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Simultaneous Synchronization and Topology Identification of Complex
Dynamical Networks

Esteban Restrepo,

Abstract— We propose a new method for simultaneous syn-
chronization and topology identification of a complex dynamical
network that relies on the edge-agreement framework and on
adaptive-control approaches by design of an auxiliary network.
Our method guarantees the identification of the unknown
topology and it guarantees that once the topology is identified
the complex network achieves synchronization. Under our
identification algorithm we are able to provide stability results
for the estimation errors in the form of uniform semiglobal
practical asymptotic stability. Finally, we demonstrate the
effectiveness of our approach with an illustrating example.

I. INTRODUCTION

Complex dynamical networks exist everywhere and can
represent multiple real networks, including social networks,
biological networks, sensor systems and so on [1]. For
instance, collaborative behaviors over dynamical networks
can be used to model complex phenomena in biological
systems or complex tasks in multi-robots scenarios. Syn-
chronization is one of the fundamental problems of multi-
agent coordination, aiming at rendering all agents to behave
following the same dynamics. Plenty of results on how to
design strategies for the synchronization of different systems
have been achieved in recent years [1]-[4].

The topology of a complex network plays a key role
in the control design for synchronization. Most of the ex-
isting methods, however, assume complete knowledge of
the network topology and do not consider the relevant and
realistic situations where such topology is, usually, partially
or fully unknown. In view of this, lots of methods have been
developed to identify the topology of complex networks,
including knock-out methods [5], [6], optimization-based
methods [7], and adaptive-control-based methods [8]-[11],
to name a few. In this paper we focus on an adaptive-control
based method to identify the network topology.

Adaptive-control-based designs have been used to identify
the topology of various network models, where a linear
independence condition is an important assumption for suc-
cessful identification of the topology, see e.g. [8], [9]. This
condition, however, is usually difficult to verify. In light
of the latter, the authors in [10] propose an approach to
address this concern by designing the control of the original
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network to track an auxiliary system, which guarantees the
success of the topology identification of a network. The aux-
iliary system is designed such that the linear independence
condition is inherently satisfied, thus avoiding the need to
verify it explicitly. However, this method only deals with
the topology identification problem, without considering the
equally relevant problem of simultaneous achievement of
synchronization and topology identification. Indeed, in real
scenarios, the topology of complex systems being unknown,
hinders the use of existing algorithms for synchronization.
However, in the existing works mentioned above, in order
to successfully identify the topology, the system cannot
reach a synchronized state since the conditions guarantee-
ing the success of the identification algorithm are lost at
synchronization. Therefore, in this paper we propose an
approach to simultaneously identify the topology and reach
synchronization.

The main contribution of this paper is two-fold. Firstly,
we present a new approach to study the network topology
identification problem based on the so-called edge-agreement
framework [1]. The edge-agreement framework transforms
the synchronization problem of complex networks into the
stabilization problem of the edge dynamics, which allows
the simultaneous synchronization and topology identification
problem to be solved by well-known adaptive control meth-
ods. It relies on the definition of a virtual weighted dynamic
complete graph, where the non-zero edge-weights correspond
to the edges of the real topology. Hence, the topology is
identified by estimating the weights of edges of the complete
graph. Second, we propose a new topology identification
algorithm based on adaptive control using the concept of
d-persistency of excitation [12]. For the topology identifi-
cation of complex networks, we design an auxiliary system
with d-persistently exciting dynamics, thereby preventing the
synchronization from happening before the topology has
been identified. It guarantees the success of simultaneous
identification of the topology and the synchronization of the
network. Moreover, the J-persistency of excitation condition
enlarges the choice of possible auxiliary systems, compared
to the approach in [10]. Different from the existing works
studying topology identification using adaptive-control tools,
in this work we establish uniform semi-global practical
asymptotical stability for the topology identification errors.
The latter are stronger stability results than the convergence
properties usually established in the literature.

Notations: A continuous function o : R>g — R is of class
K (a € K), if it is strictly increasing and «(0) = 0; a € K



if, in addition, a(s) — oo as s — co. A continuous function
o : R>¢ = R is of class L if it is decreasing and o(s) — 0
as s — oo. A function 5 : R>g x R>9g — R>¢ is of class
KL if, B(-,t) € K for any t € R>¢, and (s, -) € L for any
s € R>g. We use | - | for the Euclidean norm of vectors and
the induced Ly norm of matrices. The set B(J) C R™ is the
closed ball of radius A centered at the origin, i.e. B(A) :
{z € R" : |z| < A}. The notation H(J, A) := {z € R" :
6 < [z| < A}. We define [z[5 = infyep(s) [v — y|. We
use G = (V,E, W) to denote a weighted graph defined by a
node set V = {1,2,..., N} with cardinality N, an edge set
& C V? with cardinality M such that an edge ey, := (i,]) €
E, k ={1,...,M} indicating that agent j has access to
information from node 7, and a positive diagonal matrix W &€
RM*M “whose diagonal wy, entries represent the weights of
the edges. A tree is a subgraph in which every node has
exactly one parent except for one node, called the root, which
has no parent and which has a path to every other node. A
spanning tree is a tree subgraph containing all nodes in V. A
graph is said to be complete if there exists an edge between
every pair of agents.

II. MODEL AND PROBLEM FORMULATION

We consider a multi-agent system where the agents inter-
act over an unknown topology described by an undirected
graph G(V, E, W). Each agent’s dynamics is given by

N
T; = fz(xz) — Zwij [1’1 — .’ﬂj] +u; 1€V, (D
j=1

where x; € R is the state of agent 7, f; : R — R is a
smooth function, w;; = wy is the unknown weight of the
interconnection between agents ¢ and j such that w;; = 0 if
the edge e, ¢ £ and w;; # 0 if the edge ¢, € £.

Let E € RV*M denote the (unknown) incidence matrix
of an arbitrary orientation of G. This is a matrix with rows
indexed by the nodes and columns indexed by the edges
with its (¢, k)th entry defined as follows: [E],, = —1 if
i is the terminal node of edge ey, [E],, := 1 if i is the
initial node of edge ey, and [E],, := 0 otherwise. Defining
=[xy ... an], F(@):=[f(z1) ... flan)]",and u:=
[ug ... uN]T, (1) may be written in compact form as

i=F(x) — EWE 2 +u. )

Now, denote by E the incidence matrix of a complete
graph K(V, &, W), where £ C &, |E.| = IN(N-1)=: M,
and let W := diag{wy} where @), = wy if &, € £ and
wy = 0 if e, € E\E. That is, the weight wy, is different
from 0O if the edge e, of the complete graph exists in the
graph G to be identified. Therefore, akin to (2), we have that
(1) can also be written as

i=F(x) - EWE 2 +u. 3)

In this paper, we rely on the edge-agreement framework
[1] for the representation of multi-agent systems in which we
consider the state of the edges of the graph rather than that
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of the nodes. Hence, we define the edge variable z := £ T x.
Then, using (3) we obtain

“4)

Under the edge-based representation for networked sys-
tems it is possible to obtain an equivalent reduced system in
terms of an arbitrary directed spanning tree. Indeed, using
an appropriate labeling of the edges, the incidence matrix of
the complete graph K may be expressed as

E=[Er E]

RNX(N—

(=E"F(zx)—E'EWz+Eu.

®)

where B € 1) denotes the full-column-rank in-
cidence matrix corresponding to an arbitrary spanning tree
Gr C K and Eo € RVX(M=N+1) represents the incidence
matrix corresponding to the remaining edges not contained

in G7. Moreover, defining
I -1 = =
R:=[Iy-y T), T:=(EjEr) EjEc, (6)

with Iy_; denoting the N — 1 identity matrix, one obtains
the identity

E = ETR. @)
Similarly, the edge state may be divided as
71T
2= [ 5], )

where z7 € R(V=1) are the states of the edges corresponding
to the spanning tree G and zc € RM~N+1 are the states of
the remaining edges. Moreover, using (7) we have that

€))

Then, from (4), applying (7) and (9), we obtain a reduced-
order model

i7=EJF(z) — EfEWR' 21 + Efu.

z=R"27.

(10)

Note that, since E is the incidence matrix of a complete
graph on N nodes, it is known. Moreover, any arbitrary
spanning tree contained in the complete graph may be chosen
for defining (5) and (8). Now, using the notation in (4),
the topology identification problem reduces to estimating the
diagonal entries of matrix W, i.e. the weights wy. On the
other hand, the synchronization problem is transformed into
the stabilization of the origin for the reduced-order system
(10). Indeed, from (9) z+ — 0 implies z — 0, and the latter
is equivalent to x; —x; — 0 for all ¢,5 € V.

III. MAIN RESULT
A. Simultaneous identification and synchronization

The control goal is to design the external input u in
order to simultaneously identify the unknown graph topology
G (the edge weights wy) and synchronize the dynamical
systems (1). For that purpose, the main component of the
design is to drive the network system in the edge rep-
resentation (4) to converge to the known dynamics of an
auxiliary system with state Z. More precisely, let us define
w' = [ - wy] € RM as the vector of unknown



weights, " 1= [ - by € RM a5 the estimate of 1w,
and W := diag{w}. Then, the external input is set to

u=—F(z) —c1(x —&(t) +2(t) + EW()2(t) (1)
with the adaptive law

w=—Z(t)E"Ez, (12)

where c; is a positive constant, 7 1= z—2(t) = ET (z—2(t)),

i(t) = ETa(t), Z(t) := diag{(1)}.

Define @ = w — W, &' = [2T H/T], and let ¢(t,€) :
Rsg x R2M — RM (¢, &) — ¢(t,€) be a function to be
defined later. Let p : R>y — R>q be a continuous non-
decreasing function. Assume that for all ¢ € RM and almost

99()| |9¢()

alltGRZO
wac {1601 | 2282|262 4 < e,

Then, the update law for the auxiliary variable &(t) (for ()
in edge form) is given by

—co2+ ET¢(t,€)
where cy is a positive constant.
From (4), (11), and (12) we have that the closed-loop
system is given by (14) and
2 [~al-ETEW —ETEZ()] [z
il = oer 0
or, equivalently, using the identities (7) and (9), by
[éﬂ B [—01]— ETETRWRT —E;ETRZ(t)] [
w| | Z(t)RTETErRRT 0
(16)
The main result, presented in Proposition 1 below, relies
on designing the signal Z(¢) to be persistently exciting (PE)
through the design of ¢—see Appendix I for a definition.
Indeed, systems in the form of (15) and (16) have been
studied for decades in adaptive control and are known to
be globally exponentially stable if (t) is PE [13]. Although
this would allow us to identify the unknown topology, as in
[10] synchronization of the multi-agent system would be pre-
vented even when the topology has been correctly estimated.
In order to identify the topology and simultaneously achieve
synchronization, in this paper we design ¢ to be uniformly
d-persistently exciting (ud-PE)—see Appendix L.
Proposition 1: Let ¢ : R>q X R2M _y RM| (t, &) —
o(t,&) satisfying (13). Then, if ¢ is ud-PE in the sense
of Definition 2 in Appendix I, the origin of the closed-
loop system (16) with £(¢) given by the update law (14)
is uniformly globally asymptotically stable and the topology

of network (4) is identified by the estimate w, that is,
w = tlim w(t) with the update law (12). Moreover, the
— 00

(13)

)

(14)

ZT

g

] )
w

system achieves synchronization, i.e. z;(t) — z;(¢t) — 0 as
t — oo foralli,j € V or, equivalently, z(t) — 0 as t — oo
for all k < M. O

Proof: The total derivative of the Lyapunov function
Vi(Zr,w) = 3 [|Z7]* + |w|?] along (16) yields

Vi(Zr, @) < —c1]27)* <0. (17)
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From (17) we conclude that the system (16) is uniformly
globally stable. Therefore, the solutions (¢, g, o) are uni-
formly globally bounded.

Now, for the auxiliary system (14) consider the Lyapunov
function V(%) := 0.5|2|2 whose total derivative satisfies

V(5) < — el 22 + 21| Bllo (¢, )|
< — &A1 + |p(g) 2 (18)
< - &2]* + o,

where the last inequality follows from the fact that the solu-
tions (¢, to, &o) are uniformly globally bounded, hence, there
exists a positive constant o such that |p(|£(,t0,&0)])|? < o
for all ¢. Similarly, from (18) we conclude that the solutions
2(t,to, 20) are uniformly globally bounded. Therefore, since
all the assumptions in Lemma 3 in Appendix I are satisfied,
2(t) is ud-PE with respect to .

Then, invoking Lemma 4 in Appendix I we conclude that
the origin of (16), and therefore that of (15), is uniformly
globally asymptotically stable. Therefore, hm w w.

0 we have that from (18),

Moreover, since lim £(t) =

tlim z(t) = 0. The?gfore lim z(t) = 0, i.e., the system
— t—o0
asymptotically reaches synchronization. [ ]

Remark 1: The proof of Proposition 1 relies on the fact
that ¢ in (14) is ud-PE with respect to . As a matter of
fact, Proposition 1 still holds even if ¢ is ud-PE “only” with
respect to w—-cf. [14]. However, for this purpose, one would
have to design ¢ dependent on w, hence, on w which are
the unknown weights to estimate. Therefore, in the following,
we study the stability properties of (16) and (14) when ¢ is
ud-PE “only” with respect to Z.

Proposition 2: Let ¢ R>o x RM x R — RM,
(t,2,0) — ¢(t, Z,0), be parameterized by the free constants
6 € © C R™. Moreover, let p : R>g — R>( be a continuous

non-decreasing function and denote ¢y(t,2) := ¢(t, z,0)
satisfies
0 0o (- -
{16001 | 29|28} <oz a0

Then, if ¢y is ud-PE with respect to Z, the origin of the
closed-loop system (16) with 2(t) given by the update law

—c32 4+ ETgy(t, %) (20)
is uniformly semiglobally practically asymptotically stable
on O. O
Proof: We begin by introducing the following result.
Consider the parameterized nonlinear time-varying system
x1

[ﬂ:cz}:{—%(til)w B%(Z’xlq Bj @1
Ti= |

= ! x;r]’ ¢9(t,$1) = ¢(t,$1,9), (b : RZO X

where z z
R™xR™ — R"™ is piece-wise continuous in ¢ and continuous
in z1, with # € © C R™ a constant free parameter.
Lemma 1: For system (21) suppose there exists a contin-
uous non-decreasing function p : R>g — Rx>( such that

wa{l60001| 22|20 < i) 2




Furthermore, assume that for any Q = QT > 0 there exist
P=PT" >0suchthat AT P+PA = —Q. Then, if ¢g(t, 1)
is ud-PE with respect to x1, the origin of (21) is uniformly

semiglobally practically asymptotically stable on ©. |
Proof: First consider the Lyapunov function V; :=

2T Pz, which satisfies
anz|* < Va(t,z) < aofa]® (23)
Vi < —agla|? 24)

with a1 := Apin(P), a2 := Apaz(P), and az := Apin(Q).
Next, let us define the functions

Va(t,x) := —z] Bog(t, x1) 22 (25)
Vs(t, ) = — [ e | By(r, 1) Tas| dr  (26)

Note that for any A > 0, in view of ¢y being ud-PE, (22),
and Lemma 2, (25) satisfies, for all (¢,2) € R x B(A)

Vit @) < balp(jer))lwa| = vo(loil)|z2>  (28)

where b := | B| and v (|z1]) := e?2(=1 Dy (|21 ], 6).
We proceed now to evaluate the total derivative of Vj (¢, x)
along the trajectories of the system. First, we have

Va(t, ) = 2] Bog(t,z1)" dg(t,z1)B z1
— x;gbg(t, zl)TBTB(ﬁg(t, Z1)Zo
P———
— 2y ¢o(t,x1) BT Azy — 25 ¢o(t,21)B 21
2
= Va(t, x) — | Boo(t, 21)za|” + |po(t, 21) B a1 |
— 29 dp(t,z1) " BT (A~ Iy

—
— xg ¢p(t,x1)B 1.

(29)

Next, we write

o0 T
% = _/ 26(t_T)$;¢9(T7m1)BTB M xgl dr

il t Z1

oV- >
372 = —/ 2" (7, 21) B Boo(7, x1) " wodT

t
8‘/;3 T 2 Oca —r T 2
W :!B(bg(T,:El) LL‘Q! —‘/t E [e(t )‘B%(T,ld) xg‘ :|d7'

Finally, from (22) and (28) we can obtain a bound for
the derivative of (25). Define b, := bp(A) and p(r,s) :=
by [5rs + bor? + b,s?], then, for (t,x) € R x B(A),

Vi(t,z) < pllaal, |22]) = vo(jea])ea®. (30)

Now, consider the candidate Lyapunov function V (¢, x) :
Vi(t,z) + eVay(t, x), with € a small positive constant to be
defined. Notice that in view of (28), V4(¢,x) satisfies on
R x H(4, A)

—e70(A)|xa|* — eby |z [|m2] < eVi(t, x) <ebp|a||zsl
— e7(8)]a2 .
(31
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So, from (23) and (31), for any A > § > 0 and for a
sufficiently small e, there exist asa >0 and as A > 0
such that for all (¢,z) € R x H(d, A)

asalz)? SV (tz) < asalzl’. (32)

Using (24) and (30) the total derivative of V (¢, x) satisfies,
for all (t,z) € R x H(, A),

V(t,z) < — ag|z1|* — 5eby|w1||za] + ebi\xﬂz + Eb?)|z2\2
- 6“70(5)|3132|2-
Choosing 6*(d, A) such that v4(5) > 2b> we have
V(t,z) < —(043—€b§)|x1|2—5abp|a:1||:c2|—Ebf)|x2|2, (33)
and, for a sufficiently small ¢, there exists ¢ > 0 such that

V(t,x) < —clz|. 34

The result follows from (32), (34), and [15, Theorem 10]. &

Following the same analysis as in the proof of Proposi-
tion 1 we can conclude that Z(¢), given by the update law
(20), is ud-PE with respect to Z. Therefore, the proof follows
from Lemma 1 replacing z1, x2, A, B, and ¢y by Z, w0,
—c1I — ETEW, —ETE, and Z, respectively. ]

Remark 2: An example of the parameterized ud-PE func-
tion ¢y in (20) can be given as

og(t, Z) = tanh (/@'Ei) sin(t), (35)

where k = 0%(5,A) is the design parameter that can be
chosen large enough so that the ultimate bound of the
estimation error is as small as desired. Note that (35) is ud-

PE with respect to Z as per Definition 2 in Appendix I. e

IV. NUMERICAL EXAMPLE

We consider a network of N = 10 agents modeled by
(1) with an interaction determined by the unknown topology
G(V,E, W), represented in Fig. 1. The objective is to esti-
mate the unknown weights 1;;. For this purpose, the external
input u is given by (11) with (12) and (20), where

¢o(t,Z) =tanh (kEZ) pe(t)
pe(t) = 2sin(mt) + 0.3 cos(67t) — 0.5 sin(87t)

and the control gains are taken as ¢; = 1, c3 = 0.5, k = 200.

Fig. 1: Connected undirected topology graph of the network.

The simulation results are presented in Figs. 2-4. As can
be clearly seen from Fig. 2, the estimation errors of the
weights w;; converge to the origin, successfully identifying
the unknown topology, which is given by the values of the



estimated weights in Fig. 3. Note that, as predicted by the
theoretical results, the estimation error of the weights does
not converge exactly to the origin, but rather to a small
neighborhood of the origin, hence exact identification is not
achieved. However, this small neighborhood can be made
arbitrarily small by tuning the parameter x in the ud-PE
function ¢y. Indeed, in Fig. 5 we present the estimation errors
with x = 20 and it is clear that the steady state errors are
larger than for the case in Fig. 5 with x = 200. Finally, note
that the topology is successfully identified (up to a small
tunable error), as predicted by the theory, despite the system
reaching synchronization, and therefore not satisfying the
Linear Independence Condition, as can be seen from Fig. 4.

\ T 10—2 | \
04| 510 S ]
1 L _
0.2 0 .
13 ‘ _1 [ 1
0 ey =
—0.2 |
| | | |
0 20 40 60 30 100
t[s]

Fig. 2: Estimation errors of the graph weights (x = 200).

0.6

80 100

20 40 60 80 100

Fig. 4: Evolution of the synchronization errors.

V. CONCLUSIONS

We presented a new method for simultaneous synchroniza-
tion and identification of the topology of a complex dynam-
ical network. The design is based on the edge-agreement
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60 80 100
t [s]

Fig. 5: Estimation errors of the graph weights (k = 20).

framework and on an known auxiliary network which is
designed to be d-persistently exciting. Under the proposed
algorithm, the topology is successfully identified without
requiring the verification of the Linear Independence Condi-
tion, and synchronization is achieved once the actual topol-
ogy has been estimated. It is important to emphasize that,
beyond mere convergence, we establish uniform semiglobal
practical asymptotical stability of the estimation error. We
believe that these properties may be useful to extend the
current approach to more complex dynamical models and to
establish finite- or fixed-time estimation and synchronization.
The latter is the topic of current and further research.

APPENDIX I
ON PERSISTENCY OF EXCITATION AND §-PERSISTENCY
OF EXCITATION

Definition 1 (Persistency of excitation): A function ¢ :
R>g — R™ is said to be PE if there exist ' > 0 and p > 0
such that, for all ¢t € R

t+T
/t ()l > .

The following is adapted from [16] to better fit the content
of this paper. See also [12]. Let x € R™ be partitioned as
r’ = [:clT x;] where x1 € R™ and zo2 € R™. Define
the column vector function ¢ : R x R® — R™ and the set
Dy = (R™\{0}) x R"=.

Definition 2 (§-persistency of excitation): A function
¢(-,-) where ¢ +— (¢, x) is locally integrable and
x +— ¢(t,x) is uniformly continuous in ¢, is said to be
ud-PE with respect to x; if and only if for each x € D,
there exist 7" > 0 and p > 0 such that, for all ¢ € R

t+T
/t (r2)ldr > .

If ¢(-,-) is ud-PE with respect to the whole state = the it
is simply said that ¢(-,-) is ud-PE.

The following characterization of ud-PE, presented in [16],
is a technical tool used in the proof of convergence.

Lemma 2: For each A > 0 there exist ya € K and 9¥a :
R-o — R-( continuous strictly decreasing such that

{lz1], 2] € [0, AJ\{z1 = 0}}

t+I9a(|z1])
:>/ 6(r,2)ldr > 1a(lml),  G9)
t

(36)

(37



for all t € R. ]

The next Lemma establishes that the output of a strictly
proper stable filter driven by a ud-PE input conserves such
property. A reminiscent version of the lemma was originally
presented in [14]. For completeness we rewrite it here with
a different proof.

Lemma 3 (Filtration property): Let ¢ : R>g x R™ — R™
and consider the system

[51 _ [ flt,z,w)
w| | filt,w) + fo(t,2)w + @(t, x)
with f; : R>¢9 x R®™ — R™ is Lipschitz in w uniformly in
t and measurable in ¢ and satisfies |f1(-)| < |w]| for all ¢;
f2 : Ryg x R™ — R™*™ is locally Lipschitz in « uniformly
in ¢ and measurable in ¢. Assume that ¢(¢, x) is udé-PE with
respect to x. Assume also that ¢ is locally Lipschitz and there
exists a non-decreasing function « : R>¢ — R>¢, such that,
for almost all (¢,z) € R>o x R™:
b <aa
(40)

9¢(-)
max {60 7O 01| 258
Assume further that all solutions ¢ — x4 of (39), with ml =
[#7 w?], are defined in [ty, 00) and satisfy

(39)

9¢(-)

ox

bl

ot

[ (t, to, Tg0)| < 7 VE > to, 41
then w is ud-PE with respect to x. |
Proof: Defining p = —w ' ¢ we have that
op 0o
S 2 Te T [
p=—loP =0T [0+ 52+ 52
< =9 + 2lw| [@*(r) + a(r)] = ~[¢]* + c(r)|w].

Inverting the sign and integrating both sides from ¢ to t+7,
with Ty := (k + 1)T, we obtain that

w(t)T¢(t, z) —w(t+ Tf)T¢(t + Ty, x)
4Ty t+(k+1)T
> /t lp(T, x)|2dT + /t e(r)|w(T)|dr  (42)

Using the bounds in (40) and (41) on the left-hand side of
inequality (42), the latter is equivalent to

t+Tf tJrTf
2a(r)r > / \6(r, z)%dr + / o(r)\w(r)dr.
t t
Since ¢(t,x) is ud-PE, there exists p such that
t+Tf
[ tetmaar = g e
t

Then we obtain

Ty 1 2
[ etlar > S - 2200
t c(r)
>

e(r) (r
Finally, choosing k large enough so that k& > 2a(r)r we
obtain that w(t) is ud-PE with respect to x. [ |
The following lemma presented originally in [12] is in-
cluded here for completeness. Consider the nonlinear time-
varying system

)= oo 5[] e
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where 27 := [z ] |, the function ¢ : R>oxR" ™™ — R™
is piece-wise continuous in ¢ and continuous in z.

Lemma 4: For the system (43) suppose that there exist
continuous non-decreasing functions «; : R>g — Rxq, 7 =
1,2, such that

6(t,2)] < on(lz)),
max{’ad’(t’x) 99(t, 2) } < as(jal)

)

ot €

and assume that ¢(¢, x(t)) is ud-PE with respect to x. If the
triple (A, B, C) satisfies the Kalman-Yakubovich-Popov
(KYP) lemma, i.e. there exist P = P" >0and Q = Q" >
0 such that ATP+PA = —@ and PB = C, then the origin
of (43) is uniformly globally asymptotically stable. ]

REFERENCES

[1] M. Mesbahi and M. Egerstedt, “Graph theoretic methods in multiagent
networks,” in Graph Theoretic Methods in Multiagent Networks.
Princeton University Press, 2010.

[2] A. Arenas, A. Diaz-Guilera, J. Kurths, Y. Moreno, and C. Zhou,
“Synchronization in complex networks,” Physics reports, vol. 469,
no. 3, pp. 93-153, 2008.

[3] R. Olfati-Saber, J. A. Fax, and R. M. Murray, “Consensus and
cooperation in networked multi-agent systems,” Proceedings of the
IEEE, vol. 95, no. 1, pp. 215-233, 2007.

[4] W. Ren, R. W. Beard, and E. M. Atkins, “A survey of consensus

problems in multi-agent coordination,” in Proceedings of the 2005,

American Control Conference, 2005. 1EEE, 2005, pp. 1859-1864.

M. Nabi-Abdolyousefi and M. Mesbahi, “Network identification via

node knockout,” IEEE Transactions on Automatic Control, vol. 57,

no. 12, pp. 3214-3219, 2012.

[6] D. Hayden, Y. Yuan, and J. Gongalves, “Network reconstruction
using knock-out and over-expression data,” in 2013 European Control
Conference (ECC). 1EEE, 2013, pp. 3627-3632.

[7]1 M. Coutino, E. Isufi, T. Maehara, and G. Leus, “State-space network
topology identification from partial observations,” IEEE Transactions
on Signal and Information Processing over Networks, vol. 6, pp. 211-
225, 2020.

[8] J. Zhou and J.-a. Lu, “Topology identification of weighted complex
dynamical networks,” Physica A: Statistical Mechanics and Its Appli-
cations, vol. 386, no. 1, pp. 481-491, 2007.

[91 X. Wu, “Synchronization-based topology identification of weighted
general complex dynamical networks with time-varying coupling
delay,” Physica A: Statistical Mechanics and its Applications, vol. 387,
no. 4, pp. 997-1008, 2008.

[10] S. Zhu, J. Zhou, G. Chen, and J.-A. Lu, “A new method for topology
identification of complex dynamical networks,” IEEE Transactions on
Cybernetics, vol. 51, no. 4, pp. 2224-2231, 2021.

[11] M. Timme and J. Casadiego, “Revealing networks from dynamics: an
introduction,” Journal of Physics A: Mathematical and Theoretical,
vol. 47, no. 34, p. 343001, 2014.

[12] A. Loria, E. Panteley, and A. Teel, “A new notion of persistency-of-
excitation for UGAS of NLTV systems: Application to stabilisation of
nonholonomic systems,” in 1999 European Control Conference (ECC),
1999, pp. 1363-1368.

[13] K. S. Narendra and A. M. Annaswamy, Stable adaptive systems.
Courier Corporation, 2012.

[14] E. Panteley, A. Loria, and A. Teel, “Relaxed persistency of excitation
for uniform asymptotic stability,” IEEE Transactions on Automatic
Control, vol. 46, no. 12, pp. 1874-1886, 2001.

[15] A. Chaillet and A. Lorfa, “Uniform semiglobal practical asymptotic
stability for non-autonomous cascaded systems and applications,”
Automatica, vol. 44, no. 2, pp. 337-347, 2008.

[16] A. Loria, E. Panteley, D. Popovi¢, and A. Teel, “A nested Matrosov
theorem and persistency of excitation for uniform convergence in
stable nonautonomous systems,” IEEE Transactions on Automatic
Control, vol. 50, no. 2, pp. 183-198, 2005.

[5

[ty



