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A Koopman Operator-Based Finite Impulse Response Filter for
Nonlinear Systems*

Zhichao Pan!, Biao Huang2, and Fei Liu®

Abstract— This paper proposes a novel Koopman operator-
based finite impulse response (KFIR) filter for nonlinear dy-
namic systems. This filter is generalized from the minimum
variance unbiased (MVU) FIR filter for linear systems by
using a global linear approximation of the nonlinear dynamics
obtained from Koopman operator theory and the extended
dynamic mode decomposition (EDMD) algorithm. Based on the
recursive linear model, a reduced-order FIR filtering structure
is proposed, and the optimal gain is derived to minimize
the trace of the estimation error covariance. Unlike tradi-
tional methods, the KFIR filter requires no prior knowledge
of the initial state and fully utilizes the data of a moving
horizon. Simulation results show that the proposed filter has
excellent robustness against unexpected modeling uncertainties
and inaccurate noise information, making it suitable for real
applications.

I. INTRODUCTION

Nonlinear dynamic systems are prevalent across various
fields, including engineering, physics, economics, and biol-
ogy. Accurate state estimation is crucial for controlling and
monitoring such systems. However, developing effective fil-
tering algorithms for nonlinear systems is a challenging task.
While there is no universal mathematical framework capable
of addressing all nonlinear problems, most existing nonlinear
techniques, such as the extended Kalman filter (EKF) and the
unscented Kalman filter (UKF) [1], fall under the infinite
impulse response (IIR) structure. These methods leverage
all past measurements, leading to a gradual accumulation
of modeling and computational errors over time. Moreover,
their success heavily relies on accurate model and noise
assumptions. The utilization of inadequate models can result
in compromised or even unstable estimation performance.
Furthermore, the accumulation of errors frequently triggers
a decline in performance or even divergence in the case of
nonlinear IIR filters.

In contrast to the IIR structure, filters with a finite impulse
response (FIR) architecture utilize only a finite set of recent
data to estimate the current state, effectively preventing
the accumulation of errors. Furthermore, FIR filters directly
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employ all recent data to optimize the current state, enhanc-
ing their robustness and degree of freedom. These filters
possess advantageous engineering characteristics such as
bounded input/bounded output (BIBO) stability, resilience
against transient model uncertainties, and round-off errors
[2], rendering them highly competitive for various appli-
cations. Due to their simplicity, stability, and robustness,
FIR filters have been widely used for state estimation in
linear dynamic systems [3]-[5]. However, designing FIR
filters for nonlinear systems is challenging, and only a few
attempts have been made to date. In [6], the unbiased FIR
(UFIR) filter was extended to nonlinear systems and then
applied to indoor robot localization [6]. In [7], an alternative
nonlinear FIR filter that can manage the horizon length was
proposed. These methods are based on the local linearization
of the nonlinear system, which actually still requires previous
estimation results.

In recent years, the Koopman operator has received sig-
nificant attention in the field of nonlinear dynamic systems.
The Koopman operator [8], [9] is an infinite-dimensional
linear operator that describes the evolution of a system’s
observables over time. By utilizing the Koopman operator,
a nonlinear system can be transformed into a linear system
in an infinite-dimensional Hilbert space. With the advance-
ment of theoretical studies [10] and data-driven techniques
such as the dynamic mode decomposition (DMD) algorithm
[11], [12] and deep learning [13] to find finite-dimensional
approximations, the Koopman operator theory has emerged
as a powerful tool for analyzing nonlinear systems. The
use of Koopman theory has shown promising results in
various applications, including control [14], forecasting, and
identification [15] of nonlinear systems.

As a result of the well-established research on state
estimation of linear systems, it is an attractive idea to apply
the Koopman operator to nonlinear state estimation. In [16], a
Koopman operator-based Kalman filter (KKF) was proposed,
which used a linear regression model to approximate the
Koopman operator from data. This method was later im-
proved by using a bilinear approximation of the Koopman
operator in [17]. However, data-driven models may have
difficulty to capture time-varying system parameters, noises,
and faults, which could impact the estimation accuracy. To
overcome the non-Gaussian problem and outlier issues in the
lifted state space, a robust generalized maximum-likelihood
Koopman operator-based Kalman filter was introduced in
[18] using the Student’s t-distribution. However, all of these
Koopman-based filters discussed above are IIR filters, which
require prior knowledge of the initial state, and there is an
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error accumulation problem.

In this paper, we introduce a novel Koopman operator-
based finite impulse response (KFIR) filter for state estima-
tion of nonlinear dynamic systems. The proposed filter is a
generalized form of the minimum variance unbiased (MVU)
FIR filter designed for linear systems [3]. By utilizing the
Koopman operator theory and the extended DMD (EDMD)
algorithm, the nonlinear system is transformed and approx-
imated into a linear model in a finite-dimensional space.
Next, we propose a reduced-order FIR filtering structure
and derive the optimal gain that minimizes the trace of the
error covariance. The proposed KFIR filter does not require
any data outside the moving horizon. A Gaussian-Newton
method is adopted to estimate the unknown initial state.
Compared to EKF and KKF, the proposed filter has better
robustness against unexpected modeling uncertainties and
inaccurate noise information.

The remainder of the paper is organized as follows. Sec-
tion II formulates the state estimation problem for nonlinear
systems. Section III constructs the Koopman-based linear
system and its recursive model. Section IV proposes the
FIR filter structure and derives the optimal gain. Simulation
results to evaluate the performance of the proposed filter are
presented in Section V. Finally, Section VI concludes the
paper and discusses future research directions.

II. PROBLEM FORMULATION

Consider the following nonlinear dynamic systems:

(1a)
(1b)

Lp4+1 = f(.’l}k, Uk, 'Uk),
Yr = g(xk, uk, vi),

where x;, € R"*, up € R™, y, € R", and v, € R™
refer to the system state, input, measurement, and noise
respectively; nonlinear mappings f : R"* +— R" and
g : R™ — R™ are single-valued and analytic. To provide a
more general description and simplify the notation, both the
process noise and the measurement noise are included in one
vector vy. Additionally, it is assumed that vy is a random
variable with zero mean and known covariance, i.e.,

cov{vi} = Q,. 2)

The objective is to design a filter to estimate the system
state xj by fully using a moving horizon of ¢ inputs
and measurements {(Wm, Ym), - (Ug—1, Yr—1), (UK, Yi)},
where m = k — ¢ + 1. In contrast, data before time instant
m will be ignored in estimating x.

To solve the problem, a linear recursive model based on
the Koopman operator through offline analysis is established
in Section.Ill. Building upon this foundation, Section.IV
presents the development of an online FIR filter.

mean{vy} =0,

ITII. LINEAR RECURSIVE MODEL BASED ON THE
KOOPMAN OPERATOR

A. Koopman operator

Definition 1 (Koopman operator). Consider a nonlinear
autonomous system x.1 = f(xy), where x; € X C R"=,

The Koopman operator K : H — H is defined as a linear
operator who makes

Kp2 pof, VYo :X— R (or Ch), (3)

where @ = [p1(z), pa(x),---]" € H is a vector of basis
functions (typically infinite-dimensional).

Based on the above definition, a infinite-dimensional linear
system can be represented as

P(xri1) = (f(xr)) = Kp(xk). 4)

According to the Koopman operator theorem [8], [10], the
above linear system can fully describe the nonlinear dynamic
@p+1 = f(xy), without produce errors. Consider the input
uy and noise wvi, we can define an extended state { =

<
[wz, uz, vﬂ . Therefore, the system (la) can be convert to

©(Cry1) = @(f(Cr), Sur, Svi) = Ke(Cr),  (5)

where S denote the left-shift operator, i.e., Sur = wg41.
Readers can refer [10] for more details on Koopman operator
theory.

The Koopman operator maps basis functions to their
corresponding future states. However, for real systems, the
analytic form of K is usually infinite-dimensional. To make
it computationally feasible, a common approach is to use
a finite-dimensional approximation in the form of a linear
time-invariant (LTI) system, which can be expressed as

Zkt+1 = Az, + Buyg + Evg + Gék, (6a)
yir = Cz;, + Duy + Fu, + Héy, (6b)
_ Lk _

Zp = Lb(wk)} , xp = Tz. (6¢)

In this system, z; € RN= represents the lifted state,
where N, is the number of the lifted state variables. The
vector P(xy) € R™ is a set of finite-dimensional
basis functions that are used to approximate the
Koopman operator, it is a simplified version of ©((x).
The approximation error &y € RNe+"v consists of
two parts: 8, = [627,6Y7]", where 67 € RM: and
07 € R™. The matrices A € RNe>XNe B ¢ RNexnu,
C c Rw>Ne F ¢ Rw*Ne G = [I, 0] € RN=x(Natny)
and H = [0, I] € R™w*Netm) are the lifted system
matrices, respectively. T = [I, 0] € R"%*Ne is used to
transform z; back to x;.

Remark 1. To ensure differentiability of the Koopman
operator’s basis functions, which is required for derivative
calculations in Section IV-B, here the optional types of basis
functions are restricted to smooth ones, e.g., polynomials,
sines, and Gaussians.

To facilitate filter design, a global linearization between
zj. and x;, is obtained as
zr = Lz + ¢, + €, @)

where L € RV=%"= ig the linear transformation matrix, and
c, and e, € RN= are the bias and error vectors, respectively.
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Matrices in (6a), (6b), and (7) can be determined by
using the extended dynamic mode decomposition (EDMD)
algorithm [12]:

A,B.E =arg min |Z} - AZ"° - BUP —EV"||3,
A B.E

(8a)
C,D,F = arg min ||YP — CZP° - DUP — FVP |3,
CD,F
(8b)
L,c, =arg Iﬁlin |Z° — LXP —c.1|2, (8¢)
where XP = [T, x1, ..., TM]s Y2 = [yo, 1, v,

UP = [ug, w1, ..., un], and VP = [vg, vy, ..., v\1] represent
the data stack matrices of =, y, uw, and v respectively,
which are generated from the real nonlinear system (1).
M denotes the data length. ZP = [zq,z1,..., zm], and
7o — [z1, 22, ..., 2m41], are the data stack matrices of z
and the next step of z, respectively, which are obtained by
substituting XP into the lifting function (6¢). The analytical
solution to (8) is

zr7" zr7"
[A,B,E| =28 |OP| , [C,D,F]=Y" |UP| , (%)
VD VD
_ xp1f
Lel-2 Y] (9b)

where | denotes the pseudo-inverse.
Meanwhile, the variances of the errors 67, 62, and €5 can
also be estimated using the available data set:
cov{d;} = Rs = diag{R§,RY},
with Rf ~ cov{Z? — AZP® - BUP - EVP},
RY =~ cov{YP — CZP - DUP — FVP},
cov{er} = R. ~ cov{ZP — LXP — c.1}.

(10a)
(10b)

To obtain the statistical characteristics accurately, the data
set used in (10) should be distinguished from that of (8).

Remark 2. The data stack can be obtained by simulating the
nonlinear system model (1), with the simulation involving
either a single trajectory or multiple trajectories.

B. The linear recursive model
The system (6) on a horizon of ¢ points, with recursively
computed forward-in-time solutions, is derived as follows
Z(k,m] = Avzm + Boupm) + Eovpm) + Gedg,m), (112)
Yik,m] = Cozm + Do ) + Foevp m) + Hedjg 1, (11b)

-
where zj,, = [zl,..z%h] € R, Y] =
[yg,,yjn] € Rznf’r, U] = [uz,,u;] € Ri”“,
Vlk,m] = [’Ug,...,’l};] S Rlnw’ Vik,m] = [’U;cr,...,'UIJ S
R%v_ The extended system matrices A, € RNz XN

BE c RENlenu’ EE c RENzXlnv’ CZ c anyxlNI’ Dl c

R xéru and Fy € R™v* are time-invariant, and are
specified as

r T
A=A (A7), AT ]
(0 B Af=2B Af'B
00 AB A‘’B
Be=1: : : )
0 0 0 B
0 0 0 0
(0 E A—2E AE
0 0 ... A3E A?E
Eo= i 1 2
0 O 0 E
0 0 0 0
[0 G A2G ACIG
0 0 ... A3G AG
Ge= |1 1 2
o o --. 0 G
oo -~ 0 0
Cg = diag{C, C, ceey C}Ag,
D, = diag{C, C, .., C}Bg + diag{D, D,..., D},
F, = diag{C, C,.., C}Eg + diag{F, F, .. F},

H, = diag{C,C,...,C} G, + diag{H,H, ..., H}, (12)

The variances of uncertainties v ,) and 9y, are

Cov{v[k,m]} = Qv = diag{Q., Qv ..., Qu},
COV{(s[k_’m]} = RA = diag{R(;, R(s, ceey R5}.

(13a)
(13b)

Moreover, the ¢-steps prediction from z,, to z; can also be
derived from (11a) as

zi = Apzm + Boupm) + Eovp ) + Gebjge ), (14)

where Ay, By, Ey, and G, refer to the first N, rows of Ay,
By, Ey, and Gy, respectively. This equation will be used in
the filter design.

IV. FILTER DESIGN
A. FIR filter structure

To estimate the value of x; based on the extended system
(11), we propose the use of a reduced-order filter with a
finite impulse response (FIR) structure:

Tk = ArYp,m) + Bk, (15)

where A;, € R *fw ig the filter gain, and pp € R™ is a
compensation vector that ensures & is unbiased.

Define the estimation error as e, = xj — Xj. The
optimal gain is designed by minimizing the trace of the error
covariance Py, = cov{ey}:

Af, py = arg min tr{Py}. (16)
Ag,p
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To solve the optimal gain, the estimation error should be
analyzed. By substituting (15) and (14) into the estimation
error expression, one can obtain:

€ — Tzk — :f}k
— (TA; — AkCy) 200 + (TBy — ADy) wp )
+ (TE@ — AkFg) Uk,m] + (TG@ — Ang) 5[k,m]
~ e (17)

It implies that the estimation error relates to the unknown
initial lifted state z,,. To this end, existing linear FIR filters
can compute the covariance of z,, [19], or use the unbiased
condition TA;, — A;C; to eliminate the influence of z,,
[3]. However, both methods are too conservative for the
Koopman-based linear system (6) since the definition of (6¢)
provides additional information about z,,. In other words, the
degree of freedom of z,, is only equal to that of x,,. If x,,
is determined, then z,, is also determined. For this purpose,
the constraint (6¢) should be taken into account when dealing
with z,,.

B. Initial state estimation

We propose a novel method based on weighted nonlinear
least squares to estimate the unknown initial lifted state
Zm, aiming to improve estimation accuracy by utilizing
the constraint information in the lift function (6¢). The
optimization problem is formulated as minimizing the fitting
error:

&, = argmin Hr(:i:m)Hl?\/I,l , (18)
where the residuals 7(&,,) and the penalty matrix M are
specified as

T,

7(Zm) = Ype,m) — Cr Lb (im)} —Doupm),  (192)

M = F,QyF; + HRAH]. (19b)

The optimization problem (18) belongs to the category of
weighted nonlinear least squares thus has no analytical
solution. Therefore, we use the Gauss-Newton algorithm to
solve it iteratively:

| =, K (E,),

te{0,1,...ts}  (20)

where ¢, is the maximum number of iterations, the step size
K! is computed as
K! = [(C,L!)"™MY(C,L!,)] " (C,LL) ™M, (21a)

(21b)

—pt
=2t

To begin with, the global linearization equation (7) is uti-
lized. By combining (7) with (11b), an unbiased smoother
can be employed:

&0, = K2 (Yjm) — Cec. — Dot ) (22)

where

KS = [(C)™™MH(C)]  (C)™™ML, (230)

M =M + C,R.C]. (23b)

Finally, the iteration process will stop when either the
estimate converges or when the iteration step exceeds ;.

Remark 3. The initial state estimation utilizes only the data
within the moving horizon. While it is possible to obtain &,
from the previous estimation step, doing so would result in
a filter that no longer belongs to a FIR structure.

C. Optimal gain

*

After obtaining ), the lifted state estimate 2), =
[(@r)T vt ()] " can be computed. However, the estima-
tion error z,, — 2;, is unknown. To reduce the influence of
the error, the following local linearization is used to describe
the dependence between z,, and x,,:

Zm =20 + L) (X, — &),) + o, (24)

where L, is the result of LY, in (21b) when &!, = &7, and
om € RN= represents the linearization error. In this way, the
error z,, — 2, is divided into two parts. By substituting (17)
into (24), the first part L’ (x,, — &},) can be eliminated by
using the new unbiased condition

(TA, - A,C/) L;, = 0. (25)

Compared the direct use of TA,— A, Cy, the constraint (25)
is time-varying and more relaxed. It is still a difficult task
to obtain the covariance of the local linearization error o,
so we approximate it as a decay of the covariance of R,
which is the global linearization error:

cov{on} = Rs = aRe, a € [0,1]. (26)

Now, by using pj to balance known bias in (17), the
estimation error covariance becomes

P, = (TA;— A,C)) R, (TA, — A,Cy)"
+ (TE; — AxG¢) Qv (TE; — A4Gy)"
+ (TG@ — Ang) Ra (TG@ — Ang)T . @27

Then, the optimization problem (16) can be rewritten as the
following form:

A}, = arg 11111111 tr{Pr}, st (25). (28)
k

Finally, the solution is given by the following Theorem.
Theorem 1. Given system (11), the optimal FIR filter

minimizing the trace of the estimation error covariance is
expressed as

&y, = ALY k,m) + B, (29)
with
T
e o0 . Q  C.L,
[A},0] = [TII TA.L},]| L) o[ G
Ky = (TAZ - Azcg) zZ+ (TB@ - AZD@) Uk, m]s
(30b)

2162



where ¢ can be set free, and matrices II and € are specified
as

I = AR,C! +E/QyF; + GRAH]
Q=C(R,C; +F,QyF, + HR H/.

(31a)
(31b)

Proof. For convenience, partition the matrices Ay and T
by rows into Al = [A1, Ag, ..., An, ], TT = [t1,t2, ..., b, ]
respectively. After that, the minimization problem (28) is
reduced to

Af = arg | min

1yeesAng

Ng
E Jia
=1

st. (L)TCINi = (L:)TAlt;, i=1,2,...,n, (32)
where each J; is given as
Ji= (6] A~ ATC) R, (tJA,— ATC)) "
+ (tTEe — ATG) Qv (tTE, — ATGy) "
+ (t;rég - )\;I—Hg) Ra (t;rég — )\JH@)T
= A QX — 2t]TIN; + t] Bt (33)

where ® = AgRgAlT + EngElT + GgRAC‘J. It implies
that the i-th sub-objective function J; only depends on h;
and is only subject to the i-th constraint (L},)TCJA; =
(L:,)TAJt,. This simplifies the minimization problem (32)
to n, independent minimization problems:

A =argminJj, st. (LX)TCIN = (L) TAlt:. (34)

It can be found that (34) belongs to the equality constrained
convex quadratic programming problem. By using a La-
grange multiplier 8; € R"» and searching for the extremum
of the Lagrangian, the solution to (34) is given by the
following linear equation

Q c.Ly 1 [N] [ Ot 5)

All of the above linear equations for ¢ = 1,2,...,d, share
the same coefficient matrix. Hence, the optimal gain A* is
a value of A that satisfies

6]

Q (TI)"

- 36
(TA@L:”)T ) ( )

where © = [01, 05, ...,0,_]. By solving the above equation,
the result of the optimal Ay is shown in (30a). After that,
p, in (30Db) is obtained to have &} unbiased. []

Remark 4. If system (1) is linear, the lifted state z; =
Tk, the system matrices G = H = 0, T = I, the linear
transformation matrices L = L!, = L} =1, and the errors
O = € = o, = 0. In that case, the proposed filter will be
reduced to the MVU FIR filter [3].

o
o
)

Input u
o
o

o
T

100 200 300 400 500 600 700 800 900 1000

o

Time k

o
=)

Measurement y
o
©

0 100 200 300 400 500 600 700 800 900 1000
Time k

Input and measurement sequences (Normal case).

V. SIMULATION
A. System description

Consider a discrete-time nonlinear prey-predator model
that is adopted from [20]. The dynamic equation and mea-
surement function for this system are given by

2
21k + Ts(azy p —baf ), — cay paa gk + v1k)

Tok + Ts(dwok + w1 g2k + up + v2k)
(37a)

(37b)

LTk+1 =

ye=[1 1]k +vss.

In this system, the two states, x1 and xa, represent the
populations of prey and predators, respectively. An input,
ug, is included to modify the evolution of the predator
population. The system parameters are set to a = 0.25,
b=0.2,c=0.95d=0.55,and e = 1.1, while the sampling
interval is Ty = 0.1. The system noise vy, follows a Gaussian
distribution v, ~ A (0, diag(0.01%,0.01%,0.04%)). In the
simulation, the true state trajectory starts from the initial
value o = [0.83,0.28]T and lasts more than 1000 samples.
The input signal is designed as uy = 0.026_w, where
mod(-) is the modulo operation. The designed input signal
and the resulting measurement sequences are shown in Fig.1.

B. Linear model based on the Koopman operator

To obtain the linear model (6), we generate 300 state
trajectories, each with 1000 samples. The initial states and
inputs are generated by uniform distributions within their
bounds given by z10 € [0.2,0.9], 220 € [0.05,0.5], and
ug € [—0.02,0.02]. The training data set is shown in Fig.2,
each gray line is a state trajectory. The basis functions are
selected as ¥(x) = [23, z129, 23, 23, aiwe, w123, 23, a1,
3z, 2322, 1123, 23, 2%, wixd, 2322, 2223, xy23, ng
so that the dimension of zj is N, = 20. After obtaining the
linear model (6), another 200 state trajectories are used to test
the model and get the covariance of the approximation error
0. Using the acquired linear model, the long-term prediction
outcome is illustrated in Fig.2. The prediction trajectory

2163



Training data
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04r
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03
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0.2 0.3 04 0.5 0.6 0.7 08 0.9

Fig. 2. Training data set and long-term prediction.
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100 150 200 250 300 350 400 450 500
Time k

State
o
N
e

Fig. 3. Estimation results (Normal case).

originates from [0.8,0.3] T and is driven by the same inputs as
the true trajectory. Evidently, the predicted trajectory derived
from the Koopman operator (dashed magenta line) closely
follows the actual state trajectory (black line).

C. Estimation results

By applying the proposed KFIR to the above system, the
estimation results are shown in Fig.3. The horizon length of
KFIR here is set to £ = 40. In the initial state estimation, o =
0.1 and t5 = 1 are used. As a comparison, the results based
on the EKF [1] and the KKF [16] are also displayed. Both
EKF and KKF are IIR filters, and they require a guess &g
of the initial state xy. We consider three different scenarios
to compare their performances:

o Case A: The initial guess is accurately equal to the true
value, and the initial error covariance is set to zero, i.e.,
.’f)o =Xy and po =0.

o Case B: The initial guess is imprecise, but the initial
error covariance effectively reflects the uncertainty in
the guessed value. We set &o = [0.5, 0.5]7 and Py =
0.11.

o Case C: The initial guess is imprecise, and the initial er-

10" F
EKF (Case C)
KFIR
0
= 10
2
=
e KKF (Case C)
KKF (Case B)
ok \ \ EKF (Case B) |
102 £ o .
KKF (Case A) EKF (Case A)
. . . . . . . . .
0 10 20 30 40 50 60 70 80 90 100

Horizon length ¢

Fig. 4. Estimation performance comparison (Normal case).

ror covariance cannot effectively reflect the uncertainty
in the guessed value. We set £y = [0.5, 0.5]7 and
Py =1
Fig. 3 also shows the results of EKF and KKF under Case B.
Both methods converge to the true state after some iterations.
On average, computing one state estimate costs 1.2287 x
1072 (s), 2.3349 x 1075(s), and 7.6491 x 103 (s) for KFIR,
KKE, and EKF, respectively.

The complete comparison of their estimation accuracy is
presented in Fig. 4. The root mean square error (RMSE)
is used as the accuracy criterion. In the case of the KKEF,
the RMSE is computed using the formula RMSE =

\/K 41 — Z?;‘;" lzx — &k ||?, where K,ax is the total sim-

ulation steps. For other filters, the RMSEs are calculated as

RMSE = \/ﬁ fmex || @y, — @||2. Tt is observed that
EKF provides the best estimation results when the initial state
is perfectly known (Case A). However, in the case where
the initial error covariance is set to a bad one (Case C), EKF
appears to be non-converging and generates the worst results.
The performance of the proposed KFIR does not require an
initial guess of the state, but it is dependent on the horizon
length. As shown in Fig. 4, the RMSE of KFIR decreases
with the horizon length, and if the horizon length is long
enough, the estimation results of KFIR surpass those of KKF
under any case and approach those of EKF with a perfect
initial guess.

D. Robust test

To further evaluate the robustness of the KFIR filter, a
fault is introduced into the system. Specifically, the system
parameters are changed to a = 0.15, b = 0.1, ¢ = 1.15,
d = 0.35, e = 1.3, and T, = 0.12 between time steps
k € [300,500]. Moreover, the noise covariance is assumed
to be known inaccurate, i.e., Q, in filter settings is known
as diag(y20.012,~420.012,1/420.042), where v = 5. The
remaining settings are the same as in the previous subsection.

The estimation results produced by KFIR, KKF, and EKF
are presented in Fig.5. It is observed that all filters have
negligible errors in the first 300 samples. During the fault
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period, KFIR provides the most reliable estimation results.
Moreover, KFIR converges to the true state much faster than
the other two filters after the system returns to normal.

We also conducted a comparison of the estimation perfor-
mance of the KFIR filter with different horizon lengths, and
the results are presented in Fig.6. It can be observed that the
RMSE of KFIR is concave with respect to the horizon length
and has a minimal value of £ = 31. When ¢ > 31, increasing
¢ reduces the estimation accuracy. This is because increasing
the window length causes the FIR filter to approach an IIR
one. Furthermore, Fig. 6 also shows the estimation results
of EKF and KKEF. In this case, both EKF and KKF perform
similarly due to the fault and noise covariance mismatch that
are the main factors affecting the estimation accuracy.

VI. CONCLUSIONS

In this paper, a novel Koopman operator-based FIR filter
that minimizes the trace of the state estimation error covari-
ance for nonlinear dynamic systems is proposed. This filter
is a generalized version of the MVU FIR filter, originally
designed for linear systems. Compared to IIR filters, the
proposed filter does not require an initial state guess and

converges to optimal estimates using any initial state value.
Simulation results demonstrate that the proposed filter has
better robustness against faults and inaccurate noise infor-
mation than EKF and KKF. Some possible directions for
future research include considering the approximation error
as bounded noise to further improve robustness, as well as
exploring more efficient iterative realization of the batch
algorithm to reduce computational cost.
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