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Circular Formation of General Linear Agents using Output Feedback

Yibo Gao and Chong Jin Ong

Abstract— This work is concern with achieving circular
formation in a Multi-agent system (MAS) where each agent
has the same linear dynamics. The approach taken here have
several desirable features: (i) it requires at the minimum only
one agent to know its own position while the rest need only
relative position information from their neighbors; (ii) the
approach is based on the output regulation methodology but
uses the output feedback controller instead of the popular
error feedback controller. The output feedback scheme has the
advantage of a simpler design as the parameters are decoupled.
With minimal modifications, the approach provided can be
used to achieve MAS with user-defined center of the circle
with different radii and elliptical formation. These features are
illustrated using several examples.

I. INTRODUCTION

Achieving formation of a multi-agent system (MAS) has
been an active research area in recent years. One choice that
is of great interest is the circular formation where agents
move in a circle. Past works in this area are restricted to
agents ([1], [2], [3], [4], [5], [6], [7], [8]) having special
models, like unicycle [1], [2], [3], [4], [5], [6] or single
integrator [7], [8]. There has been limited works on agents
having general linear dynamics. Those that consider general
linear dynamics typically use the approach of output regula-
tion [9], [10], [11], [12].

Several considerations are important in the study of cir-
cular formation MAS. One is the amount of sensory in-
formation available to each agent. Obviously, an approach
with fewer sensory feedback is desirable. In this regard,
past works in the literature for general linear dynamics
typically assumes all agents can measure its own position.
The exception being the case of [5] where the minimum
of one agent needs to know its own location while the rest
require only relative position from its neighbors. Another
consideration is the ability to specify the center of the
circle and have a controller that realizes such a formation.
Unfortunately, very few works deal with this aspect despite
it being a useful requirement for practical implementations.

This work proposes a distributed controller, based on the
output regulation approach, for circular formation of a MAS
having agents with general linear dynamics. It differs from
past approaches in the following ways. First, the proposed
approach achieves circular formation with a user-specified
radius and center of the circle. Second, the approach does
not require all agents to know their own absolute positions;
it requires that at least one agent knows its own position and
assumes that the rest can measure the position of its neighbor
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relative to their own. This requirement is similar to that of
[5] except that ours is for general linear dynamics while [5]
is for unicycle models. Third, our approach uses a differ-
ent controller from the standard controller used for output
regulation. Specifically, standard output regulation approach
uses the error feedback controller while our approach uses
the output feedback controller. The use of output feedback is
an important element in achieving distributed controllers and
has the advantage of a decoupling design. Since the radius of
the circle is bounded in value, an output feedback controller
is feasible for circular formation while error feedback con-
troller is particularly useful in tracking unbounded references
like a ramp signal. Lastly, the approach can easily be adapted
to tracking of an elliptical formation.

The notations used in this paper are standard. The sets
of real numbers, n-dimensional real vectors and n by m
real matrices are R, R™ R™*"™ respectively. The transpose
of matrix A is AT. Given A € R*"*™ B e RI*", A®Q B €
R™2*™" js the Kronecker product of A and B. vec(A) is a
vector in R™™ and it is obtained by rearranging the columns
of A in ascending order. e; is column vector of all zeros with
the i!" element being 1. For a square matrix @Q, Q > (=)0
means () is positive definite (semi-definite) and o (Q)) denotes
the set of all eigenvalues of (). A directed graph is denoted
by G = (V,&) with V = {1,..., N} being the nodes of the
graph and £ C V x V being the set of edges. Hence, j is
a neighbor of i if (j,7) € £ and N; denotes the neighbors
of 7 in V. Associated with each (j,i) € £ is the weight «;.
Its value is such that a;; = 0, o;; > 0 when (j,7) € £ and
a;; = 0 otherwise. The Laplacian of G is £ = [l;;] € RNXN.
where lii = Z;vzl Q5 and lij = —Qyy if ¢ 75 j

II. PRELIMINARIES AND PROBLEM STATEMENT

All agents are assumed to have the same dynamics,

with A € R"*" B € R"*™. The outputs available to the
agents depend on whether i is a leader or a follower agent.
For this purpose, let V = V; U Vg with VN Vp =
and Vi, C V(Vr C V) containing the indices of the leader
(follower) agents. A leader agent is assumed to have

Y = Cx; i€eVy 2)

where y; € R? refers to the 2-dimensional positional
vector of agent ¢. Follower agents do not have positional
information at their outputs. Instead, they are equipped with
sensors that measure positions of its neighbors relative to
its own position, explicitly represented by y;;(= v; — y;)
as an entity for ¢ € Vg and j € N;. Leader agents can also
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Fig. 1: A circular formation for 4 agents when ¢ = 0

measure the relative positions y;; and, since y; is measurable
independently, means that y; and y; are available separately
to ¢ € V. More information on the graph structure is given
in section IV.

The objective of this work is to construct a distributed con-
troller such that the MAS system achieves circular formation
that is defined below.

Definition 1: (Circular Formation) Given a center & € R?,
angular velocity w # 0, radius » > 0, and a set of phases
{d1,02,...,0n} wWhere ¢; € [0,2x) for all ¢ € V. Denote
the reference trajectories by

yi (t) := ¢+ (rcos(wt + ¢;), rsin(wt + QSZ-))T 3)

If y;(t) — yl(t) for i € V, the agents are said to have
achieved a circular formation.

An example of circular formation with 4 agents for the case
where ¢ = 0 is shown in Fig.1.

The following assumptions are needed for our purpose.
(A1) The pair (A, B) is stabilizable.

(A2) (C, A) is detectable.

Clearly, these assumptions are mild requirement. Addi-
tional assumption on network connectivity is given in section
IV. The next two sections contain discussions for the case
with ¢ = 0 in (3). The case of non-zero ¢ is discussed in
subsection III-B.

III. CIRCULAR MOTION FOR A SINGLE AGENT

This section discusses the design of a controller for one
single agent to follow the prescribed circular path. Since
only one agent is involved, subscript ¢ is dropped from the
expressions of (1), (2) and (3). Our approach follows the
output regulation approach but uses an output feedback con-
troller instead of the standard error feedback controller [13].
Our choice of controller is motivated by two considerations:
(1) output feedback controller provides greater flexibility as
the conditions needed to ensure tracking are decoupled, see
Remark 1 in the sequel; (ii) the output feedback controller
structure facilitates the tracking of circular formation in a
multi-agent setting. These points will be made specific after
the necessary exposition.

A. The case of c =0

Like standard output regulation [13], a model that specifies
the reference trajectories is given by

. o (0 —w
v—Sv—<w 0>v, @
Y= Qu 5)
Clearly, v(t) = exp (5t)v(0) = (Zfrfﬁ Cz;“w“t’t) (0) =

7 cos(wt + @)
( rsin(wt + @)
y"(t) = v(t) when @ = I5. The proposed output regulation
controller is a dynamic compensator given by

§=F&+Gy+ Ly
u= K+ Lv

when v(0) = (rcos¢,rsing)l and

(6)

where & € R! is the state of the controller, L1, Lo, F, G and
K are the controller parameters. The combined system of
(1), (4) and (6) is

j? A BK BL; T
¢ l=(cc F L, ||¢ ™)
v 0 0 S v

The following properties of this system is known and is given
next.

Lemma 1: (Output regulation via Output Feedback) Con-
sider the system of (7) with (Al), (A2) holding. Then, (i)
there exists {K, G, F'} such that

A BK
Af = (GC F) (8)

is stable. (ii) Suppose {K,G, F'} has been found such that
Ay is stable. The system of (7) achieves
lim (y(t) — Qu(t)) =0 9)

t—o0

for any {x(0),£(0),v(0)} if and only if there are {L;, Lo}
such that

IIS = All + BKY. + BL,
0=CI-Q
%S = GCI + FY + L

has a solution {II, ¥}.
Proof: Given in the appendix.

In the standard literature of output regulation, two con-
troller schemes [13] are typically used: full-state feedback
and error feedback. It is also known [13], [14] that feasibility
of the full-state feedback conditions will lead to the feasi-
bility conditions of the error feedback condition under (A1)
and (A2) (Theorem 1.4.1 at page 19 of [13]). This result also
holds for the case of the proposed controller under (A1) and
(A2) and is shown next. Specifically, the conditions needed
for a standard full-state feedback output regulation condition
is that the set of matrix equation

{HSfHI%BF

(10)

0=CIl—Q (1n
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has a solution {II,T'}. While the full-state feedback con-
troller is different from our proposed controller, the solv-
ability of (10) is similar to that of (11). This connection is
now made.

Lemma 2: Suppose {K, G, F'} are chosen such that Ay is
stable. Then, there exists some {L1, Lo} such that (10) has
a solution {II, X} if and only if (11) has a solution {II,T'}.

Proof: (=) Suppose a solution {II,I'} of (11) is
known. Let L1 =T'— K¥ and Ly = 35S — GCII — FX for
any arbitrary 3 and they satisfy (10). (<) LetI' = KX+ 14
and then the first two equations of (10) becomes (11). |

Remark 1: In the standard error feedback controller [13],
the controller is of the form

u= K¢
§=F+ Gy — Q)

(where y — Qu is the error term) and the conditions to be
satisfied by {K, G.F'} are (i) Ay of (8) is stable and (ii) the
set of equations

IIS = AIl + BKY.
0=CIl-Q
S =FY%

has a solution {II,X}. Hence, the choice of {K,G.F}
has to simultaneously satisfy conditions (i) and (ii). This
is a harder design problem than that given in Lemma 1.
More exactly, the proposed approach allows the design of
{K,G,F, Ly, Ly} to be decoupled into two separate design
problems: (i) the design of { K, G, F'} such that A is stable,
and (ii) the design of {L1, Lo} such that (10) admits a
solution {II, X} for the choice of {K, G, F'} obtained from
.

B. The case of non-zero ¢

The preceding section assumes that y” (¢) = (r cos(wt +
#),rsin(wt+¢))T. In this section, the design of a controller
that tracks y" (t) = ¢ is first discussed. Consider the reference
model of

(12)

Clearly, the solution of the above is ©(t) = ¢ for all t.
Suppose { K, G, F'} have been chosen based on the procedure
given in section III-A. Using the same procedure as in
section III-A but with Q = I and S replaced by S of
(12), it is possible to obtain L; and Lo from (10). With
Li,Ly and Li, Ly available, the controller that can track
y"(t) = ¢+ (rcos(wt + ¢), rsin(wt + ¢))T is given by

(13)

u:K£+L1U+E117
£ =F¢+ GCx + Lov + Lov

This result holds since the combined system of (13) and (1)

) () (),
(B Ys

y=Cx

(14)
15)

and that the output is given by y(¢) = y1(t) + y=(t) where
y1(¢) is the output of the single agent with u(t) given by (6)
with Ly, Lo obtained from (10) with .S being that of (4) and
ya(t) is the output of the same system with w(¢) given by
(6) with L, Lo obtained from (10) using S of (12).

IV. CIRCULAR FORMATION FOR THE MULTI-AGENT
SYSTEM

This section deals with the controller design for circular
formation for the multi-agent system (1) consisting of |V |
leaders and |Vp| followers. Like the discussion in section
III, the controller consists of two parts: one for the case of
¢ = 0 and the other when ¢ # 0. Since the case of ¢ # 0
is relatively simple, the focus here is on the case of ¢ = 0.
Without loss of generality, let Q = I3 in this section. To
distinguish leaders and followers in G, an additional virtual
node, node 0, is introduced. The resulting graph is denoted
by G = (V,€) with V = VU {0} and € includes all edges
to the virtual node in addition to the original £. As usual,
a5 is the weights associated with the edge from node j to
node 7 and for the virtual node,

Q40
Q40

Note that G is the graph representation among agents for both
relative position sensing and general communications. Both
modes of information exchanges are needed in implementing
the controller, as shown in the following paragraphs.

Consider the reference system for agent ¢ as given in (4).
The reference model for the combined N agents is

> 0 when i € Vy,
=0 when 7 € Vp.

Be = Seve = (In ® S)ve (16)
Ve = (vf vl .. U}G)T a7y
yr) = ()" DT =Un @ L. (18)

with S of (4) and v;(0) = (7 cos ¢;, 7 sin ¢;)T for all i € V.
The controller for the i*" agent is given by

u; = K& + Licive
& = D1& + Dan; + Ez; + Lagive

where {D1, Do, E, K} and {Lj.;, Loc; } are the parameters
to be designed. Here z; := Zje/\/’i Q;jYij+ioy; and n; ==
ZjeNi a;; (& — &;) +aioé;. Note that z; can be evaluated
by all i including the follower since only relative states y;;
are needed and ;90 = 0 when ¢ € Vp. Similarly, n; can
be evaluated as §; for j € N; is obtained from neighboring
agent j via communication. For (19) to be a truly distributed
controller, additional conditions on L.; and Lo.; are needed

19)
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so that only v; with j € N;U{i} are used. Specifically, L1.;
and Lo.; of (19) are to be chosen such that

{Llcivc = Liv;

(20)
Locive = Lo1v; + LaaG

where (; := E]—eNi Qi (7)1‘ — ’Uj) +a;0v;. Similar to 7;, (;
can also be evaluated by agent i since v; for j € N is
available via communication. L1, La1, Loy are parameters to
be designed. In this form, (19) is a distributed controller of
the form

{Uz' = K¢ + Ly

X 21
& = D1& + Lavg + Dam; + Ez; + LG

For subsequent discussion, the following assumption is
needed.

(A3) The interaction graph G has a directed spanning graph
with the node 0 as its root.

(A3) is made for connectivity requirement. It also implies
that there is at least one agent in V), which is a minimum
requirement for our approach although the general case is
when there are multiple leaders. Combining the model of
agents (1) and the controller (21), the overall system becomes

‘i:C _ Ac BCKC Te
(& ) \H®EC INn®Di+H®D, &

+ BcLlc
L2c Ve

,_ Le B.Li.
() (P Yo e
Ye =CcZc (23)
where H := L + diag (alo OéNo), A, = In ®
A, B. = IN®B,K,1Q = Iy ® K, C, ::TIN®C
we = (af @y wf) s o= (6 & &) e o=

(L, Liy--- LT y) . and Lo is similarly defined.

The rest of the discussion here follows that of section III
- to first design {D;,D, E,K} to stabilize A;. to be
followed by the result that y;(t) — y7(¢) for all ¢ € V.
One such design procedure is given in [15] and [16] under
assumptions (Al), (A2) and (A3) where there exists { K, F'}
with D1 = A+ BK, Dy = —EC such that Ay, is stable.
Specifically, K is chosen such that A + BK is stable and
E = (/\gli(rb)Re(/\))_lP_lCT where P is the solution of

the equation ATP + PA —2CTC < 0.

The next theorem shows the procedure to determine that
values of Li.; and Lso.; of (20).

Theorem 1: Suppose Ay of (22) is stable. Then y.(t) —
y&(t) with the distributed controller (21) if (11) with Q = I
has a solution {IL,I'}.

Proof: Suppose (11) with @ = I5 has a solution {II, T'}.
Letll,. = IyQIL,T'. =Iny®TI and I, := Iy ® I. Then it
follows from (11) that

{HCSC = Al + BT,

24
0=C.I, — I, 24)

Now let L; = I' — KX for an arbitrary ¥ € R"*2? which
results in

Li,=Iy®@ (- KX)=T.—- K.%, (25)
where X, = Iy ® X. Using this choice of I';. in (24) results
in

HcSc = Ach + BcKch + BcLlc (26)

Now let Loy = XS — DX and Los = —(ECTI + DoY)
resulting in
Lo =In ® (85 = D1X) — H @ (ECIL 4 D,X)
=(ZeSe — (In ® D) X¢)
—((H® EC)1I. + (H ® D3) %)
=%.5.— (H® EC)1I,
—(INn®D1+H®Dsy)%,
=%cSe — GOl — Fe3, (27)

where G, := H® EC and F, := Iy ® D1 + H ® D>.
Combining the results of (24), (26) and (27), yields

HCSC = ACHC + BCKCEC + BcLlc

0=C.I,. — I,

EcSc = GCCCHC + Fczc + LQC
These equations are the equivalent of (10) for the single

combined system given by (22) and (23) for the reference
system of (16). Hence, using the result of Lemma 1, y.(t) —

Yo (1)

(28)

|
Remark 2: The discussion thus far is for achieving circu-
lar formation where all agents move along a circle of the
same radius. The procedure above can be easily modified
to achieve circular formation where each agent is on a
circle of different radius, r;. This is done by choosing
v;(0) = (r; cos ¢;,7; sin ¢;)T. The procedure can be further
generalized to track elliptical path of different sizes by
choosing y7 (t) = Qu;(t) where @ is a positive definite
matrix and v;(0) = (r; cos ¢, 7; sin ¢;) 7.

V. NUMERICAL EXAMPLE

Example 1 has 4 agents having dynamics of (1) with
01 0 1 .
00 1 -1 01 0 0
4= 00 -1 1 B = (0 0 0 1) O =
00 0 O
10 0 0 T
(0 0 1 0>.x1(0):(—10 0 —14 0)°, z2(0) =

6 0 —12 o)rT, 25(0)= (=14 0 10 0)7, 24 (0) =
(=7 0 6 0) . Also, &(0) = 0 and the communication
graph is as shown in Fig. 2 where agent 3 is the leader.
The y7 of (3) is given by w = 1, ¢ = (27)T with
¢; ={0,2m, 3w 7} and r = 7.

The values of {D1, Dy, E, K} in (21) are D; = A+ BK,

—147" —243° S0 —0.14
Dy = —EC. K = (0.91 ~0.14  —0.39 2.30) and
T
630 377 0.34 0.94
E = (0.34 ~3.96 3.02 4.11) - Note that when ¢ =
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Agent1
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-20 -15 -10 -5 0 5 10 15
X position

Fig. 3: The trajectories of 4 agents in the circular formation

1, (11) with Q = I, has a solution which implies, following
Theorem 1, that

;o (095 498

17=14.03 0.20
oo (027 341 016 3.07\"
2171180 3.22 020 0.28

Lo (-112 —242 120 154"
27\ 48 433 -0.76 —0.66
The controller parameters needed to shift the center of the
. = 1.47 —1.58\ : = =
circle are L, = 0901 255 , Loy = BLq1, Loy = 0. The

simulation results are shown in Fig. 3, 4 and 5. It is clear
from Fig. 3 and Fig. 4 that the agents achieved the specified
circular formation with the center at ¢. Since v;(¢) and ¥;(t)
are bounded for the circular formation, the input u; is also
bounded, as seen in Fig. 5.

30

Agent1
Agent2
Agent3 | |
Agent4

10 15 20
time ¢ (s)

Fig. 4: Norm of y;(t) — Qu;(t) — 9;(t) for the case in Fig. 3

Agent1
Agent2
Agent3 |
Agent4

WMesgrsamssososie

0

N

40

[ i |l

0
0
time ¢ (s)

Fig. 5: Norm of u; for the case in Fig. 3

The next example is similar to Example 1 in all as-
pects except for the values of () as mentioned in Remark
2 and v;(0). Specifically, Q = (1(')5 (1)) and v;(0) =
(r;cos ¢, misin ;)T where r; = {4,4,7,7} while ¢; re-
mains unchansed from those in Example 1. With w = 1 and

15 0
QZ(O 1

1,

, (11) has a solution and following Theorem

[ (045 4.98
17 14.03 0.20
—4.27 —-430 1.03
L22=<

486 433 —0.76

o7 \"

—0.66

while Lo is same as in Example 1. The simulation results
are shown in Fig. 6, 7 and 8.

151 Agent1

Agent2
Agent3
Agent4

L X 4

y position

X position

Fig. 6: The trajectories of 4 agents in the elliptical formation

30
Agent1
= Agent2
'T 20 Agent3 | |
. Agent4
>
&
' 10 1
> \
0 T o \
0 5 10 15 20
time ¢ (s)

Fig. 7: Norm of y;(t) — Qu;(t) — v;(t) for the case in Fig. 6
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60
Agent1
Agent2
40+ Agent3 |
= Agent4
E)
= /\ |
@\
NS
0 L h L
0 5 10 15 20

time ¢ (s)

Fig. 8: Norm of u; for the case in Fig. 6

VI. CONCLUSIONS

This work provides a design procedure that achieves circu-
lar formation for a Multi-Agent System using a distributed
control law. The controller design is based on the output
regulation approach but uses output feedback instead of the
typical error feedback. Using the output feedback control
scheme has the advantage of a decoupled design and is
an important element in having the properties needed for
circular formation. The other advantages of the approach
include the ability to achieving circular formation with
arbitrary radius and center, only one of the agents needs
to know its own location and easy extension to achieving
elliptical formation.

VII. APPENDIX

Proof: (1) It is well-known ([17] Chapter 3.5) that a
stabilizable and detectable system can be stabilized using a
dynamic compensator. In this case, A can be stabilized by
letting ' = A+ BK —GC since both A+ BK and A—GC
are stable under (A1) and (A2).

(i) The proof follows similar reasoning as Lemma 1.4.1
in [13] except for the use of Ly and L.

(=) If {L1, Lo} are such that (10) has a solution {II, X},
then by the first and the third equation in (10) and using the
coordinate transformation,

T=az-Iv, £=¢—%w (29)
(7) could be rewritten as
z A BK 0\ (7
£~ =|GC F 0 £ (30)
o 0 o S v

Since Ay is stable and the system is decoupled, it follows
that 7 — 0 and £ — O for all {z(0),£(0),v(0)}. The tracking
error becomes

y—Qu=Cx—Qu=C(z+1Iv)— Qu
—CF + (CT - Q). 31)

Since 7 — 0 and CTI—Q = 0 in (10), (Cz(t) —Qu(t)) — 0
for all {x(0),£(0),v(0)}.

(<) The following fact is first established. Since S is
unstable and Ay is stable, there is no common eigenvalue
between S and A;. It then implies that the following

Sylvester equation has a unique solution {II,X} for any
{L17L2}3

(5)s=(ee F)(E)+ ()

Define = and E as in (29) and perform the coordinate
transformation from (z, £, v) to (Z, £, v) leading to (30). The
only if part is now shown. Since e = y — Qu — 0 for any
{2(0),£(0),v(0)}, this implies C7 + (CTL — Q)e *v(0) = 0.
Since Ay is stable, z — 0 which implies that CII — Q = 0.
Combining CTI — @ = 0 and (32) result in (10). [ |
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