 1 and other elements are 0. £{-} stands
for the mathematical expectation operation.

II. PRELIMINARIES

Consider the Markov jump system:

z(k+1)= A, z(k)+ B w(k),
y(k) = Cp (k) + Dy, w(k), (1)
z(k) = By x(k) + Fr,w(k),

where z(k) € R", z(k) € RY,y(k) € R" w(k) € RT are
the state, the controlled output, the measurable output, and
the exogenous disturbance, respectively; r, = i € & =
{1,2,...,N} is a homogeneous Markov process with the
transition probability: Pr(ryy1 = j | 7 = ) = myj,
where 0 < m;; < 1 with Z;V=1 my; = 1 for 4,5 € Si;
A, By, ,Cyr, Dy, Ey,., and F,, are system matrices with
appropriate dimensions. Let A; = A,,, B; = B,,, C; =
Cr.Di=D,, E;,=E,, and F; = F,, for r, = 4. In
the paper, it is assumed that A; = 0,B; = 0,C; = 0, D; =
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O,Ei i 0, and FZ i 0.

Definition 1 ([1]) A system is positive if all its states and
outputs are nonnegative whenever initial condition and input
are nonnegative.

Lemma 1 ([1]) A system

z(k+1) = Az(k) + Bw(k),
y(k) = Ca(k) + Du(k),
z(k) = Ex(k) + Fw(k),

is positive iff A >0, B> 0,C >0, D > 0, E > 0, and
F 0.

By Lemma 1, it follows that the system (1) is a positive
Markov jump system.

Lemma 2 ([1]) Given a positive system z(k + 1) = Az(k),
the Schur property of A is equivalent to (A —I)Tv < 0 for
v > 0.

By Lemma 1 and the assumptions on the system matrices,
the system (1) is a positive Markov jump system.
Definition 2 ([9]) The system (1) with w(k) = 0 is stochas-
tically stable if for any initial mode ¢ € {1,2,--- , N} and
initial state 2(0) = 0 it holds that:

Jim E{S0, ety [2(0).r0} <2T(0)e, @)

where ¢ > 0 with o € R".
Definition 3 The system (1) is ¢;-gain stable, if it is
stochastically stable for w(k) = 0 and

ly(B)lley < Allw(k)lle, 3)

holds under the zero initial condition and w(k) # 0, where
~ > 0 is the gain value.

III. MAIN RESULTS

In this section, a positive event-driven ¢;-gain asyn-
chronous filter is designed for PMIJSs such that the corre-
sponding error system is positive and stochastically stable
with an /¢;-gain performance. Then, hybrid-driven mecha-
nism is introduced into PMJSs to consider the issue of /;-
gain asynchronous filtering. Based on the hidden Markov
model, the positive asynchronous ¢ -gain filter design will be
investigated. For convenience of later development, denote
7; = max{m;;,i € S1}. Define a piecewise vector-valued
function y(k), where y(k) = y(ki), k € [ki,k41), | € N,
and k; is the [th event-driven time instant. Denote the error
ye(k) = (k) — y(k). The event-driven condition can be
established as:

| Aye (K)|l1 > BllAy(E) |1, 4)

where 0 < [ < 1, A = diag(e,eq,...
€1,€2, - - , € are positive known constants.

Remark 1 In (4), a linear weighted event-driven condition
is constructed by 1-norm. In [26], a linear triggering condi-
tion was also established, where the weight coefficients of
different sensor outputs were the same. This implies that the
triggering framework in [26] is a special case of (4). It is
also clear that one can replace (4) via a more general case
|A1ye(k) |11 > BllA2y(k)||1, where A; may not be equal to
As. The event-driven filter based on (4) to be proposed later

,€n), and

is easy to be developed for the corresponding filter based on
the more general case. Therefore, we only consider the case
4).

In this paper, we establish an asynchronous filter frame-
work on PMIJSs. A hidden Markov model approach is
employed to describe the phenomena between the filter and
the original system. An event-driven asynchronous filter is
constructed as:

zp(k+1) = Ags,x(k) + Bys, g(k),

where the matrices Ays,, Bys,, Eys,, and Fys, are gain
matrices, z¢(k) is the filter state, z¢(k) is the estimation
of z(k), and g(k) = (k). The term o0 = p € Sy =
{1,2,..., M} is to describe the asynchronous phenomena. It
satisfies the conditional probability Pr{dy, = 7| rpx = j} =
Aj;, which is subject to a hidden Markov model and follows
S =10< A, <L Let 3(k) = (27 (k) 2} (k)7
and e(k) = zy(k) — z(k). Then, the corresponding error
system can be given as:

®)

F(k+1) = Ay, 5,3(k) + Bry s,w(k) + Bys,ye(k), ©
e(k) = E”"kyfsk%(k) + FTk,5kw(k) + Ff5kye(k)’

where

~ A 0 ~ 0
Ar - " 5 B . P
Ok <B‘f6k Cr, Afék) 7o <Bf6k>

By,
B’I"k,ék = Bf&:brk 7F’I“k,6k - FfékDTk - F’I‘kﬁ

Ery o, = (Fftskc?”k - By, Ef5k)'

For convenience, denote Ay, = Ays,, By, = Bys,, Eyp =
Ef(sk, and Ffp = chik for &, = p. Let O = {Wij ‘ J €
81},Qi = {)\i] | S 82}

Theorem 1 If there exist constants 7 > 0 and v > 0, R"
vectors vgl) ~ 0, vép) =0, oo = 0, 9y = 0, 0, = 0,
¥, = 0, and R" vectors ¢ = 0, 1, = 0, ¢, = 0, ¢, = 0
such that

S (T - BA T 1,eT)C =0, (Ta)
e 1T (T - BA " 1,eT)D; =0, (Tb)
0 106N (1 - BA 14T )Cy — gEi =0, (T0)
9 16T (I - A" 14¢T) D — gF, =0, (7d)
0o+ 0y + 11, — vy <0, (Te)
C(I+Belf AN )(¥y + ¢p) — Bl 1, + 71, a1

+A] Zjvzl mjvgj) - vy) =<0,

D] (I+Bel] A=) (¢, +¢,) — F'1,
T N ) (72)
+B; 32— mijvr — vlm 20,

Ppol j‘ﬁm ’(/}pl jwp7 l:1727 » 1,

ﬁpl = 19p7 ¢pl = ¢p7 I= 1727"' v 9, (71)

(7h)
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hold for ¢ € &1 and p € So, then a positive event-driven
{1-gain asynchronous filter can be designed as (5) with

n l
doi=1 1;)90;

M
Z] 1 JZ (l))‘mlT (J)
1

B, — i1 1% (8)
Ip ZJ 17 ZJ=1 iy vy 2
g l)ﬁT g (l)¢

Ejy= ==L F

fo =

g g
and the system (6) is positive and stochastically stable.
Proof Give x(0) = 0 and x;(0) = 0, that is, (0) > 0. By
Lemma 1, y(k) = 0. From the event-driven condition (4), it
follows —BA~'15,e"y(0) < y.(0) < A~ 1e " y(0). Then,
the system (6) can be transformed into

F(1) = 4, ,#(0) + B, ,w(0). o
6(0) = Ezpi(o) + Ei,pw(o)v

Afp =

where

A = A; 0
=ip T pr (I — ﬂAillhET)Ci Afp ’
B, = Bi
=ip T pr(lfﬂAillhET)Di ’
Ei,p = (Ffp(l - ﬁA_11h€T)Oi —FE; Efp) R
F,, = (Ffp (I - BA=11,€T)D; — Fi>
Using (7h), (7i), and (8), it gives Ay, = 0, By, = 0, Ey, =
0, and F, = 0. By (7a), (7b), (7¢), (7d), and (8), it can be
obtained that A, tO B, 50 E; >O and F, p>0
According to Lemma 1, we have x( ) >~ 0 and e(O) = 0.
By mathematical production, we obtain that Z(k) > 0 and
e(k) = 0 hold for k¥ = 0,1,2,---. This implies that the
system (6) is positive.
Construct a linear stochastic Lyapunov function as
V(@(k),ri=1i,00 = p) =7 (k)o®, (10)

where v(¥) = (vgi)—r vép)T)T. Using (4) gives

F(k +

) j i Px(k) +§i7pw(k)7
e(k) X E,

S5 (k) + Fs yw(k), an

< A; 0
e = I+[‘3A 11;,6 )CjZ Afp ’

By
Bip = (pr I+ﬂA el )Di)’
= (Fyo(I+BA"1,¢7)Ci — E; Ey,),
EP - (F I+ BA11,T)D; — F)
Then,
E{AV(@(k),re = 1,0, = p)}
<€{F" (k)(A, o) + B, 1,)
+w' (k) (szlg + EZPU(’"’““))
—e (k)1 | re =4,0p = p} — T (k)o'.

12)

By (7h), (71) and (8), the following relations hold:
E{ZT vre1) | py =4, 0y = p}

< Al Z - 7r”vlj) + CT (I + Bel A, 7
Pp
S{ET vme1) |y =0, 0p, = p}
= (BT o mjvi D+ DI (1+BATA)0,)

5{Earpl | i =1, 5k—p}
. ( (I+ Bel] A )qsp)
— 1_9p )
€{F 1g|7";€—z o = p}
=D/ (I i Belf A1), — F'1,.
Then, it gives

S{ZT o) 4 1, | r% = 4,0, = p}

@0

L (AT S w4 O (I + BeliA=1) (0, + )
B p+Up

and

€{B (1) +FI 1, | rp =1,0, = p}
< D/ (I + Bel) A~ )(d)p + 1))
+BT ZJ 17%”9) Fz'Tlg

By (7g), we have
5{§va(r’““) —i—FIplg | =14,0p = p} Y1

Therefore, (12) can be transformed into (14). Using (7e) and
(7), it yields that

E{AV(Z(k),re =4,6k = p)}

13)

< =77 (k)1lay +yw ' (k)1 —e' (k)1,. (1>
Then,
>pe 0 E{AV (@(R), i = 1,05 = p)}
< ST G {78 (k) Lon + 700 ()L — T ()1, ).

Together with w(k) = 0 and e(k) > 0 derives that

D reo E{AV (@(K),r =i, 6k = p)}
< 7 o E{FT (R)12n

which implies that Y i~ [|Z(k)|1 < £Z7(0)v(™). By Defi-
nition 2, the system (6) is stochastically stable. When w(k) #
0 and Z(0) = 0, we can obtain

S ek, <Z{7w Vi — 73T (k) Lan

. SEAVER). = ish = )
S 72]@:0 w (k)]-m

By Definition 3, « is the ¢;-gain performance value of the
system (6). |
Remark 2 A time-triggering strategy was employed for
designing the filter and controller in [14]. Theorem 1 address-
es a linear approach to the asynchronous filter of PMIJSs.
The linear approach refers to linear copositive Lyapunov
functions and LP computation conditions. It has been stated
in the literature [1], [6], [7], [10]-[12] that such a linear

(16)
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EAV(F(0), 1 = 1,54 = p)} <TT (k) (AI =

;VZI mjvij) +C;f (I + BelhA_l)(gop +¢,) — vgi)>

0, + 1, — v (14)

+yw’ (k)1 — e’ (k)1,.

approach is more suitable for dealing with the issues of
positive systems. Moreover, Theorem 1 constructs a new
filter framework (5). Under such a framework, the filtering
issues of PMIJSs are easily solved. It should be pointed
out that the framework (5) can be directly applied for the
filter design of other hybrid positive systems. Let 8 = 0,
which implies that the even-driven condition (4) is changed
as time-driven one. The design in Theorem 1 is reduced to
the corresponding design in the literature.

In industrial applications, the probability parameters 7;;
and \;, are usually partly known. The following theorem will
develop the filter framework (5) for the system (1) with partly
known probabilities. Denote ©1 = {m;; | 7z = 4,741 =J €
81,7‘(’1']‘ is known}, O, = {7Tij | T = 7;77‘]€+1 =Jj € 81,7'(1']'
is unknown}, @ = {\;, | rx = J,0p = 2,7 € S2, A, is
known}, and Qo = {)\j, | 7 = J, 0k = 2,7 € Sa2, A, is
unknown}. This reveals that ©; U Oy = © and Q; U Qy =

_ Tij, if Tij E@l,

. Let Ty = { 1- Zfil T, Ty € O1,if m; € Og,
X — { )‘j]a if]\/)[\jj 691, '

79 1-— Zl:l Ajts Aji € Qq,if Ay € Q.
max{ﬁij7i S 81}
Theorem 2 If there exist constants v > 0, € > 0, R™ vectors
ol =0, 0 = 0, uy = 0, up = 0, uz = 0, o, = 0,
Yo = 0, p, = 0,9, = 0, and R" vectors ¢, = 0, 1, = 0,
¢p = 0, ¥, = 0 such that

Set %j =

L1000 (1 - BA 14T O — gE; = 0, (17a)
S 1T (I - BA 14eT)C; = 0, (17b)
S 1Y00 (I~ A 1,eT)D; — gF; = 0, (17¢)
P 1T (I - BAT 14T Dy = 0, (17d)
0+, + 711, — Uép) =<0, (17e)
A;(Zjeel Wij”y) +(1=>ce, Tij)u1)
+C; (I + Bl A (4 + 6,) (17)
~E[1, -0V 471, <0,
Bz‘T(Zjeel ”ijvgj) +(1- Zj€61 Wij)ul)
+D;" (I + Bel) A™Y) (¢, + ¢,) (17g)
—F"1, — 91, <0,
052) = ug, Uép) = ug, deﬂl )\j]Ué]) (17h)
(1 =2, Ajgue = us,
0= 0 = 0p0=thyy 2y l=1,2,--- 0, (170
Ojﬁpljﬁpvoj¢plj¢pvl:172v'“797 (17.])

hold for i € &1, p € &s, then a positive event-driven
asynchronous filter can be constructed as (5) with (18) and
the system (6) is positive and stochastically ¢;-gain stable.
Proof The positivity can be obtained by Theorem 1. Choose
a linear Lyapunov function as (10). Then,

AV(E(k),T}C = i,dk = p)
~ Al CT(I+pelfAY)B]
S IET(]C) 3 ( ATh ) fp

(k1) (7)
U1 ~4 U1
() ()
+w' (k)(B D/ (I+ Bel;A~")B; )

(Or+1) |
U2

(19)
For r;, = 7, we have

(™) |y = i}
=Y ico, i (X e, Amv(éj)’ +3 e, Ajjv(éf;)
+ Zj€®2 Tij (degl )‘jjvzj + ZJEQQ )\jﬂgj )-

By (17h), Zje(—b Ty =1 — Zje@l 5, and Z]eszg Ajy =
1-— Egele Ajj, it yields that

g{’l]grk-'—l) | T = Z}
=Y jeor Tt + (1= X co, Tij)us,
Qi) |y = i)
=Y co, Tii (5 ca, Ajpvs”
Z]EQl )\J])UQ) + (]‘ - Zj€@1 Trzj)ug'

(20)
+(1—

Denote &1 = 3.0, wijvgj) + (1 = X jco, mij)ur and
N ~

& =0 T (X0, My lhos + (1= 30 cq, Ajy) L us +

1, u3). Combining (19) and (20), it derives (21). By (17i)

and (17j), we obtain

n T
Méé jwp‘i‘(lsp_d)p

1,6
nT
< wp 4 ¢p _ ;]:1 ¢Pl1§?) 19
n nT (22)
—1 Ppiln
lengg& 2+, =9,
" nT
<o, 10, — Z?:lﬁﬂllg) 19.
2¥p p g
Together with (17e), (17f), and (17g) follows that

E{AV (z(k),ry = 1,0, = p)} < =77 (k)1ay — e (k)14 +
yw " (k)1,,. The remainder of the proof can be obtained by
Theorem 1 and is omitted. |
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n l !
Ao £ ek 5, Sl
ey 7 N = s Bipp = ,
Ej:lﬁj o, Mj ( Zjeﬁl /\j]]';Lr’Uéj) + (1 - Zjeﬂl /\jj)llu2) + ijlﬁyee)z Wj].,IUg, g
! l
By, = Py 1y ;l 7y, = S, 12) ;l
p N ~ N — ) p —
Yimimee T Eyen, Nl ws) 4+ (1= 3 cq, Ajp) 1 uz) + 2 j=17,c0, Tl U3 ! 8
(18)
AT + O] (I + per] A Eimpata ey o)
& {AV(%(k)ka = i, 5k = P)} S%T(k) n © l]-gzl)—r "
=1 P 52 _ ’ng) (21)

L&

+ T (k) x (BT&+ DT (I + Berf A Ziatol e ).

1,62

IV. ILLUSTRATIVE EXAMPLE

In [27], the traffic in a circle road was modeled via a
positive switched system. In the traffic systems, the traffic
participants: vehicles and people entering the traffic road are
uncertain, abrupt changing, and random. Therefore, it is more
effective and practical to describe such a traffic problem in
terms of a stochastic system. Here, system (1) is introduced
for modeling the traffic problem, where there are three main
roads and two branch roads at the intersection. The number
of vehicles passing through each black spots is denoted as z,
Z9, and z3, respectively. The terms w; and wo represent the
exogenous inputs which may affect the traffic conditions. The
tth row @th column element of the system matrix A; stands
for the coefficient of the number of vehicles flowing from
one road to another one, the ¢th row $th column element
of the system matrix B; is the coefficient of the number of
vehicles from one road to one branch, C; and D, are the
sensor coefficient matrices, and F; and F; are the system
output matrices.

Consider system (1) with three subsystems, where

0.31 0.25 0.22
A =015 033 026],
025 0.22 0.38
0.25 0.22 0.60 0.64\ '
By= (017 026),c,= (056 058] |,
0.24 0.20 0.52  0.56
0.22 T
0.49 0.51 0.17
D1:< ),Eg: 0.21 ,Flz( ) ,
0.52 0.47 010 0.15
0.32 0.15 0.23
Ay =025 043 026,
0.25 0.12 0.32
0.16 0.16 0.60 0.59\ '
Bo=1020 016],0,= 1065 059] |,
0.15 0.17 0.53  0.60
0.20\ ' T
0.63 0.63 0.16
D2_<0.60 0.61>’E2_ 8'31 ’F2_(0.18> ’

and
0.35 0.31 0.22
As=1025 033 0.26],
0.25 0.22 0.32
017 0.21 0.63 071\ "
By=1015 018],C3= 1071 071
0.22 0.22 0.63 0.61
0.19 T
0.56 0.63 0.16
D3_<0.60 o.54>’E3_ 8;5 ’F3_<0.15> ‘

Choose 8 = 0.11, A = diag{0.32,0.85}, and the transition
probability and corresponding condition probability matrices:

0.80 0.10 0.10
0.10 0.70 0.20
0.08 0.12 0.80

0.60 0.10 0.30
0.20 0.70 0.10
0.10 0.10 0.80

le 7]:[2:

By Theorem 1, the filter gain matrices are shown as (23) and
v = 0.8077. Fig. 1 gives the simulations of the measurable
output and the filter output. Fig. 2 gives the event-triggered
time instants and release intervals. Fig. 3 provides the
simulation results of the measurable output and the filter
output under different initial conditions.

V. CONCLUSION

This paper investigates the event-driven ¢;-gain asyn-
chronous filter of PMJSs. Based on 1-norm, a weighted
event-triggered threshold is established. The asynchronous
filter framework with event-driven mechanism was construct-
ed by transforming the error term into interval uncertainty.
Moreover, an asynchronous filter is explored for PMJSs
with partial information measurement. All conditions are
formulated in the form of LP.
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