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Faster Consensus via a Sparser Controller
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Abstract—In this paper, we investigate the architecture of an
optimal controller that maximizes the convergence speed of a
consensus protocol with single-integrator dynamics. Under the
assumption that communication delays increase with the number
of hops from which information is allowed to reach each agent,
we address the optimal control design under delayed feedback
and show that the optimal controller features, in general, a
sparsely connected architecture.

I. INTRODUCTION

Consensus of dynamical systems is a fundamental tool
in control theory and applications that has been extensively
studied over the latest few decades [1], [2]. One implementa-
tion issue in distributed control, arising especially in large-
scale systems where communication occurs over wireless
channels, is latency due to data transmission. Such a latency
affects the feedback information exchanged among agents.
When this latency is non-negligible compared to the system
dynamics, a careful design of the controller needs to consider
and compensate the feedback delays to avoid performance
degradation. The presence of delayed feedback information
used in control may trigger dynamic modes that force control
actions to be conservative in order to ensure stability, thus,
making it more difficult to command the system trajectory.

Classical control literature addresses this problem by assum-
ing distributed controllers with given architecture (structured
controllers) where the design of feedback gains takes into
account communication delays in the system dynamics. A
large body of work addresses stability conditions. Relevant to
the consensus problem that we concentrate on, a few related
works are [3] that studies stability of consensus under several
delay models for a network of identical agents in continuous
time, [4], [5] that deal with finite-time stabilization of discrete-
time systems, and [6], [7] that consider error compensation in
vehicular platoons with different network topologies. Other
relevant works focus on performance, e.g., [8] finds an upper
bound on the convergence rate of consensus under time-
varying delays, [9], [10] minimize the #s-norm associated
with the consensus error, and [11] proposes a control protocol
for high-order systems to maximize convergence speed.

A second, more recent, line of work addresses design not
only of control gains but also of the controller architecture.
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For example, work [10] proposes greedy algorithms that
modify the communication links to decrease the Hs-norm
of the consensus error under time-delays. The authors
in [12] introduce the System Level Synthesis as a possible
framework that accounts for impact of communication locality
in robust control design. The article [13] surveys methods that
trade controller complexity for closed-loop performance of
stochastically forced systems, where the optimization problem
associated with control design incorporates a regularization
term that penalizes the presence of communication links.
Work [14] investigates algorithms for near-optimal edge
selection to maximize convergence rate of a multi-robot
system to a rigid formation.

While the latter body of literature mostly works under
the common wisdom that reducing the total number of
communication links entails advantages, this is typically
intended as a benefit from scalability or resource allocation
standpoint rather than to performance. In particular, the all-
to-all architecture is typically regarded as optimal for closed-
loop performance [10], [13], whereas practical constraints
impose sparser implementations in applications. This stems
from the hidden assumption that communication delays do
not depend on the controller architecture in relevant manner.
However, if this did not hold true, the optimal architecture may
be crucially different. For example, work [15] characterized
consensus on lattices under time-slotted communication where
feedback delays depend on transmission power, proving that
the controller architecture maximizing convergence speed
is sparse when the lattice dimension is greater than one.
Under similar spirit, recent work [16] considered mean-
square consensus on undirected graphs where feedback
delays depend on the communication hops over a given
network, showing that the optimal controller features sparse
interconnections if delays increase fast enough with the
number of hops.

In this paper, we draw inspiration from the setup in [16]
to investigate performance of distributed controllers with
respect to the convergence rate of a consensus protocol under
architecture-dependent communication latency. Differently
from [15], we consider system dynamics that induce more
restrictive stability conditions, assume a more general model
for delays, and address optimization of feedback gains. Impor-
tantly, rather than purposely modifying the communication
links to improve performance, as done in, e.g., [10], we
consider different architectures with no explicit relation to
performance and explore the effect of architecture-dependent
delays. In analogy to the fundamental performance trade-
off observed for stochastic systems in [16], we show that,
when delays increase with the density of the architecture,
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the distributed controller that minimizes the convergence
rate has in general a sparse architecture, irrespectively of the
specific network topology. In particular, numerical experiments
yield fundamentally different conclusions than [15] where
the optimal architecture was proven to be the complete graph
for the ring topology.

This paper is organized as follows. Section II introduces the
system setup. Section III tackles optimal feedback gain design
for a distributed controller. Section IV presents numerical
performance with different architectures, showing optimality
of sparse controllers. Conclusions are drawn in Section V.

II. SETUP
A. System Model

We address a Networked Control System composed of N
interconnected agents (or nodes) which aim to consensus.

Agent Dynamics. Each agent i € {1,..., N} evolves as
a scalar discrete-time single integrator,

where k& > 0 denotes time, x;(k) € R is the state of agent
i, and u;(k) € R is its control input. We denote by z (k) €
RY and u(k) € RY the states and inputs of all agents,
respectively.

Feedback Control. Agents exchange state information
according to a communication network modeled as a graph
Gy, where n parametrizes the number of links in G

Assumption 1 (Distributed controller architecture). The
controller architecture is given by the undirected graph
Gn = V,E,) where V ={1,...,.N} and £, CV xV is a
collection of node pairs such that nodes i and j communicate
if and only if (i,j) € E,. For n > 1, the edge set is built as

€n+1 = gn U U U U (Z7£)7

1€V JEV (1) £€Vn (1)\(Vn (1) U{i})

L.2)

where Gy is assigned a priori and V,, (1) is the n-neighborhood
of node i, ie., V(1) = {j € V: (i,)) € E,}. Graph Gy is
connected and simple, and d., (i) = |V,,(7)|.

In words, given an initial architecture G, G,, is built by
connecting nodes whose distance in G; is at most n hops.

Given an architecture G,,, agent ¢ computes control inputs
u;(+) via state measurements received from its n-neighbors.

Assumption 2 (Communication delays [16]). State mea-
surements communicated across G, are received after delay
Tn = f(n), where () is a positive increasing sequence.

In order to let agents achieve consensus, we assume
Laplacian-type proportional feedback control [3], [10], that
is,

u(k) = —Kpz(k — 1), (I1.3)

'In the following, we interchangeably use the phrases communication
network, network topology, and controller architecture (or just architecture),
by which we refer to the graph that describes data exchange among agents.
A distributed controller is defined by both its architecture and feedback
gains.

where the feedback delay 7,, > 0 follows from Assumption 2.

Assumption 3 (Structure of feedback gains). Matrix K,
satisfies K, = KTT and K,1 =0, 1 e RN being the vector
of all ones. The feedback gain [K,,);; = [K,);i is nonzero
only if the communication link (i, j) belongs to &, or if j = 1.
Also, we require [Kplii = — ey (1)[Knlij for all i € V.

Finally, agent evolution (II.1) paired with controller (IL.3)
yields the following global consensus dynamics,

z(k+1)=a(k) — Kpz(k — 7). (I1.4)

B. Problem Formulation

In this paper, we are primarily interested in investigating
the controller architecture that yields the fastest convergence
of the consensus dynamics (II.4). We also address optimal
feedback gains that maximize the consensus speed, which
allows for a fair comparison of controllers with different
architectures.

It is well known that the convergence rate of the delay-free
autonomous dynamics corresponding to (IL.4) is geometric
and given by the Second Largest Eigenvalue Modulus (SLEM)
of the state matrix. In the presence of delays, system (I.4)
can be rewritten as a delay-free system by means of state
augmentation [15], where the augmented state x, (k) stacks
Tn, + 1 consecutive states from time k& — 7, to time k. The
convergence rate is then the SLEM of the augmented state
matrix A,,. Standard computations yield the following result.

Lemma 1 (Eigenvalues of delay system [16]). Let (IL.4) be
equivalently written as the following delay-free system,

2o(k+1) = Anxq (k). (I1.5)
Then, the spectrum of A, is given by
N
o(An) = | {2 hn(z;\}) = 0}, (IL.6)
j=1

where N} € o(Ky,) is the jth eigenvalue of K, in non-
decreasing order, such that 0 = A} < Ay < --- <A}, and
the characteristic polynomial associated with X is

Bp(z;A) = 2™ — 2™ A (I1.7)

Matrix A,, has an eigenvalue at 1, corresponding to a root
of h,,(z; AT). For notation convenience, we denote the largest
eigenvalue modulus corresponding to A € o(K,,) by

pn(A) = max {|z| : hp(z;A) =0}, (1.8)
which allows us to express the convergence rate of (I1.4) as

R, =max{p,(\) : A € o(K,)\ {0}}.  (IL9)

Finally, to investigate the performance of controllers with
different architectures under architecture-dependent delays,
we address maximization of the convergence speed of (I1.4).

Problem 1 (Optimal distributed controller). Given Assump-
tions 1 to 3 and an architecture G, find the parameter n
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with optimal feedback gains that optimizes the convergence
of (1L.4),
n* € arg min KmiI’% R,, (I1.10)

n n€ln

where IC,, collects all matrices that satisfy Assumption 3.

Problem 1 requires to evaluate the convergence rate R,
for n € {1,...,"max}, Where G,__ is the complete graph.
By virtue of the inner minimization in (I[.10) that involves
the feedback gains, we can fairly compare controllers with
different architectures. In Section III, we address the optimal
design of feedback gains for a given architecture, while
in Section IV we solve Problem 1 for different communication
topologies.

Remark 1 (Impact of delays). Under constant communication
delays, the fastest convergence is typically achieved by the
densest architecture. Here, adding communication links yields
both the benefit of speeding up information sharing across
the network (Assumption 1) and the drawback of increasing
feedback delays (Assumption 2). As shown later via numerical
experiments, the latter aspect is crucial role in determining
the optimal controller architecture, and in particular it can
enable fast convergence via sparse controllers. Importantly,
this is different than, e.g., [10] where carefully removing links
improves performance under constant delays: indeed, we do
not remove edges with attention to the performance metric,
but we optimize the feedback gains of different architectures
whose topology is not optimized w.r.t. performance.

III. CONTROL DESIGN

In this section, we propose strategies to choose feedback
gains in K, with a given architecture G,,. Because n (G,,) is
fixed, we omit the script n in the rest of this section.

A. Stability Analysis

The delay-free version of the single-integrator dynam-
ics (I.4) is stabilized by any feedback gain matrix K such
that / — K has all eigenvalues inside the unit circle except for
the one fixed at 1. The same stability requirement holds if the
delay-free inertia term z (k) in the right-hand side of (I1.4)
is also delayed so that the dynamics are simply “stretched”
in time by a factor 7, as assumed in [15]. Conversely, more
complex stability conditions hold for system (I.4), which
were derived in [16] and are reported below for convenience.?

Proposition 1 ([16, Proposition 4]). System (IL.4) is stable
if and only if, for j =2,..., N,

3 T o (T 1

In words, condition (III.1) shows that the delay in (I.4)
triggers unstable modes if control actions are too aggressive.
In particular, larger delays force more conservative control,
as seen by the bound A\, which is decreasing with 7. Notably,
the bound A, does not depend on the network topology.

2Even though reference [16] is concerned with mean-square stability of the
stochastically forced version of (II.4) with additive noise, stability conditions
are the same because they depend only on the system modes (eigenvalues).

Imaginary part

-1 1 -1 1

-0.5 0 0.5 -0.5 0 0.5
Real part Real part
T P

Fig. 1. Root locus of h(z; \) with A € [0, \,] for T = 5 (left) and 7 = 6
(right). All branches expand from z = 0 except for the one starting at z = 1.

Straightforward application of Gershgorin theorem yields
the following result, which is amenable to distributed imple-
mentation and restrict the usual conditions on edge weights.

Corollary 1 (Stabilizing uniform gains). Let K = —gL with
L the Laplacian matrix of G. System (11.4) is stable if

X,
0<g< =,
9=5D

B. Optimization of Feedback Gains

D = maxd(i). (IIL.2)

Corollary 1 give conditions for simple choices of feedback
gains that can be implemented locally at nodes. For example,
the standard choice g = 55— becomes g = 377

We next address the optimization of feedback gains
in Problem 1. This corresponds to the inner minimization of
K, in (II.10) for a given architecture G,, (i.e., for given n).
We focus on a centralized design that requires knowledge of
the eigenvalues of K, deferring a distributed design to future
work.

Problem 2 (Optimal structured controller). Find a feedback
gain matrix K that minimizes the convergence rate of (11.4),

K* € arg min R.
KeK

(IIL.3)

It is known that Problem 2 is nonconvex and nons-
mooth [17]. Nonetheless, the specific structure of our problem
allows us to retrieve the solution of (IIL.3), as described next.

A related problem is faced in [18] for delay-free double
integrators, where the authors note that p()\) is decreasing
for A < Ay and increasing for A > Ay, for a threshold Ay,.
This immediately yields that the SLEM of A is a root of
either h(z; A2) or h(z; Ay ), which simplifies the optimization
problem into a cascade composed of a convex SDP followed
by an algebraic equation.

The key move that allowed the authors in [18] to assess
monotonicity properties of p(\) was its explicit calculation,
which in this case is not possible for arbitrary 7. However,
the same behavior proved in [18] can be observed here if
we consider the root locus associated with the characteristic
polynomial h(z;\), where A acts as feedback gain. Two
typical root loci are shown in Fig. 1, one for odd 7 and one
for even 7. When A = 0, there is one root at z = 0 with
multiplicity 7 and one simple root at z = 1. As )\ increases,
the latter decreases along the real axis while all other roots
grow in modulus. In particular, there is a real positive root

7459



0.95

0.85

Largest root modulus p
g

e
o

005 01 015 02 025
Gain A

Fig. 2. Graphic of p()\) with A€ (0, \,) for 7 = 5.

that increases along the real axis till it meets the other positive
real root, after which the two corresponding branches enter
the complex plane and expand towards the unit circle. This
means that the largest modulus of roots of the characteristic
polynomial h(z; A) is first decreasing (when the largest real
solution decreases monotonically from 1 along the real axis)
and then increasing (corresponding to either a pair of complex
branches or to the negative real root, if present, as soon as
the corresponding modulus becomes larger than the largest
positive real root).
The next lemmas formalize the discussion above.

Lemma 2 (Monotonicity of real eigenvalues). Consider the
Sollowing definition associated with real roots of h(z; \),

pr(A) =max {|z|: h(z;\) =0,z € R}. (I1L.4)

If pr(X) # 0, there exists Ay, such that pn(N) is decreasing
Sfor X < \p,w and increasing for X > Ay x.

Proof. See [19, Appendix A]. O

Lemma 3 (Monotonicity of complex eigenvalues). All
complex roots of h(z; \) with nonzero imaginary part have
modulus increasing with .

Proof. See [19, Appendix B]. O

Lemmas 2 and 3 straightly lead to the following proposition,
which is key to our solution approach (see Fig. 2).

Proposition 2 (Convergence rate). There exists Ay, such that
p(N) is decreasing for 0 < X\ < Ay and increasing for
A < A < Ar. Hence, it holds R = max {p(A\2), p(An)}.

By virtue of Proposition 2, Problem 2 can be solved via
the same technique proposed in [18], which is summarized
next.

Consider the subset of I comprising matrices K with
eigenvalue \(K) = 1, denoted by K. Then, it holds K =
Up>0BK. In particular, any K € K can be written as K =
BK for some suitable K € K and 3 > 0. By virtue of this
observation and Proposition 2, and denoting the ith eigenvalue
of K by ), problem (II1.3) can be equivalently written as

{R*,B*} € arg min max {p(,@),p(ﬂj\N)}, (II1.5)
KekK,B>0
the solution to (IT1.3) being retrieved as K* = S*K*.
It can be seen that (III.S)ﬁcan in fact be decoupled with
respect to the two variables K and 3, and it can be solved by

first optimizing over K (with 3 = 1) and then over /3 (given
the solution K* of the first sub-problem). This is because
p(B) is independent of K and p(S8Ay) is parametric in K.
The set K is nonconvex, however, the optimization for K
can be exactly recast into the following convex SDP, noting
that the solution features \j = 1 (with A} the ith eigenvalue
of K*),

K* € argmin \y.

Kek,X,>1

(11L.6)

Finally, the optimal scaling parameter 5* is retrieved as the
solution to the following optimization problem,

B* = ar% rglin max {p(8), p(BAN) } (1IL.7a)
>
subject to  BAy < Ar. (I11.7b)

The linear constraint (III.7b) ensures that the stability condi-
tion (III.1) is satisfied. By virtue of Proposition 2, minimizing
the cost in (III.7a) amounts to finding the unique solution of

p(B) = p(BAN),

which can be solved by the bisection method. If the solution
of (II1.8) complies with (ITII.7b), then (II1.7) is solved. If this
is not the case, Proposition 2 implies that both the second
smallest eigenvalue and the largest eigenvalue of K need to
be smaller than \,, which means that R = p($) and thus
[ shall be chosen as close as possible to the upper bound
Ar 3%

Remark 2 (Optimal uniform gains). Let the feedback gain
matrix be chosen as K = —gL, then the uniform gain g can
be optimized akin B according to (IIL7) by letting K* = L.

(IIL.8)

IV. NUMERICAL EXPERIMENTS

In this section, we numerically solve Problem 1 for different
networks with the goal of investigating the optimal controller
architecture for a given initial structure G;. Because we now
consider multiple architectures, we use the subscript n to
specify the architecture G, constructed from G; according
to Assumption 1 (recall that a larger n corresponds to a larger
number of links). In view of (II.10), we aim to find an optimal
parameter n* such that the controller architecture G, - yields
the minimum convergence rate R, - of the dynamics (IL.4).

All networks have N = 100 agents. The parameter n
(referred to as number of hops in the z-axis of Figs. 3—
7) ranges within {1,... ,nm.} such that G, ;1 is fully
connected.’

In each scenario, we consider the following design strate-
gies for the feedback gains: uniform gain g = QD);ﬁ (not
optimized); uniform gain g* computed according to Remark 2
(optimized); multiple gains addressing Problem 2 and com-
puted according to (II1.6)—(I11.7). In all cases, the solution
of the equation (IIL.8) actually meets the stability condi-
tion (IIL.7b), which makes the optimization problem (II1.7)
over 3 feasible.

3When mentioning “number of hops” we actually refer to new communi-
cation links added to the initial architecture according to Assumption 1.
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Figure 3 shows the convergence rate R,, with the initial net-
work G; chosen as a 3-regular graph, with communication de-

0.98

[y —o—Uniform - not optimized

lays increasing linearly with n (which is inspired by multi-hop o 0-9 \%Umf‘?rm - optimized

.. . =t Multiple - optimized
communication). We first note that all curves are consistent = 0.94]
with our optimization of feedback gains: the non-optimized § 099 \\/
uniform gains induce the worst (largest) convergence rates, S
whereas progressive improvement is observed passing to § 0.9+
optimized uniform gains and eventually to multiple optimized 2 .88
gains. One can see that the smallest convergence rate is always © 056

achieved by distributed (not fully connected) architectures. 4 6 8
Interestingly, the optimal parameter n* is quite different Number of hops n

according to the chosen design strategy for the feedback
gains: in particular, with both uniform not optimized gains and
multiple gains the fastest convergence is achieved for n* = 5,
whereas choosing a single optimized gain yields n* = 7 as

o

Fig. 3. Convergence rate with 3-regular graph G1, N = 100, 7, = n.

—

the optimal controller architecture. This calls for carefulness o Umit P~
. . . . o [ —o— Uniform - not optimized
when performing control design and in particular when jointly o 0.99 ||—=—Uniform - optimized | _&—°
designing both feedback gains and controller architecture. = 008 Multiple - optimized A
. . . — 3 3

Also, note that some suboptimal choices of gains actually 2
induce better or comparable performance if complemented g 097
with suitably connected architecture: for example, architecture %0 0.96
G4 with non-optimized uniform gains performs slightly better Z

. ] . . . 3 095
than sparser architecture Gs with optimized uniform gains, @)
whereas architecture G; with optimized uniform gains is better 0.94 ; . p .

than denser architecture Gg with optimized multiple gains. Number of hops n

Figure 4 shows performances when delays increase quadrat-
ically with n, which is inspired by the setup in [15] where  Fig. 4. Convergence rate with 3-regular graph G1, N = 100, 7, = n2.
number of links and delays increase with the transmission
power. It can be seen that all curves are “pulled” toward
bottom-left and that the optimal architectures are sparse, 0.95 ¢
featuring n* = 1 for non-optimized uniform gains and n* = 2
for optimized gains. This is because, compared to Fig. 3,
delays grow faster and degrade the dynamics more quickly
with n, forcing the controller to act in a more conservative
way.

—6—Uniform - not optimized
—&— Uniform - optimized
Multiple - optimized

: . . 0.85 |
Figure 5 shows convergence rates with denser architectures,

where the initial network G; is a 4-regular graph. The
qualitative behavior is similar to Fig. 3. The two curves 08
corresponding to non-optimized uniform gains and multiple
gains exhibit nontrivial points of minimum respectively at
n* = 2 and n* = 3, whereas the optimal architecture for Fig. 5.
uniform optimized gains is almost fully connected. Analogous
considerations hold for Fig. 6, with trends similar to Fig. 4.

Convergence rate R

1 2 3 4
Number of hops n

ot

Convergence rate with 4-regular graph Gi, N = 100, 7, = n.

Finally, tests performed on a random graph in Fig. 7 (with

—6—Uniform - not optimized

sparse and dense areas) with linear delay increase also show [ Unit N
. . . . . . —&—unirorm - 1

behavior similar to Figures 3 and 5, suggesting a consistent % 098 Mullto.lple ?;;;;ZZZ d a/g

pattern that mostly depend on the delay rate f(-). = 0.96 9
5]
2 0.94
&

V. CONCLUSION 5 0.92f
% 0.9
In this paper, we have shown that optimal distributed o

controllers with respect to the convergence rate of a consensus 0.88
protocol need not be fully connected. In fact, the fastest

convergence for a network of single integrators is achieved via

sparse architectures if feedback delays increase fast enough  Fig. 6. Convergence rate with 4-regular graph G1, N = 100, 7, = n2.
with the number of communication links.

1 2 3 s 5
Number of hops n
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Fig. 7. Convergence rate with random graph G, N = 100, 7, = n.
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