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Sub-predictors for finite-dimensional observer-based control of
stochastic semilinear parabolic PDEs

Pengfei Wang and Emilia Fridman

Abstract— We study output-feedback control of 1D stochastic
semilinear heat equation with constant input delay and nonlin-
ear multiplicative noise where the nonlinearities satisfy globally
Lipschitz condition. We consider the Neumann actuation and
nonlocal measurement. To compensate delay r, we construct
a chain of M + 1 sub-predictors in the form of ODEs that
correspond to the delay fraction r/M. Differently from the
deterministic case, we add an additional sub-predictor to the
chain that leads to the closed-loop system with the stochastic
infinite-dimensional tail and the finite-dimensional part that
consists of non-delayed stochastic equations and delayed deter-
ministic ones. The latter essentially simplifies the Lyapunov-
based mean-square L> exponential stability analysis of the
full-order closed-loop system. We employ corresponding It6’s
formulas for stochastic ODEs and PDEs, respectively. Our
stability analysis leads to LMIs which are shown to be feasible
for any input delay provided M and the observer dimension
are large enough and Lipschitz constants are small enough. A
numerical example demonstrates the efficiency of the proposed
approach.

I. INTRODUCTION

In recent years, estimation and control problems for
stochastic PDEs become popular due to their wide appli-
cations in many areas of science, engineering, and finance.
However, control theory for stochastic PDEs is still at its
very beginning stage and many tools and methods, which
are effective in the deterministic case, do not work anymore
in the stochastic setting [1]. Finite-dimensional controllers
for parabolic systems via the modal decomposition approach
are very attractive in applications [2], [3]. This approach
was extended to the stochastic setting in [4] for additive
noise under output-feedback controllers and in [5] for multi-
plicative noise under state-feedback control. However, in [2],
[3], [4], [5], efficient bounds on the observer or controller
dimensions were not provided. In recent paper [6], the
first constructive LMI-based method for finite-dimensional
observer-based controller of deterministic parabolic PDEs
was suggested, where the observer dimension was found
from simple LMI conditions. In our recent paper [7], the con-
structive method in [6] was extended to stochastic parabolic
PDEs with nonlinear multiplicative noise under boundary
control and observer.

Robustness with respect to small delays and/or sampling
intervals for deterministic heat equations was studied in
[8] for distributed static output-feedback control, in [9] for
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boundary state-feedback and in [10] for boundary controller
based on PDE observer. Delayed implementation of finite-
dimensional observer-based controllers for 1D heat equa-
tions was introduced in [11] for deterministic case and in
[12] for stochastic case. For the estimation of deterministic
heat equations with a large input/output delay, a PDE sub-
predictor was presented in [13] and a chain of observers was
designed in [14]. Finite-dimensional observer-based classical
predictors and sub-predictors were introduced in [15], [16],
[17] for linear parabolic PDEs. In [18], finite-dimensional
observer-based sub-predictors for semilinear parabolic PDEs
were explored. However, for stochastic systems, there are
few results on predictor-based control, and all existing results
are confined to stochastic linear ODEs (see, e.g., [19], [20]).
To the best of our knowledge, predictor-based control for
stochastic PDEs has not been studied yet.

In the present paper, for the first time, we provide efficient
finite-dimensional observer-based sub-predictors design for
stochastic heat equations with constant input delay. We
consider the 1D stochastic semilinear heat equation with
nonlinear multiplicative noise under Neumann actuation and
nonlocal measurement, where the nonlinearities satisfy glob-
ally Lipschitz condition. To compensate delay r, we construct
a chain of M+ 1 (M > 1) sub-predictors in the form of
ODE:s that correspond to the delay fraction r/M. Differently
from [15], [18] for deterministic heat equations where M
sub-predictors were constructed, we add an additional sub-
predictor to the chain that leads to the closed-loop system
with the stochastic infinite-dimensional tail and the finite-
dimensional part that consists of non-delayed stochastic
equations and delayed deterministic ones. We construct
an appropriate Lyapunov functional for mean-square L?
exponential stability of full-order closed-loop system and
employ corresponding Itd’s formulas for stochastic ODEs
and PDEs. Note that the Lyapunov functional depends only
on the deterministic finite-dimensional part of the closed-
loop system. We present LMI conditions for finding M, the
observer dimension and Lipschitz constants that preserve the
exponential stability. We show that for any input delay, the
LMIs are feasible for large enough M and observer dimen-
sion, and small enough Lipschitz constants. In the case of one
sub-predictor (i.e., M = 0), our method degenerates into the
observer-based control with the delay robustness (as studied
in [11] in the deterministic case). We also consider the sub-
predictors construction similar to the deterministic case [18]
and construct Lyapunov functional that depends both on
the deterministic and stochastic parts. A numerical example
demonstrates that the two methods lead to complementary
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results, whereas additional sub-predictor for the stochastic
case leads to a larger delay for comparatively large M.
Notations: Let (Q,.%,P) be a complete probability space
with a filtration {.%},>¢ of increasing sub o-fields of .#
and let E{-} be the expectation operator. Denote by # (¢)
the 1D standard Brownian motion defined on (Q,.#,P).
For f € C((0,1)), let |fljo1 = max,cq|f(x)|. Denote by
12(0,1) the space of square integrable functions with inner
product (f,g) = Jil f(x)g(x)dx and induced norm || £|%, = (£, f).
Let L>(Q;L%(0,1)) be the set of all .%;-measurable random
variables z € L?(0,1) with IE||zH%2 <oo. H'(0,1) is the Sobolev
space of functions f:[0,1] — R with a square integrable
weak derivative. The norm defined in H'(0,1) is |f]7, =
I£]I7> + lIf']I,- The Euclidean norm is denoted by |-|. For
P e R™, P >0 means that P is symmetric and positive
definite. The symmetric elements of a symmetric matrix will
be denoted by *. For 0 < P € R"™" and x € R", we write
|x|2 =xTPx. Let N denote the set of positive integers.
Consider the Sturm-Liouville eigenvalue problem

0" +10 =0, x€(0,1), ¢'(0)=0'(1)=0.
This problem induces a sequence of eigenvalues with corre-
sponding eigenfunctions given by:

¢1( ) L )‘-1 6]

On(x) = \/_COS(\/ix) M= (n 1)2 Sn>2.
The eigenfunctions {¢,};_, form a complete orthonormal
system in L2(0,1). Given a positive integer N and i € L>(0,1)
satisfying h L Yoo i hnOn, we denote |23 = Loy, k2.

II. MAIN RESULTS

A. System under consideration

Consider the following stochastic semilinear heat equation
under delayed Neumann actuation with known delay r > 0:
dz(x,1) = [352(6,1) + g(2(x,1))]dt + 0 (2(x,1))d# (1), > 0,
Zx(ovt) = 07 Zx(17t) = M(l‘*}"%
2(x,0) = z0(x),
where zo € L*(Q;L%(0,1)), u is the control input to be de-
signed, o (z(x,7))d# (t) is the nonlinear multiplicative noise
which appears due to the random parameter variation of
g(z(x,2))dz. Nonlinear functions ¢,g: R — R satisfy
6(0)=0, |o(z1)—5(2)| < 6la1 2], 3
8(0)=0, [g(z1) —g(z2)| < 8lz1 — 22|, Vz1,22 €R,
for some g,6 > 0. Here 6 describes the upper bound of noise
intensity. We consider the non-local measurement output:

¥(1) = (e.2(+1)), c€L3(0,1). “)
Following [7], we present the solution to (2) as
Z(xvt):Zw:]Zn( )q)ﬂ( )7 n():<Z('7[)7¢n>7 (&)
where {¢,}_, are given in (1). By differentiating z, in (5)
and using 1ntegrat10n by parts, we arrive at the following
infinite stochastic equations
dz,(t) = [~ Mnza(t) + gn(t) + byu(t — r)|dr + 0, (1)d# (),  (6)
for n > 1, where
gn(t) = <g(27:1zj( )0;),0n),0n(t) = <G(ZTZ
by=1, b,=(-1)"1/2, n>2.
By (1) and the integral convergence test, we have

]Zj([)¢j)7¢n>7 @)

) Xr <2(H oyt =D N> ®
Let & > 0 be a desired decay rate and let Ny € N satisfy
A +g+ 462 <=8, n> Ny, )

where N is used for the controller design. Let N € N, N > N,
where N will be the dimension of the observer.
Introduce

M) =
N1 =

[z1(2)s- - zm (O]T, BO:[bl,...,bNU]T,
[ZN0+1(f) a1, By = [bngs1s---,bN]T,

Ag = diag{—\, }n s A =diag{— k }NOJr17

o™ (1) = col{o,(t )}Ng1 o™ No(1) = col{on(t)}_y, 1,

G™ (1) = col{g,( )}n 1 GNNo(1) = col{ga (1)} No+1°

From (6) we find that z™(r) and zV=™(z) satisfy

dzo(r) = [Ag2o (1) + GMo (1) + Bou(t — r)]dt + ™ (1)d#/ (1),
AV N (1) = [A 12N No (1) +- GNP (r) (10)
+Byu(t —r)]dt + VN No()d# ().
Let ¢, = {(c,¢n), Co =c1,...,cn,). Assume that
e #£0, 1 <n<Ny. (11)

Then, the pair (Ag,Cp) is observable by the Hautus lemma.

Choose Ly = [l,...,ly,]T such that
Po(Ag — LoCo) + (Ao — LoCo) " P, < —25 P, (12)

where 0 < P, € RM>*M_ Furthermore, following [6] we let I, =
0, Ng <n<N. Since b, #0, n>1 (see (7)), the pair (Ay,By)
is controllable by the Hautus lemma. Let Ko € R'*M satisfy

P.(Ao— BoKo) + (Ao — BoKo) ' P < 28 P, (13)

where 0 < P. € RNoxNo

B. Sub-predictors

Consider stochastic systems (10). In order to deal with the
input delay r>0, we fix M € N and divide r into M parts of

equal size j7. We design a chain of sub-predictors
Zl(tfr)|—> >—>zj( M- ’Hr) (14)
e 2 (1 — 7 )l—>ZMH(t)»—>z/(t) ]e{No N —Np},

where 2/(r — M5 r) s 2 (r — M7 ) means that 2/(r) predicts

the value of zj (t+57)- Slmllarly, S () = 2 (z) means that
21741 (¢) predicts the value of z/(z). The sub-predictors satisfy
[A()ZM+1( )+ G0 (1) + Bou(r — r)]dt

y(0)]dt,

dZM+1( )=
LO[C01M+1( )+Ci ZM+IY (1) -
dzy (1) = (A2 0 () + Gy (1) + Bru(e — r))dr,
dz (1) = [AoAN°( 0+G( )+ Bou(r 7 lde
—Lo[COZ =)+ g M=)
COZI+1( ) lei\;l%( )]dt
M) = A5 N“() Gl ()
+B1u(tf —r)]dt, 1<i<M,
subject to ANO(t) =0, 2§V7N°(t) =0,7r<0,1<i<M+1, where

y(t) is given by (4), Ci = [eNg+1s---,¢N],

o) = ol (10, G0 (0) = col{ah (N My 11
& (1) = mao%m+%owmmmm
D ( ) [¢1 ) >¢N0 ] (DZ( ) [¢N0+l(x)>~“>¢1\’(x)]‘
Remark 1: Differently form [18], we introduce additional
sub- predlctor a1 (€ {No, N —No}). This splits the stochastic
term and delay term into separate systems. See closed-loop
system (27) below, where delay term appears only in system

15)

1=>0,
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e{ , i=1,...,M and stochastic term appears only in system
o, el{,[ 41 (cf. (25)). The latter allows us to avoid stochastic
terms in the corresponding Lyapunov functional (see (28)
below). Besides, here (due to 2,{4 +1) we have at least two
sub-predictors. In Sec. II-F we will present conventional
sub-predictors (without 2M 41 in (14)), where M =1 corre-
sponds to observer-based control with delay robustness and
where Lyapunov functional depending on the deterministic
and stochastic parts is used (see (57) that follows [21]).
From the numerical example in Sec. III, we find that the
constructions of sub-predictors with 2}, 41 and without 2l 4
lead to complementary results.

Note that as i increases, the input delay on the right hand-
side of (15) decreases by 4;. The finite-dimensional observer
2(x,t) of the state z(x,r), based on (15), is given by

2(x,1) = @1 (x)2)°(r — 1) + Do (1) 2 N0 (t —r). (16)
The controller is further chosen as
uli_po =0, u(t)=—Ko2\°(t), 1>0, a7
where Ky € R"*M is determined by (13).

C. Well-posedness of the closed-loop system

For well-posedness we introduce the change of variables

wix,t) =z(x,1) =y (X)u(t —r), (18)
where y(x) = — 2 cos(%x) which satisfies
V) = —py), n="5 v =0y (=1 (19

We have the equivalent stochastic heat equation

dw(x,1) = [L5w(x,1) + g(w(x,1) +y (x)u(r —r))lde
— () [pu(z — r)de + du(t = )] (20)
+o(w(x,t)+y(x)ult—r)d# (t), t >0,
wy(0,2) =0, wy(1,¢) =0.

Let o/ = diag{</, 2%} where
@ = Iy ®diag{Ag,A1} +Jomi1 ® o,
o D(h) CLX0,1) = L*(0,1), shh=h', (21
D) = {h € HA(0, )| (0) = (1) = 0}.

Here 4, = | “° "' |, Jou is an upper triangular Jor-
dan block of order M with zero diagonal and ® is the
Kronecker product. Let &(tr) = col{Z(t),w(-,¢)} where Z =
col{illvo,f]lv N0=-~-~21]1V40+171M+1 }. Without loss of generality we
assume z(-,7) = zo(-) for r <0. Then (15) and (20) subject to

the control input (17) can be presented as

dg (1) = [FE (1) + G(t) + f1(t)]dt + Z(t)d W (t),
where
No — iy - . wi ¢, r
f1(t)=[ P BKo2 0 (- b - o2t (Koj;cdzgww (1))~ Lo e W) Ko 2(t - )]
N co]{Gl() ..... GM#)}N
G(r) = Y| LU(CUM+1()+51 a1l (0= (ez0) Lo= OMLI\['Jxl
Gy @) O(N—Ng)x1
w(0) =y (K20 (1=1)

{%}, C =

(},l[-i—A() — BoKp) 2°(

1M5<>/
*6’0

fz() 20— &)

+CE M- ) - cozz <> cﬁv N°<r>},
B,’:COI{OI 1N><1’307Blvo(M—i+l)><l}7 1—071,...,M+1,
A GNO _ Or+ 1N x1
Gilt) = { Y N%)} () = [Gwm—w(-)KoleO(r—r»]

Let 7 = RM+DN 5 12(0,1) be a Hilbert space with norm
112 = |- [>+-[?.. Consider ¥ = RM+DN x g1(0,1) with
norm || [% = |- >+ |3, and ¥’ = RM+DN x g=1(0,1).
Hence, ¥ C 2# C ¥'. The duality scalar product between
¥’ and ¥ is denoted by (.,-)yry. Then & : ¥ — ¥’ is
a closed linear operator with domain %(«/) dense in J7.
For any & € ¥, i =1,2, we can easily check that &
satisfies [(/€1,&)y7 x| < al[&illx[12lly and (FE1,&1)yry <
—BlE1l1% +7&1]3, for some o, >0 and y € R. Since o,g
satisfy the global Lipschitz condition (3), by the step method
on [Lrtdr] (i=0,1,...) with initial conditions &(ir) €
2() (see [12]), we obtain, for zp € 9(4%) almost surely,
existence of a unique solution & € L?(Q;C([0,)\ 7)) N
L2 (Qx [0,00)\_#;7), where 7 = {r}7,, such that &(r) €
2(), t >0, almost surely.

D. Mean-square L* stability analysis
Define the estimation errors as follows
e{(l)*zlﬁ_l(t Mﬂ,jfr) 2lj(t M- ’H r),1 <i<M,
ey () =2 (1) —24,,(1), je {NO,N No}.
Then the last term on the right-hand-side of system )¢, (t)
in (15) can be presented as

Cotip1 (1) +Cry Y0 (1) = (1) 23)
4 -

@ [coeM+l()+cle%+i}fo(t)+g(r)].

Yo n41 Cnza(t). Furthermore, by (22), we get

N0 — )+ XM M0 (1) = o). 24)

In particular, if the errors eN°( 1), 1 <i<M+1 converge to
zero, from (24) we have ‘N”( t) — 2% (¢ +r), meaning that 211\10 (1)
predicts the future system state zo (¢ +r). Using (10), (15) and
(23), we arrive at
dep, 1 (1) = [(Ao = LoCo)epyy 1 (1) + i1 (1)
— LoCrey '\ (1) = LoG (1)]dr + 6™ (1)dw/ (1),
dehy N0 (1) = [Are, ot )+HN Yo))dr+ NN ()aw (1),
dely? (1) = [(Ao — LoCo)epy (1) +LocoT74°,(r)
+Hy (1) — LoCrehy ™ (1) + LoCi Xy M (1)
+Lo(Coels (1) + Crey 1 (1) + G ()]
e} (1) = [(Ao — LoCo)ef (1) +LoColy (1) +H* 1)
No N—No N—Np
+LoCo(ef?y (1) = Y70, (1)) = LoCi (e} ™ (1) =}, ™ (1))
+LoCr (el M (e) =YX M0y, 1 <i<M -1,
de Moy = (A1 M) + BN M (1)]de, 1< i< M.
Here Y/ (1) _ef(z) (z——) H1{4+1() GI(t) — Gy (1),
B (1) = Gl (1= Y7ir) = Gl(t = M550, 1 <i <M, j € {No,N -
No}. Introduce the notations

X,(t) = col{M(¢),zN~ NO( 1)}, %’ = col{B(hB]}

(22)

where { (1) =

(25)

Xe(t) :COI{ejlvo( )7'“-3MA}H( ) ( )7 7e%+1},0(t)}7
Y, (t) = col{X}0.(1), .. <>r FIOR VIO
H(t) = col {H) (1), H;;gl(z),H{V N”(t),...,HAIZ:LIIVO(t)},
c(z):[N”"NO(,} G) = [5%0,] F= [ n],

0M1>’UXNU g OM—1)Nyx1
— No Lo
jz | mwv-Ng) Ny O ZC —Ly ’
0 IN-N OM+1)(N=Ng)x 1

F = “Im+1 @LoCr o, m+1 @ LoC
e M1 94 ’

Ae = Iy @ LoCo — Jo.m @ LoCo, Im @ LoCy — Jo u @ LoC1 ],

Iy+1® (A9 —LoCo) +Jo m+19LoCo
0
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1 = col{Inny, O+ 1)N—MNo) x Ny }+ 0 = [K0, 015 (V- |+

Ho = [IN07 IN070N0><(M+1) N—Ny) ] € RNox(MFLN, (26)
Then from (6), (10), (17), (24), (25) and (26), we arrive at
the following system for ¢ >0,

dX, (1) = [F;X,(t) + BKo-IoX.(t) + G(t)|dt + o (1)d#/ (¢), (27a)
dX,(¢t) =F(1)dt + o (1)d# (1), (27b)
F(t) = FeXe(t) + £ C(1) + A1 A (1) + H(t),
dz, (1) = [—Mazn(t) + gn(t) — bp X (1)

+ b Ko-5pX,(1)]dt + G, (1)d# (t), n> N. (27¢)

For mean-square L?-stability analysis of (27), we consider
the Lyapunov functional:

V(1) = Vaom (1) + Ve, (1) + Vs, (¢ )+VR (1),

Vaom(t) = Ve,(1) +p Ly 1 Za(1), V(1) = [X. (f)\%p

Vi) = X0 V0= [ DI AT s, )
= lM[I)VO OMN(())XNO 1M<NUN) OMNOX(N No) ,

Ve, (t) = 51 fo ft+9 e 20U |f3 (s )‘Izegdsdey

where P,, P., S., R, are positive matrices of appropriate
dimensions and p > 0 is a scalar. Without loss of generality
we assume that z(-,7) = z(-,0) for + < 0. In this regard, X;(¢)
for r < 0 is well-defined. The terms Vs, (¢), Vg, () compensate
the delay term Y,(r) in (27b). Note that Vg (z) has the
same form as in [18], since it compensates delay in e{
(i=1,...,M), whereas ODEs for these e{ do not contain noise.
The stochastic term appears only in systems z/, e;',, 41 Where
no delay term appears. Therefore, we do not need to construct
the noise-dependent functional as introduced in [12], [21].
By Parseval’s equality and the change of variables (18),
we present Viom (#) in (28) as
Vaom (1) =Vp,(t) = Vi(t) + Va(w(t),1), Vi (t) =
Va(1) = pllw(-,t) +w (Jult —r)|7.
For functions Vp, and V;, calculating the generator .#° along
stochastic ODE (27a) (see [22, P. 149]), we have
LVp. (1) +28Vp.(t) = XJ (t)[P.F. + FIP, +26P]x ()
+0T(t)P.o (1) +2X 7 (t)P.BKy IoXe ( 1) +2XX (1) P,G(t ) (30)
ZVi(1) +28Vi(1) = p25:12(*kn+5)23(t)+p\0( )
+p XN 22,(1) [gn(t) — by Ko X (1) + by Koo Xe (1))
From (15) and (17) we have du(t —r) = F,(t — r)dt, where
Fy(r) = —Ko(Ao — BoKo)2)" (1) — KoG (1) — KoLoCo2h" (¢)
+KoLoCo2) (l——)+KoLoC1[211V* (0 —g) =)
Recalling @4 in (21), we can rewrite (20) subject to (17) as
dw(r) = [w(t) + g(wlt) +y (xult — )~y (Jpult - r)
Y OR{—Dld+0 (w(t) +y (ule = )dr (@), 3
where w(r) = w(-,1). Note that w(r) is a strong solution to (31)
(see Sec. II-C). For V;(z), calculating the generator . along
(31) (see [23, P. 228]) we obtain

(3),(18

LW(1) < 2p (aw(r) +g(2(1)), Z(t)>Lz

=2p (W (Julr —r),z2(t)) 2 + PG> ||(1) 72 (32)

=2p Y1 2n()(@aw(t), On) +2p Loy 2n(F)gn(t )
20 Xy zn (1) (—w (Ju(t =), 00) +p Xy 6225 (0).

Using integration by parts, (1) and (19), we arrive at
(@aw(t),0n) = —Auwn(t) = —Anzn(t) + A (W, On)u(t — 1),
(—uw (Ju(t — r) On) = [bn — X (W, 0n) Ju(t —r). (33)

Substituting (33) into (32) and using (17), (24), we arrive at

p\XZ(t)|2, (29)

LVa(w(t),1) +28Va(w(t),t) = p X2 2(—h + 8 + 5 )22 (1)
+p chzl 2Zn(’)[8n(t) - bn%Xz(t) +anOj0Xe(t)]~ (34)

Let oy,0,,03 > 0. By the Young inequalities we have

2
Yont 22, (t)gn(t) < ) z,&(]t) +o Y v gﬁ(t)
@)
< Tonet apn(t) =0l GO +ou Ty g3(0),
Yon+122n(t)[=bn X (1) + bnKo S X, ()] (35)
® e 205 (N+1)
< Tinn ghan(t) + 2 L AoX: ()
205(N+1)
g () + 2B K X (1)
By Parseval’s equality we have

£ 20 S RO+ Ry 2. GO
Combination of (30), (34), (35) and (36) yields
LVaom (1) +28Vaom (1) < X[ (¢ )[PF +FP,+23P,
+%ﬂx +p(62 +ou )X (1)

+0 ( )[P pl] ( )+Z;T:N+1 ann( ) 37
+2XT (1) P.[BKy S0 X (1) + G(1)]

2005 (N+1)
+ %\Kofoxe( N> —poy |G(r)?,

where %, = 2p (~Ay+8 + & + %22 + o +20’32 +2m) For Vp,,
Vs,, Vg,, calculating the generator % along (27b) (see [22, P.
149]), we have
gVPE(l‘) +28VPE(Z‘)
+2X] ()P [ L (1) + 1A (1) + H (1 ]+\f26 N3,
LVs, (1) +28Vs, (1) < \{3Xe(t)\§e —epm|I3Xe (1) = Xr(t )|§17
LVi, (1) + 28V, (1) < 3| F5F )|k, — 5 Ji= 1 |-73F (s)[;,d

where gy, =e2"/M_ By Jensen’s inequality, we obtain
. (27b)
i = | 3R ()R ds > | [, AF()dslz, = [Ye(0)[;,- G9)
By Parseval’s equality we have
Hit (0P + P OF <51 laal0) — 8" Vo)
<fo \g( (x,1)) = g(¢|( )ZM+1( )+‘132(N)2%+1°( 1))[Pdx
<g fo |2(x,1) = 1 (x )ZMJI() D ()21 (1) d
Nle ()|2N+N Flep' (¢ ()|2+ Yo N+115%%)
|H; ”(f)|2+\H, ") < @l (1) +g2lel 0 (1),
where 1 <i <M, which implies
H()P < & 1Xe(0)? +8° Tons12a(0).- (40)
Besides, from Parseval’s equality and (3) we have

6 () < llo(z(,))l7: < X ()P + 6> Ly zlt). @D

By Cauchy-Schwarz inequality, we have {2%(r) <
HC”NZn N+1Zn( ). Let %n =%n+B18> +PB262, where By,Bs > 0.
Then from the monotonicity of A,, we find
Y1 Tz () < At el y 83 (1) (42)
provided §y+; <O.
Let (1) = col{X; (1), Xe(1), Y, (),C(¢),G(t),H(1)}. By (37)-
(42) and the S-procedure [24, Sec 3.2.3], we get
LV (1) +28V (1) + B[ X () + 87 Ly N+1Z;%(t)
—[H ()] + B2 (62X (1)]* + 6> Ly N+lzn()_|6( NPy @3
ol (1)¥o(r)+n'(1)¥n (1) <

=X (t)[PF, + FJP, + 28 P,)X, (1)

“(38)

provided
W) =P+ I P55 —pl—Bol <0, (44a)
W, =Z+ (r/M)*@"R.,0 < 0, (44b)
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where
[0 IF,, I3 9N, f3fc7 0, <ﬂ3]7

Y PBKyH
* £ 2%
*

0
Pe
0
0 )

0
it (45)

Ped|Ae +eMJT5( Pe zg
—&p1(Se +Re) 0
* * *

(x]
Il

iNel HrH,T,z
oppl

*_ooc'}u

¥, = PF, +FTP 128P, + 29%(71;/2+1>%ij
+p(6? +0€18 )+ B267,
Wy = PF, + FJP, +28P, + (1 —ey) IS 5

2 N+1 _
+ %JJK&KO% + B 2L

Applying Schur complement, we find that (44b) holds iff

Onam+2)x3
E, LOTR, 111
On(m+2)x3 <0 (46)
*  —R, ’
mHLHN ol ozl
* * ‘ diag{ =5, PANTL D PANG T }
where E; = & defined 1n (45) with )ZNH therein replaced

by 20 lelly? (—Aws1 +8+ 5 + %8%) +B1&llelly2 +B262
Summarizing, we obtain:

Theorem 1: Consider system (2) with control law (17),
measurement (4) with ¢ € L?(0,1) satisfying (11), zg € 2(25)
almost surely and zg € L*(Q;L%(0,1)). Let Ny € N satisfy (9)
and N € N satisfy N > Ny. Assume that Ly and K are obtained
from (12) and (13), respectively. Given r > 0, if there exist
positive definite matrices P;, P. S, R., positive scalars o, oy,
o3, B1, B2 and tuning parameter p > 0 such that LMIs (44a)
and (46) hold, then the solution z(x,7) to (2) subject to the
control law (17) and the corresponding observer 2(x,7) given
by (16) satisfy

Ell|z(,0)[72 +[|12¢,0)[7.] < De ' E||z(-,0) |72, >0,

for some D > 1. Given r >0, LMIs (44a) and (46) are always
feasible for M, N large enough and 6,g > 0 small enough.

Proof:  First, by arguments similar to the proof of
Theorem 2.1 in [7], we can obtain from (43) that EV(r) <
e 'RV (0), r > 0. By the definition of V(¢) in (28), we can
get (47).

For any given r > 0, to prove the feasibility of (44)
for large enough N, M and small enough 6,5 > 0, we
take 6,5 — 0, o =o0p = o =1, P, = diag{IA’z,pllN,No},
P = diag{P,p2lpriyiv-n)}s  Se = diag{Se,lyv—ny)}s
R, = diag{Re,Iyyny—ny)}» With 0 < P, € RN, 0 < B, €
ROMADNx(M+DN " 2§, R, € RMN<MNo and py. py > 0. By
using suitable congruent transformation to ¥,, applying
Schur complement repeatedly and letting p; — 0T, pp,B; — oo,
we find that ¥, < 0 if

Yy | PBoKy  PiBoKygFy O
* 0(Pe.Se,Re)

(47)

AL, 0
0 Pl
0

diag{— pl 2p3N+1 HcHN }

+2p]\(]12\’7:;1 dlag{ﬂTKTK0f4 jTKTK()](),O 0} <0,

where
¢ (pevsAKvR(f) = \%2 i/{::(;;fg:)} 7® = [Oaz@ZC()aF] 1 7Ae,03£02]7

Fei —1M®(A0—L0C0)+JOM®L0C0

Vi1 = Fx(Ao — BoKo) + (Ao BoKo)"P, + 28 P,

l|122 =P »Fe11 + F 11P +28P +(1 —EM)SL),

Io = Ings - Iy € RMXMEDNo - 7y — [ fy Iy, ],

Ae =1y ®L()C0 —J()M@L()Co,Loz = COl{O(M 1 NU><1>L0_L0}

For any given r > 0, we first fix very large M > 0. From
Proposition 1 in [15] we can obtain for suitable positive
matrices £, S., R.,

¢(PeaSe7Re) + (A%)Z[Fel 1 7Ae]TRe[Fell7/A\e} <0.

We replace ¢ (2,,S,,R,) with ¢ (BL.,BS.,BR.) =B (L., Se,Re),
B >0. Let B, = P, given in (13), resulting in \§1; < 0. Setting
B >0 to be large enough, then choosing p = +/N large enough,
B> = p3 and applying Schur complement three times in (48),
we find that (44a) and (48) hold. Fixing such M and N and
using continuity, we have that (44) are feasible provided
G,g > 0 are small enough. [ ]

E. Observer-based design: delay robustness
For the case of M =0 in (14), 2/(r) =2}, (t). j € {No,N —
Ny} satisfy
dzM (1) = [Ao2M (1) +
—LO[C()ZNO(Z) +C12N7N°(t)

GMNo (1) + Bou(t — r)]dr

—y(r)]dz, (49)

2NN (1) = [A 2V N (1) + G N () + Byu(r — ) dbr,
where G/ (1) = G]W +1(2) is defined above Remark 1. Then our

method degenerates into the observer-based control with the
delay robustness as studied in [11] for deterministic PDEs.
Following [11], we construct a finite-dimensional observer
of the form

2(x,1) = @1 (x)2N (1) + Do (x)2V M (1), (50)
where ®; and &, are defined below (15). We propose the
controller

u(t) = Koz (1),

where Ky € RI*M is determined by (13).

(51)

Let e/(t) = 2/(t) — 2/(t), j € {No,N — No}. Using (10) and
(49), we obtain
deMo (1) = [(Ag — LoCo)e™o (1) +H™ (1)

—LoCreV Mo (1) — LoG (1)]de + ™ (1)d# (1),

deN Mo (1) = [A1eNNo (1) + HN Mo (1))t + VMo ()dw (1),
where H/(t) = G/(r)
following notations:

X(1) = col{2%(1), 2N (1) ¢

(52)

—Gi(t), j € {No,N —Np}. Introduce the

No(2),eN Mo (0)},

Ao —BoKo 0 LoOCo L0C1 o o
_ | Bk A Ay | ¢Noq
F= 0 Ag—LoCo Iﬂc] G(t)* NNy |0
0 0 Al

H(t) = [HZIX(I)\;S(I)}, I, = [ONZN] I, = ONXN]’
By = col{By,B1,0nx1}, Lo =col{Ly,0,—Lg,0},
1 = [Ko, O av—ny s Y70 () = 2% (1) =% (1 7).
Then, from (4), (49)-(52), we have the closed-loop systems:
dX(t) F(t)dr + Lo (r)d¥ (1),
dzy(t) = [— knzn (1) +gn(t) —byt1X (1)
+buKo Y0 (1)]dr + 0, ()% (1),
(1) + 1iG() + LH() + 2 KoY (1) + 20 (1),
C(t) = X1 cnzn(t). Note that in (53), the stochastic term
appears only in system e, eN~M_ whereas the delay term
appears only in system 2V 2N=No_ So there is still a separation
between stochastic term and delay term. For system (53), we
consider the Lyapunov functional:

(53)

where F(r) = FX

V(t) = Vaom(t) + Vs(t) + Vg (1),
Vaom ()= V(1) 4+ X5y 200, Vo) = KO, (5,
Vs(t) = J{_, e U097, X (5)[3ds,

V(1) =1 [°, [l g e 2057, F(s)[3dsde,
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where 7 = [Iy, Oy, x (2v—ny)]s P. S, R are positive matrices with
appropriate dimensions. The terms Vg and Vi are introduced
to compensate YN in system zVo. Following the arguments
similar to (29)-(46), we have

i”V(f_);r 25V(¢3 + [flz[é’z\ng( )2\2 T8 Ly 2 () = [H(1)?]
Bl LX (1) + 62 Ly 4 () — [0 ()] <0
provided
ITPL —pl—Bol <0,
5 LO'R [01(41\/411\10);3} 55)
x  —R 0 <0,
* * ‘—diag{ & ‘L(HIZV ’ l;%\‘,tl]z;, ’ (;;L‘,‘\;J‘r}z]\, }
where © = #[F, %Ky, 11, I, %),
Wy PEKy+ersls P Pl P4
« 125 0 0 0
E= |: * * —payl —payl 0
* * * —(pay +B1)1 0
* * XN+1H HN
Wy, =PF+FTP128P+ —2p‘j\§§ﬁj” A+ B LI

+(p6%+pay g +Bo6 )131T+(1—8r)ﬂ 8.4,

Yy = %KT[( Sr(S+R)

N1 =20 (A1 +8+ G + %8+ B3+ B2,
I — INO 0 INO

3= 0 In—n, 0 In-n,

Summarizing, LMIs (55) guarantee the mean-square L?> ex-
ponential stability of system (53) with a decay rate §.

. . : No  sN—No
F. Sub-predictor construction without 2y}, 2y 1.

If we ignore 21’\,, +1(2) in the construction of sub-predictors,
ie., 2L(t— lr) > z/(¢) in (14) (see, e.g., [18]), the last term
for system Z;? in (15) becomes —Lo[Coif\V,, (t—47)+Ci2y BN No
3) —¥(t)]. Define eM(t) =2/ (1) sz(t — 7). Then from 6),
(10), (17), (24)-(26) (ignoring 23, ,(t)), we have the closed-
loop system (M > 2):

dX () = [FX:(t) + BKoSpXe (1) +

dX,(t) =F.(r)dt + 1o (t)d# (v),

dzn(t) = [=Anzn (1) + gn (1) — b0 X (1)

+bnKo S0 X (1)]d + 0, (1)dW (1),

where F.(t) = FX.(t) + H(t) + Z1AX (¢ )—i—,,%’(;(“,(t— W) X (1),
Y1), F;, Ae, G(1), 6(t), B, X, are defined in (26),
)

)5

G(t)|dt +o(1)d# (1),
(56)
n>N,

X, (1) = col{e (1),...,eh0 (1), &) ™ (1),..., el M)},
H(t) = col{H," (1 HZ“()HN No(e),... Hy ™0},

F, = [ Iy @ (Ap— L0C0)+JOMxLOCO —Iy ®LoCy +Jo p B LoC) IT
0 ’

Iy ®Ay
Om—1)Ny <Ny 0 0(pr—2
i< . (M=2)Ng x1
1= o % = )
OM—1)(N—Ng) xNg 0 ) g 0 Ly ’
0 IN-N M(N-Ny)x1

<ﬂo = [IN07 -e - 7IN(J7ON()><M(N7N()>]

1 = col{Inny , Opg(N—Ng) x Mo } -
For M =1, we have closed-loop system (56) with F,, A,, Z
replaced by

Fo= [t ], 2 = 0,70 |, Ae = [LoCo,LoC ]

Note that in closed-loop system (56), both the stochastic
term and the delay term appear in system eﬁ’, which requires
us to construct a Lyapunov functional that depends on the
deterministic and stochastic parts for the mean-square L2
exponential stability of system (56):

V(t) = Vaom (1) + V(1) + Vi, (£) + Vs, (1) + Vi, () + Vo, (1),
:C]ﬁt . 6728(t7s)c2( )ds,
Vs, t) =ft[7,Me_28’ 5) |Xe (s )|§ ds,

VRFa):ﬁ e [lioe U [Fe(s)[F dsde,

Vo, ()= 1°, Ji\o e B0 1o (12, dsde,

with Vyom,Vp,,Vp, defined in (28), where P, P., Se, Re,
Q. are positive matrices of appropriate dimensions and
p,q > 0 are scalars. Note that Vg, and Vg, are utilized to
compensate delay term Y,(r) in system X,, whereas func-
tional Vp, (1) (depends on Ic(r)) is introduced to compensate
the stochastic part in systems eln\fl and eN M Let n(r) =
COXe (1), Xe 1), Yo 6),& (). 1 — f7),G(e), H(e)). By arguments
similar to (29)-(46) and using It6 integral properties (see,
e.g., [12, Eq. (46)]), we have

ELLV (1) + 28V (1)) + BiE[@ X, (1) +& s 530)

—[H(0)]?] + B2E[6*X.(1)* + 67 Ly _N+1Zr21( ) —lo ()]

< BloT(0)10()] + ElnT(0%an ()] + 20 < 0

(57)

provided
W =P.—pl—PBol+ LITQJI+1TPI<0, (58)
Wy = E 4 (r/M)OTRO < 0, W5 = gllc|y+ i1 <O,
where 7§, is defined below (41), © = [O,Fe,Ae,O,/C,O,I],
Wy PBKy%, 0 0 0 P, 0
* W PeNe +€pSe 0 Pty 0 Pe
—_ * * —£7(Se +Re) ey Re 0 0 0
== X X B —ey(Qe+Re) O 0 0 s
* * * * —Epmq 0 0
* * * * * —oqpl 0O
* * o =Byt
¥, =P.F, +F P125P+ 2"‘”2’“)%T1/
+p (62 + 01 g%)1 +BaG?1
Wy = P.F, +FJIP, +28P, +(1 —sM)Se
2pas(N+1 Z
+ RBINED T KT Ko S+ 182l
Applying Schur complement, we find that W3 < 0 iff
aleld 420ty 45+ % 4 SLg)1p @ Bye?| - <o.

* B
Feasibility of (58) guarantees the mean-square L exponential
stability of the closed-loop system (56) with a decay rate §.

T
p diag{en, N1’ }‘Nz }

ITII. A NUMERICAL EXAMPLE

In this section, we consider system (2) where g satisfies (3)
with g = 0.5, which results in an unstable open-loop system
for 6(z) =0. Let Np =1 and c(x) = X9 (x) (an indicator
function). Take & =4. The observer and controller gains Ly
and K, are found from (12) and (13) and are given by Ly =35,
Ko =4.5.

First, we consider the observer-based control for delay
robustness (i.e., Sec. II-E with delay robustness and Sec. II-
F with 1 sub-predictor). Take 8 =0, 6 € {0.3,0.4,0.5}, p = 1.
The LMIs were verified, respectively, for N € {4,6,8}. The
results are given in Table I, which show that Sec. II-E with
simpler LMIs (no stochastic-dependent terms in Lyapunov
functional) allows slightly larger delays.

Next, we consider the sub-predictors for any delays. Take
8=0,6€{0.3,04,0.5}, p=1. The LMIs in Theorem 1 and
Sec. II-F were verified, respectively, for N € {4,6,8}, number
of sub-predictors chosen as 2,3,4,5,6 to obtain the maximal
values of r which preserve the feasibility of LMIs. The results

are given in Table II for LMIs in Theorem 1 (with Zﬁ’ﬂ
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and 2y, \*) and in Table III for LMIs in Sec. II-F (without
2AN/10+1 and 2%;’;]”). From Tables II and III we can see that
Theorem 1 and Sec. II-F lead to complementary results,
whereas Theorem 1 leads to a larger delay for comparatively
large M and has less computational complexity for the same
number of sub-predicts and observer dimensions. Similar to
the deterministic case in [15], [18] for large number of sub-
predictors, due to the term %JJ K Ko%, we need

much larger N to guarantee the feasibility of LMIs in (44)

[6]

[7]

[8]

[9]

[10]
and (58). Note that differently from the deterministic case,
for larger M, we require smaller upper bounds & on the noise 1]
intensity to guarantee the feasibility of LMIs.
TABLE 1 [12]
MAXIMAL 7 FOR FEASIBILITY: SEC.II-E VS SEC.II-F wiTH M = 1.
N=4 N=6 N=28
G [Sec.II-E Sec.II-F|Sec.II-E Sec.II-F|Sec.II-E Sec.II-F
0.3] 0.235 0.231 | 0.240 0.237 | 0.241 0.239 [13]
0.4] 0.225 0.220 | 0.230 0.225 | 0.231 0.227
0.5] 0.215 0.208 | 0.219 0.213 | 0.221 0.215
[14]
TABLE II
MAXIMAL r FOR FEASIBILITY OF LMIS IN THEOREM 1.
N=4 N=6 N=28 [15]
M+1\¢ | 03 04 05|03 04 05703 04 05
2 0.23 0.22 0.21]024 0.23 022024 023 022
3 039 0.37 035]039 0.38 035|040 0.38 0.36 [16]
4 0.50 047 041]051 048 043|051 048 043
5 0.59 0.52 035]060 0.54 040|0.61 055 042
6 0.63 041 — |0.66 042 0.02|0.67 043 0.11 [17]
TABLE III
MAXIMAL r FOR FEASIBILITY OF LMIS IN SEC.II-F. (18]
N =4 N=6 N=28
M\ | 03 04 05|03 04 05]03 04 05 [19]
2 036 0.34 0.31]037 035 032037 035 033
3 046 043 039048 044 040|048 045 041
4 0.55 050 041]056 0.52 0441058 0.52 045 [20]
5 0.60 048 0.21 063 0.53 033]|0.64 0.55 0.36
6 060 023 — |[065 040 — |0.67 042 0.02
[21]
IV. CONCLUSIONS [22]
In this paper, we considered output-feedback control of 1D
stochastic semilinear heat equation with constant input delay  [23]
and nonlinear noise under Neumann actuation and nonlocal (241

measurement. To compensate delay we constructed a nonlin-
ear sequential sub-predictor. Improvements and extension of
predictor-based control to various stochastic PDEs may be
topics for future research.
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