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Verification and Synthesis of Robust Control Barrier Functions:
Multilevel Polynomial Optimization and Semidefinite Relaxation

Shucheng Kang, Yuxiao Chen, Heng Yang, and Marco Pavone

Abstract— We study the problem of verification and synthesis
of robust control barrier functions (CBF) for control-affine
polynomial systems with bounded additive uncertainty and
convex polynomial constraints on the control. We first formulate
robust CBF verification and synthesis as multilevel polynomial
optimization problems (POP), where verification optimizes —in
three levels— the uncertainty, control, and state, while synthesis
additionally optimizes the parameter of a chosen parametric
CBF candidate. We then show, by invoking the KKT conditions
of the inner optimizations over uncertainty and control, the
verification problem can be simplified as a single-level POP
and the synthesis problem reduces to a min-max POP. This
reduction leads to multilevel semidefinite relaxations. For the
verification problem, we apply Lasserre’s hierarchy of moment
relaxations. For the synthesis problem, we draw connections to
existing relaxation techniques for robust min-max POP, which
first uses sum-of-squares programming to find increasingly tight
polynomial lower bounds to the unknown value function of the
verification POP, and then call Lasserre’s hierarchy again to
maximize the lower bounds. Both semidefinite relaxations guar-
antee asymptotic global convergence to optimality. We provide
an in-depth study of our framework on the controlled Van der
Pol Oscillator, both with and without additive uncertainty.

I. INTRODUCTION

Safety is critical in high-integrity autonomous systems. In
the control community, algorithms based on energy functions
are widely employed to constrain the system state in a safe
set. Among them, control barrier functions (CBF) [1] have
attracted increasing research interests. A CBF encodes the
safe set as its zero superlevel set that is control invariant, i.e.,
if the system starts within the safe set, a control sequence
exists to keep the system in the safe set. Because dynamics
uncertainty is ubiquitous in real-world systems, the notion
of a robust CBF emerges to ensure the system stays safe
despite the existence of uncertainties.

Current literature around (robust) CBF mainly focus on
the CBF deployment problem: given a CBF, synthesize a safe
controller with quadratic programming [2] or second-order
cone programming [3]. However, two challenges remain
largely unsolved: how to verify and synthesize robust CBFs?

(i) Verification. Given a robust CBF candidate, for all states
belonging to its superlevel set and all possible dynamics
uncertainty, verify whether there always exists a control
input to maintain the system inside the superlevel set.

(i) Synthesis. Find a valid robust CBF (and verify its
correctness) from a given function space.

For systems with polynomial dynamics and simple poly-
hedral bounds on the control, current works convert the
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verification problem into a convex sum-of-squares (SOS)
program [4], [5] and the synthesis problem into a nonconvex
bilinear SOS program [6], [7]. Two drawbacks exist in
these approaches. First, the bilinear SOS program is solved
via alternation which does not provide global convergence
guarantees. Second, they do not handle dynamics uncertainty
and general (convex) control constraints.

Contributions. We focus on robust CBF verification
and synthesis for control-affine polynomial systems with
bounded state-dependent additive uncertainty and convex
polynomial control constraints. We first unify and formu-
late robust CBF verification and synthesis as multilevel
polynomial optimization problems (POP, Section III) [&].
Particularly, given a parametric polynomial robust CBF can-
didate, the verification problem is casted as a three-level
POP hierarchically optimizing the uncertainty, control, and
state. The synthesis problem then becomes a four-level POP
with an additional search for the best parameter (Section III-
B). Despite the intractability of multilevel optimization, we
show that under convex control constraints and bounded
uncertainty, the inner two levels of optimization (over the
uncertainty and the control) can be eliminated in closed
form via the KKT optimality conditions. Consequently, the
verification problem reduces to a single-level POP over
the state and the synthesis problem reduces to a min-max
POP over the state and the parameter (Section III-C). We
then employ multilevel semidefinite programming (SDP)
relaxations to approximately solve the POPs with asymptotic
global convergence guarantees (Section 1V). Specifically, for
the verification problem, we relax it via Lasserre’s hierarchy
of moment relaxations [9]. For the synthesis problem, we
adopt the two-stage relaxation in [10]: in the first stage we
use SOS programming to find increasingly tight (piece-wise)
polynomial lower bounds to the unknown value function of
the verification POP, and in the second stage we maximize
the polynomial lower bounds to search for valid parameters
leading to valid robust CBFs. The reader can refer to Fig. |
for a pictorial illustration of our approach, where the dotted
blue line is the unknown value function and the solid lines are
the polynomial lower bounds found via SOS programming.
We provide an in-depth study of our algorithm on the
controlled Van der Pol oscillator (Section V).

Limitations. (i) Our approach is limited by the current
computational bottleneck in solving large-scale SDPs and
can only handle low-dimensional systems. (ii) Our approach
does not handle the composition of multiple CBFs yet.

II. RELATED WORK

There are three fundamental problems in CBF: deploy-
ment, verification, and synthesis. The first focuses on de-
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signing a safe controller (online) when a valid CBF is given,
while the latter two try to find such a valid CBF (offline).

Deployment. Online safe control given a CBF can be
formulated as a quadratic program [!] in the absence of
model uncertainty, and a second-order cone program [I1],
[12] or semi-infinite program [|3] when uncertainty exists.
These convex programs can typically be solved efficiently.

Verification & synthesis: SOS methods. Sum-of-squares
(SOS) programming has shown increasing potential in CBF
verification and synthesis because it can handle infinite
constraints and preserve computational tractability (in theory,
SOS program is convex and can be solved in polynomial
time, but practically it gets intractable when the size grows).
Early works [14], [15] consider barrier function synthesis
without control input. With control input, classical methods
formulate the synthesis problem as a bilinear SOS program,
assuming a nominal [16] or parameterized [17] controller
(which is a sufficient but unnecessary condition for a valid
CBF). Recent works [4], [5], [7] remove the assumption
of an explicit controller. For instance, [7] considers box-
like control limits and formulates a single nonlinear SOS
program. These works, however, share two shortcomings: (i)
they base their algorithms upon alternation and lack global
convergence guarantees; (ii) they do not handle dynamics
uncertainty and general convex control constraints. Our
framework aims to resolve these drawbacks.

Verification & synthesis: sampling methods. Another
popular line of research constructs a robust CBF by sampling
a finite number of states and using Lipschitz conditions
to bound the discretization error. They use evolutionary
algorithms [13], constrained PAC learning [18], or convex
optimization [19] to search for a robust barrier function.
These algorithms require Lipschitz conditions and they can
suffer from the curse of dimensionality (number of samples
grows exponentially w.r.t. state dimension).

Other methods. Handcrafted CBFs can be designed for
specific systems such as controllable linear systems [20]
and Euler-Lagrange systems [21]. [22] uses Hamilton-Jacobi-
Bellman reachability to iteratively refine a CBEF, and [23]
leverages a backup control policy. Deep learning-based meth-
ods are also emerging. Safe reinforcement learning algo-
rithms learn [24] or adapt [25], [26] safety certificates along
with a control policy without rigorous validation. Neural
CBFs learn CBF candidates with neural networks [27]. Some
also adopt a post-hoc validation after learning, such as
satisfiability modulo theory [28] and Lipschitz methods [29].

III. A MULTILEVEL POP FORMULATION FOR
VERIFICATION & SYNTHESIS OF ROBUST CBF

Consider a control-affine system with additive uncertainty
= f(z)+ g(x)u+ J(x)e (1)

where x € R" is the state, v € U C R™ is the control,
f(z) : R™ = R™, g(z) : R = R™*™, J(z) : R" s R?¥4
and € € R? models the unknown disturbance. We make the
following assumptions for system (1).

Assumption 1 (Polynomial dynamics). The entries of f, g, J
are polynomials in x.

Assumption 2 (Convex polynomial control constraints). U is
a compact convex set defined by finite polynomial inequality

constraints, i.e., U={u € R" | ¢, ;(u) <0,i=1,...,1,}
where {cuyl-},l;‘z1 are convex polynomials. Moreover, there
exists a ug such that ¢, ;(ug) <0 foralli=1,... 1,

This assumption is quite general as it includes typical
control sets such as polytopes [5], boxes [7], and ellipsoids.

Assumption 3 (Bounded uncertainty). |e|| < M..

A. Robust Control Barrier Function

A robust control barrier function is defined as follows.

Definition 4 (Robust CBF). Ler b(x) : R™ — R be a smooth
function and C = {x € R™ | b(z) > 0} be its compact
superlevel set. Then, b(x) is a robust CBF for system (1) if
there exists a class-K function o' such that for all x € C

ma min b(z) > —a(b(z)). 2)
In other words, if the system (1) starts inside C, then there
exists a sequence of control such that the system trajectory
remains inside C, regardless of the value of €. Due to
Nagumo’s Theorem [30], (2) holds for all x € C if and
only if

max min b(x) >0, Vxedl, 3)

u€lU |lel| <M,

i.e., there exists u to pull the state back to C whenever the
state lies on the boundary of C (OC = {x € R™ | b(z) = 0}).

B. A Hierarchical POP Formulation

Given a parametric CBF candidate b(x, §) that is polyno-
mial in x and 0, and assume the parameter 6 belongs to a
compact semialgebraic set © C R¥, ie., © is defined by
finite polynomial (in-)equalities. We consider verifying and
synthesizing a robust CBF from b(x, #). By Definition 4, we
can formulate the following optimization problems.

Problem 1 (Verification). Fix 0, define

VO = e i, e @

If V(0) > 0 for a given 0, then b(x,0) is a robust CBE.
Otherwise, a global minimizer x* of (4) with V(6) < 0 acts
as a witness that b(z,0) is not a robust CBE.

V() is called the value function of the verification POP.
Problem 2 (Synthesis). Let V (0) be as in (4), define
V*=maxV(0), 60" € argmaxV(6). %)
0€o 6cO
If V* >0, then b(x,0%) is a robust CBE. Otherwise (V* <
0), there does not exist a robust CBF from the family b(x,0).

Note that, for verification, any = € JC (not necessarily

x*) with “max, min b(z,0) < 0” can refute b(x,0) as a

o is a class-K function if it is strictly increasing and «(0) = 0.
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valid CBF; and for synthesis, any 6 (not necessarily 8*) with
V(0) > 0 leads to a valid CBF b(z, ). In fact, our synthesis
method can return a set of valid § with V' (0) > 0. However,
we choose to state our definitions as in Problems 1-2 to make
it easier to streamline our algorithm.

C. Reduction to Single-level and Min-max POP

Problems (4) and (5) are instances of hierarchical opti-
mization problems [8], which are in general very difficult
to analyze and solve. Nonetheless, thanks to Assumptions 2
and 3, we will show that (4) can be reduced to a single-level
POP, while (5) can be reduced to a min-max POP.

We start by expanding b(z, 0):

P 0)glw)ut o

:=Lgb(x,0)

(z,0)J () €. (6)

::LJb(.’I;,a)

::Lfb(.’l},g)
With (6), we develop V() in (4):

L L L
wnenar(lz Il?gé(‘l I‘?|(1<151u #b(x,0) + Lgb(x,0)u + Lyb(z,0)e

= L¢b(z,0)+Lgb(x,0 Ljb(x,0 7
;relgérlr}gx rb(z,0)+ Lyb(x, )u—i—l‘érﬁu& gb(z,0)el| (7)

— Heua% Lyb(z, 9)—|—m€aXL b(x, 9)u—|—H I”nln Ljb(z,0)e|(8)
M,

| S ——

=V =V

where (7) holds because “L;b(x,6)” and “Lgb(z,0)u”
are constants w.r.t. “minc<p”; and (8) holds because
“Lyb(x,0)” and “min¢<ps, Lsb(z,0)€” are constants w.r.t.
“maxy,ecy”’. We next show that both V* and V, in (8) can
be solved in closed form.

1) V*: ||| £ M. defines a d-dimensional ball with radius
M. and it is easy to verify that choosing

o { Moy i 1L Ol #0 o
arbitrary otherwise
leads to
V& = =M ||Lb(z,0)] . (10)
2) Vr: according to Assumption 2, u* is optimal for

tL)

“maxyeu Lgb(x,0)u” if and only if there exists a dual
variable ¢* € R« such that (u*,(*) satisfies the following
Karush—Kuhn—Tucker (KKT) optimality conditions [31]:

primal feasibility: Cui(u) <0,i=1,...,1, (11a)
dual feasibility: G>00=1,...,1, (11b)
stationarity:  —Lgb(z, 0 —|—Z Q “u, Z (u)=0 (11c)
complementarity: Cicu,i(u) = O 1=1,...,0,. (11d)

Observe that (11) is a set of polynomial (in-)equalities. Let
K(z,0) C R™ x Rl be the set of optimal u and ¢ defined
by (11), we have that

V= Lyb(z, 0,  (u*,¢*) € K(a,0). (12)

Remark 5. The optimal control v* is generally a nonsmooth
function of x and 6. Consider c,; = u? —1,i =1,...,m,
ie., U=[-1,1]™ is an m-D box, u* is Bang-Bang in each
of its m dimensions, depending on the sign of L,b(x,0).
Therefore, (i) methods assuming u* to be smooth (e.g., a
polynomial [32]) are conservative; (ii) recent work [7] syn-
thesizes CBF by considering all 2™ combinations of Bang-
Bang controllers. By explicitly introducing dual variables (,
our derivation uses KKT conditions to bridge nonsmooth
control and smooth polynomial optimization.

Plugging (10) and (12) into (8), we have that

min

V(o) =
z€R™,z€R
W ER™ ¢ Rl

Lb(z,0) + Lyb(x,0)u* — Mz (13)

subject to 22 = ||Lb(z,0)| (14)
b(z,0) =0 (15)
(u*,¢*) € K(z, ) (16)

where x € OC is explicitly written as (15); (14) enforces
z ==+ ||Lsb(x,8)| and the “min” in the objective (13) will
push z = ||L;b(x,0)| (and hence (10) is implicit).

Standard POP. Denote y = [z; z; u*; *] € RY with N =
n+14m+1,, we can convert the verification problem (13)
to the following standard POP

hi(y?0)207i217"'alh
. (17
si(y,9)>0,i:1,...,ls} {17

Consequently, the original synthesis problem (5) is equiva-
lent to a min-max POP (where the “max” is over 0 € ©).

Remark 6 (Non-polynomial Dynamics). Our framework is
not restricted to polynomial dynamics. When the original
dynamics (1) is non-polynomial, our framework still applies
as long as the verification problem (13) can be converted
into a POP via a change of variables. For instance, assume
the dynamics (1) and the CBF candidate b(x,0) contain
trigonometric terms in & € x, so long as the functions in
problem (13) are polynomials in sin(Z) and cos(Z), creating
5§ = sinZ,c¢ = cosZ can turn (13) into a POP with an
extra polynomial constraint s2 4+ ¢2 = 1. However, we stated
Assumption 1 in the beginning to simplify our presentation.

IV. SEMIDEFINITE RELAXATION

We now apply semidefinite relaxations to solve the veri-
fication problem (Section IV-A) and the synthesis problem
(Section IV-B). Most of the results presented in this section
are adapted from existing techniques proposed in [9], [10].
Our contribution here is to draw connections, for the first
time, from global optimization of (min-max) POPs to verifi-
cation and synthesis of robust CBFs. We hope these connec-
tions will inspire researchers working on similar problems.

Before diving into the details, we add sy := 1 into
POP (17) and assume the following conditions.

Assumption 7 (Feasible and Archimedean sets). For any
0 € O, (i) the feasible set of POP (17) is non-empty; (ii)
there exists M, > 0 such that M, — lyll? = Zi*;l il +
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Zl; 0 0isi holds for some polynomials {1; I and sum-of-

squares (SOS) polynomials {ai}é‘;o in 1.

Assumption 7 is very general. First, the feasible set of (17)
is non-empty as long as 9C = {z € R" | b(z,0) = 0} is
non-empty, which can be satisfied via the design of b(z, ).
Second, if we know a priori a bound M, on y, then adding
a redundant constraint M, — lyl|*> > 0 to (17) makes the
Archimedean condition trivially satisfied. Because JC and U
are compact, it is easy to see that both = and u* are bounded.
From (14) we observe z is bounded because z2 is a smooth
function of x (and x belongs to a compact set). The next
Proposition gives sufficient conditions for when the optimal
dual variable ¢* is also bounded.

Proposition 8 (Bounded ¢*). If U is one of the following:
(i) Polytope: ¢y i(u) = wju+d; < 0,i=1,...,1, with
no degenerate extreme points;
(ii) Box: c,i(u) =u? —w?,i=1,...,m with w; > 0;
(iii) Ellipsoid: a single c¢,, = u"Wu — 1 with W = 0,
then there exists a constant M. such that ||(*|| < M.

Proof. See Appendix A. O
Section V computes specific bounds for our test problem.

A. Verification: Lasserre’s Hierarchy

We apply Lasserre’s hierarchy of moment-SOS semidef-
inite relaxations [9] to solve the POP (17). Due to space
constraints, we only give a brief overview and refer the
interested reader to [9] or [33, Section 2.2] for details.

Let tyay = max{deg o, {deg h;}!" | {deg s}, } be the
maximum degree of the POP (17) with a fixed 6, x € N be
any integer such that 2k > t,,x, and k¢ be the smallest such
k. Denote by [y], the vector of monomials in y with degree
up to %, and by Y, = [y].[y]] the moment matrix in y of
order k. Further, let

Si:Si(yve)'Yn—(degsi/ﬂaizlv--wls (18)

be the localizing matrix associated with s; (so that all the
monomials in S; have degree at most 2x). With ¥ =
(Y., S1,...,51,), consider the semidefinite program (SDP):

pe=min{(C.Y) Y =0, AY)=c}  (19)

where C' = (Cy, C4,...,C),) is constant, has the same size
as Y, and (C,Y) = ¢(y,0);> A(Y) = e collects all linear
dependencies in Y (e.g., entries of \S; are linear combinations
of entries of Yj). It is clear that SDP (19) is a convex
relaxation of the POP (17) because every feasible point y
of the POP can generate a Y that is feasible for the SDP via
the moment and localizing matrices. The following theorem
states that, as kK — oo, solving the SDP can recover the
global optimizers of the POP.

Theorem 9 (Lasserre’s hierarchy [9], [34]). Let py and
Y* = (Y7, f,...,Sl*s) be the optimal value and one
optimal solution of the SDP (19), then

2(C,Y) == tr (CoYs) + -+ + tr (C1, S1,). We can have C1 = -+ =
C;, = 0 and Cy’s entries be the coefficients of (y, 6).

(i) pr < V(0) for any &, and p, — V(0) as k — oo;

(ii) if Y satisfies the flatness condition, ie., r =
rank (Yf:'—m)) = rank (Y,5) for some kg < k' < K,
then p}, =V (0) and the relaxation is said to be tight or
exact. Furthermore, r global optimizers of the POP (17)
can be extracted from Y.

Although the convergence in Theorem 9 is asymptotic,
many practical problems [35] observe finite convergence, i.e.,
pr. coincides with the global optimum of the original POP
at a finite (and often small) relaxation order k, and this can
be proved with additional assumptions of the POP [36]. For
the purpose of verification, p > 0 for some & is sufficient
to certify the correctness of a robust CBF.

B. Synthesis: Polynomial Approximation

A naive approach to synthesize a robust CBF b(x,0) is
to randomly sample parameters § € © until V(6) > 0.
This approach can work well if © is a finite set. Another
potential approach is to employ differentiable optimization,
i.e., computing 9V (6) /06 after solving the verification prob-
lem and performing gradient ascent to optimize 6. Since the
verification problem is a nonconvex POP, the convergence
of this approach in solving the min-max synthesis problem
is unclear (differentiable optimization typically works well
when the inner problem is convex [8]). In the following,
we introduce the method proposed in [I10] that is based
on polynomial approximation. The goal is to use a set
of polynomials to lower bound V'(#), and use Lasserre’s
hierarchy to maximize the polynomial lower bounds.

Let ¢ be the uniform distribution supported on © so that

V8 = / 0°dy(0), BeNF (20)
€]

can be computed for any monomial §° = Qfl 952 -~9£’C.3
Let v € N such that 2v is no smaller than the maximum
degree of the POP (17), and let 1y be the smallest such vt
Denote by N& , the set of k-dimensional integers summing up
to 2v. Consider the following sum-of-squares (SOS) problem

o > gens, A8V8 1)
,0)— . AgbP=
subject to PO =2 peng, Ao 22)

S0 0 (y0)si (0,0)+ iy i (9,0)hi (,6)
o; € 3y, 0],degois; <2v,i=0,...,1; (23)
pi € Rly, 0], degpush; < 2v,i=1,...,1;, (24)
where Ry, 0] (resp. X[y, 0]) is the set of real polynomials
(resp. SOS polynomials) in [y;6]. Let A* be its global
optimizer (or one of its global optimizers). Denote
V., (0) = Z )\29’37 v >

BENE

(25)

31f 7 cannot be computed on ©, then one can augment © into a simple
set © D O (e.g., a box or a ball) such that v is easy to compute on ©.

4Note that in general 19 # kg introduced in Section IV-A. This is because
6 is considered as constant when counting the maximum degree of the
POP (17) for verification, while considered the same as y as an unknown
variable when performing synthesis. For example, ¥ (y,0) = y26* has
degree 2 in y, but degree 6 in [y; 6].
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as the polynomial in 6 whose coefficients are A*. The
following theorem states that V;,() is a polynomial lower
bound for the unknown (and usually nonsmooth) V(6).
Moreover, V,(0) converges to V() as v increases.

Theorem 10 (Global Convergence [

hold and V,(0) be as in (25), we have
(i) V,(6) <V(0) forall 6 € © and v > vy;

(i) Jo|V(0) = Vi (0)|dy(6) — 0 as v — oo;

(iii) let V,(0) = max{V,,(0),...,V,(0)}, then V,(0) <

1. Let Assumption 7

V,(0) < V(0) for all 8 € © and V,(0) — V(0), ¢-
almost uniformly on © as v — oo.
Furthermore, let

* .= > 2
7 Igneag)( V.(0), v>u (26)
and 0} be a global optimizer. Denote
Vyi= max V' = Vi) (0%,). 27)

vo<I<v

for some T(v) € {vy,...,v}. Then we have

(iv) ‘71,* —V*in(5) as v —

(v) if V(8) is continuous on © then V* =V (6*) for some
0* € ©; and any accumulation point 0 of the sequence

(9;‘(”) C O is a global optimizer of (5). In particular,
if 0* is unique, then Gt*(y) — 0% as v — oo.

A few remarks are in order about Theorem 10. First,
each V() is a valid lower bound for V() on the set ©
and as v increases, [g |V (6) — V()| di(0) tends to zero.
Second, assume one has computed a sequence of V;(6)
for I = vg,...,v, then the point-wise maximum V,(0) =
max,, <j<, Vi(f) is a tighter lower bound for V() in that
V., () converges to V (6) almost everywhere on ©. Third, if
one can compute the global maximizers of the sequence of
lower bounds {V;(0)}_, ., then the best maximizer (cf. (27))
converges to the global optimizer of the min-max POP. To
compute the global maximizer in (26), we use Lasserre’s
hierarchy introduced in Section IV-A. Because (26) is a
low-dimensional POP only in 6, empirically it is easy to
solve (26) to global optimality. Fourth, unlike Theorem 9
which states that it is possible to detect and certify global op-
timality via the flatness condition, Theorenl 10 does not tell
us how to numerically detect when V* = V* happens. This
implies that our algorithm cannot claim the non-existence of
a valid robust CBF in {b(x,0) | § € ©}. Last but not the
least, assuming {6 | V,,(6) > 0} is non-empty for some v,
then the lower bound polynomial V,,(6) enables us to choose
a parameter 6 that optimizes some performance metric ¥ (6)
via solving the POP “mingeco{¥(#) | V,(0) > 0}”. For
example, as we will show in Section V, () can be chosen
as (inversely) proportional to the volume of the set C.

V. APPLICATIONS AND EXPERIMENTS

In this section, we apply our verification and synthesis
method to the controlled Van der Pol oscillator. We first
consider a Van der Pol oscillator without uncertainty (Sec-
tion V-A) and show that our algorithm readily reproduces

the circular CBF in [4]. With uncertainty (Section V-B), we
show how to synthesize elliptical robust CBFs with a strictly
positive value function.

A. A Gentle Start: Clean Van der Pol Oscillator

Consider a clean controlled Van der Pol Oscillator [4]

. i’l o X9 0
= a ) lodaa [0 ] o

Let

U={ueR|u*—ui, <0} (29)
Circular CBF. Consider a circular CBF candidate
b(x,0) =0 —||z|*, 60€O:=100mal (30)

Clearly, Assumption 7 holds and Appendix B computes the
bound for y in POP (13).

Verification. We choose tmax = 5, 0max = 2, and solve
the k = 4 SDP relaxation of the verification POP (17).
Fig. 1(a) blue dotted line plots the values of the SDP
relaxation at samples ¢ = 0,0.1,0.2,...,2.0. In all cases,
the SDP relaxation is tight and can recover the global
optimizers of the verification POP (17). For example, when
6 = 0.1, z* = [0;£0.3162] attains the global minimum
V(0) = —0.09; when 6 = 1.1, 2* = [£1.0488;0] attains
the global minimum V'(#) = 0. From Fig. 1(a) blue dotted
line, we observe that b(z, ) is a valid CBF for § = 0 and
6 > 1, which agrees with the result from [4]. However, our
verification algorithm can do better than that of [4]: when
b(z,8) is not valid for # € (0,1), our algorithm recovers
the x* that attains a negative V(0), while the SOS-based
method [4] becomes infeasible without producing a witness.

Synthesis. We solve the SOS program (21) at v = 3,4,5,6
to find polynomial lower bounds for V(). Appendix C
describes how to compute the moments 3 in (20). Fig. 1(a)
solid lines plot the computed V,,(0) for v = 3,4,5,6. The
polynomial lower bounds approximate the unknown V(6)
very well (except near §# = 1 where V() is nonsmooth).

We then seek to maximize each V,(6) via Lasserre’s
hierarchy with kK = v + 2. At v = 3, we obtain 0} =
{1.3997;1.8806} with V,* = {1.2 x 1078,3.2 x 107%}. At
v = 4, we obtain 0% = {1.3275} with V} = {-3.9x 107°}.
At v = 5, we obtain % = {1.2638,1.6770,1.9359} with
V6 ={-22x107%-1.8x107%,8.8x1070}. Atv = 6, we
obtain 6% = {0,1.2280} with V¥ = {—7.8 x 107%,-7.4 x
10~8}. These solutions are plotted as red stars in Fig. 1(a).

Refined synthesis. Since now we know the unknown V' (6)
is nonsmooth at § = 1, we can refine our synthesis by
computing lower bound polynomials separately in ©; =
[0,1] and ©2 = [1,0max]. Fig. 1(b) shows the synthesized
polynomial lower bounds V,,(6) (we connect the curves in
©; and ©3). Observe these lower bounds are perfectly tight!

Verification and synthesis of the one-dimensional V()
illustrates how our algorithm works. With these insights, we
are ready to study the uncertain Van der Pol oscillator.

SWe use the SDP relaxation implementation provided in https:
//github.com/MIT-SPARK/CertifiablyRobustPerception,
and solve the SDP using MOSEK.
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V(0) and V, (6

0
0.05
0
—~-0.05}
N
= o)
<
g
= 015f
>
= 021
-0.25}
0.3 : : :
0 05 1 L5 2
0

(b) @1 = [0, 1] and @2 = [1,2}

Fig. 1. Verification and synthesis of a circular CBF b(z, 0) = 0 — ||z||?
for the clean Van der Pol oscillator (28).

B. Uncertain Van der Pol Oscillator

Consider system (28) with uncertainty

. To 0 0

(ol T o B RS Y D
with the same U as (29).

We can consider the same circular CBF candidate as
in (30) and perform verification and synthesis. However, as
we have seen in Section V-A, the maximum possible b(z, §)
on the boundary JC is zero, i.e., V* = 0 for the synthesis
problem (5). This is also true for the uncertain system.

Proposition 11. V(0) < 0,V0 > 0 for system (31) with the
circular CBF candidate (30).

Proof. See Appendix D. O
Can we find a robust CBF with strictly positive V(6)?

Elliptical robust CBF. Let us consider the following
elliptical robust CBF candidate

b(x,0)=1—z" [ gl z?’ ]x (32)
3 U2
————
=A
with parameter space
O = {9 c RB ‘ 01,02 c [Q7 9_]2,93 < 529102}, (33)

where 0 < § < § and 0 < ¢ < 1. Clearly, A = 0 for
all (01,602,03) € © and b(z,d) defines the boundary of
an ellipse. Moreover, Assumption 7 holds and Appendix E

0.16
0.2
0.14
& 0 0.12
0.2 0.1
0.08
0.4
0.06
03\\ "o
. > - 7
04 \\\ // 0.6 0.04
0.5 ™ 05 0.02
0.6 Oﬁ\//A 0.4
0, 7 03 g,
(@ v=

N~ E
6 0.7 0.3 6,

b) v =4

Fig. 2. Synthesis of a robust ellipsoidal CBF b(z,6) = 1 — " Az for the
uncertain Van der Pol oscillator (31).
computes the bound for y in POP (13). We will obtain
V(6) > 0 with this CBF candidate.

Synthesis. Unlike Section V-A where it is easy to generate
a few 6 to evenly cover the parameter space © = [0, Opax],
the parameter space (33) would need a lot of samples to be
covered. Therefore, we directly synthesize polynomial lower
bounds V,,(6) with upax = 5, M, = 0.1,0 = 0.25,0 =
0.75,& = 0.6. (i) At v = 3, Fig. 2(a) densely scatters samples
of 0 with V,,(0) > 0. The colormap shows that many samples
(e.g., the yellow points) have V,, () being strictly positive.
Particularly, the global maximum of V,, () over © is attained
at 0% = [0.2500;0.2757;0.1323] with value V;} = 0.2376.
(ii) Fig. 2(b) shows the same scatter plot for v = 4. We see
the set of elliptical robust CBFs that can be verified becomes
much larger. The global maximum of V() is attained at
0% = [0.3278;0.2500;0.1718] with value V* = 1.0606.

Smallest and largest ellipse. What if we want to find the
robust CBF that leads to the smallest ellipse? We can solve

renaéc{det A=0610,—6%|V,(0) >0} (34)
S

Optimizing this for V5() via Lasserre’s hierarchy at k =
4, we recover the best parameter 6; = 0.4714,0, =
0.5236, 605 = 0.0893. Similarly, §; = 0.25,0; = 0.25,03 =
0.15 minimizes det A and gives the largest ellipse.

VI. CONCLUSIONS

We formulated robust CBF verification and synthesis as
multilevel POPs. We used KKT conditions to eliminate inner
problems in closed form, leading to a single-level POP for-
mulation for verification and a min-max POP formulation for

8214



synthesis. We designed multilevel semidefinite relaxations
to approximately solve both POPs with asymptotic global
convergence guarantees. We validated our framework on a
controlled Van der Pol oscillator. Future work will investigate
extension of our method to verify multiple CBFs.

ACKNOWLEDGMENT

The authors thank Jie Wang for providing an implemen-
tation that converts SOS programs into standard SDPs, and
the anonymous reviewers for valuable suggestions.

APPENDIX
A. Proof of Proposition 8

Proof. (i) Consider U a polytope with no degenerate extreme
points. Observe that “max,cy Lyb(x,0)u” is a linear pro-
gram in u with fixed (x,0). Because U is non-degenerate,
there are ' < m active linearly independent constraints at
an optimal v*, and hence m’ nonzero (}’s [37]. Without loss
of generality, let 7 = 1,...,m’ be such active constraints.
The KKT stationarity condition (11c) reads:

[ wn Wiy | ¢ = Lgb(x,0)T, (35)

=W EeRmX m/’

which implies (C)T(WTW)(¢C*) = || Lgb(z,0)|]*. As
WTW = 0 ({w;}7, are linearly independent), we have

IZgb(z, 0)|”

S At (T (36)

Icr)* <
Finally, || Lyb(z,0)|” is bounded because it is smooth over
the compact set C x ©. Thus, ||¢*||? is bounded.

(ii)) Consider U a box with each dimension between
[—w;, w;]. The KKT complementarity condition (11d) says
either ¢ = 0 or ¢ # 0 but u; = fw;. In the second case,
using the KKT stationarity condition (11c), we have

gt = L0l (g - LB

4dw;
where [Lgb(x, 0)]; denotes the i-th entry of Lyb(x,6). Due
to the boundedness of [Lyb(z,0)];, [|¢F||” is bounded.

(iii) Consider U an ellipsoid with a single constraint
u"Wu < 1. The KKT complementarity condition states
either ¢* = 0 or ¢* # 0 but (u*) "W (u*) = 1. In the second
case, the KKT stationarity condition (11c) reads

=1,....,m @37

Lyb(z,0)[> _ [|Lgb(a,0)]

4 ||WU*|| 4)\min(W)
The boundedness of (¢*)? follows from the boundedness of
| Lgb(z,0)|)* over OC x ©. O

B. Bounded y for POP (17) with system (28) and CBF (30)

Clearly ||z]|> < 6,u? < w2, are bounded. It remains
to show that ¢* is bounded. The KKT complementarity
condition (11d) states that either (i) (* = 0, or (ii) when
¢* # 0, cy,i(u) = 0, which means u* = Fumax. In the

second case, the KKT stationarity condition (11c) leads to

2C*u* = Lgb(z,0) = —2z125. (39)

Solving for ¢* results in

2.2 2 2 2
—x1 T2 oo riws  (xf+ x3)? 0
< - U = (C ) - U2 — 4U2 4 2 (40)

max max 1’1’1 ax

C. Computing Moments
Clean Van der Pol with circular CBF. Consider the

parameter space © = [Oin, Omax] and let Ag = Oppax —
be its length. We compute the moments in (20) as

emin

gmax

1 pmax (9/3+1 _ 9ﬁ+1)
_ 08 du (0 :7/ 84— max  “min/ (g
=] oae)-5 [ e =)y

Uncertain Van der Pol with elliptical robust CBF.
Consider © as in (33), we compute (20):

o= [ oraaae

1
9B1p62 b3 ( >
/91 /9/9 P \vl()

§V0102
= / / 071052 d0,do, / 05° dos
VOI 61 —£V0102

_ - (= 53“)/ e
Gaie Jy 0 0} d6, dfs

gﬁs-‘rl(l _ (_1)ﬂ3+1) éﬁl _ Qél é,é2 _ QB2
(85 + 1)vol(©) B Ba

where vol(©) is the volume of O (a constant that we do not

min min

(42)

need to compute) and Br=p+1+ ﬂ?’;l, Bo=Po+1+
Ba+1
32 .
D. Proof of Proposition 11
Proof. We have Lgb(z,0) = —23(1 — 23), Lyb(z,0) =
—2x1x9, Lyb(x,0) = —2x5. As a result:
V= 2maux (—2x122)u = 2Umax |T122] (43a)
<u1[ldX
Vr = min  —2x9e=—2M, |z2]|, (43b)
llell <M.
and
V() = min —23(1 — 23) 4 2umay |T122] — 2M. |22| . (44)

ll]|*=0
+1/6, we obtain V(#) < 0. O
E. Bounded y for POP (17) with system (31) and CBF (32)
Clearly, u? < u2,,, is bounded. z is bounded because
1
Amin (A)”

where A, and A\ .« indicates the minimum and maximum
eigenvalue of A. Note that

Choosing x9 = 0,21 =

T vi=AY2g
max I T =
T Az=1

max v' A"y = (45)

vTo=1

)\min(ArﬂaX + /\min) Z AInin)\ma,x = 9192 - 9% - (46)
0165 — 9§ 0165 — 0§
Amin > = . @7
)\min + )\max 91 + e2 ( )
Therefore, x is bounded because
1 0 [
3 < AT (48)

< .
- )\min(A) ~ 0165 — 9%
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Now consider 22 = ||L;b(z, 0)||*:

ILsb(z,0)] = || —22T AT (2)||” = 42T AJ(2)J ()T A (49)

Note that J(z)J(z)T < I, which means

|Lsb(z,0)|]° < 42T A%z < AAmax(A) < 4(61 + 02).  (50)

It remains to show (* is bounded. Similar to Appendix B,
the KKT conditions tell us either (* = 0 or

_ Lgb(z,0)

* *\2 _ 2' . 1
¢ o0 (W)= Umax C}))
Writing (Lgb(z,0))? as
(Lgb(z,0))* = H—2xTAgH2 = 42" Agg" Az (52)
with gg" < (22 + 22)I, we obtain
2
(Lobla0))? < 4o a2 < 41200 3
6,0, — 02
a2 _ (Lgb(x,0))® (61 +6)?
- (54
BT T I e M
REFERENCES

[1

—

[6

—

[7

—

[8

[t}

[9]

[10]

(1]

[12]

[13]

[14]

[15]

Aaron D Ames, Jessy W Grizzle, and Paulo Tabuada. Control barrier
function based quadratic programs with application to adaptive cruise
control. In 53rd IEEE Conference on Decision and Control, pages
6271-6278. IEEE, 2014.

Andrew J Taylor and Aaron D Ames. Adaptive safety with control
barrier functions. In 2020 American Control Conference (ACC), pages
1399-1405. IEEE, 2020.

Jyot Buch, Shih-Chi Liao, and Peter Seiler. Robust control barrier
functions with sector-bounded uncertainties. [EEE Control Systems
Letters, 6:1994-1999, 2021.

Andrew Clark. A semi-algebraic framework for verification and syn-
thesis of control barrier functions. arXiv preprint arXiv:2209.00081,
2022.

Hongkai Dai and Frank Permenter. Convex synthesis and verification
of control-lyapunov and barrier functions with input constraints. arXiv
preprint arXiv:2210.00629, 2022.

Li Wang, Dongkun Han, and Magnus Egerstedt. Permissive barrier
certificates for safe stabilization using sum-of-squares. In 2018 Annual
American Control Conference (ACC), pages 585-590. IEEE, 2018.
Weiye Zhao, Tairan He, Tianhao Wei, Simin Liu, and Changliu
Liu. Safety index synthesis via sum-of-squares programming. arXiv
preprint arXiv:2209.09134, 2022.

Kristin P Bennett, Michael C Ferris, Jong-Shi Pang, Mikhail V
Solodov, and Stephen J Wright. Special issue: Hierarchical optimiza-
tion. Mathematical Programming, pages 1-3, 2022.

Jean B Lasserre. Global optimization with polynomials and the
problem of moments. SIAM J. Optim., 11(3):796-817, 2001.

Jean B Lasserre. Min-max and robust polynomial optimization.
Journal of Global Optimization, 51(1):1-10, 2011.

Kehan Long, Vikas Dhiman, Melvin Leok, Jorge Cortés, and Niko-
lay Atanasov. Safe control synthesis with uncertain dynamics and
constraints. IEEE Robotics and Automation Letters, 7(3):7295-7302,
2022.

Vikas Dhiman, Mohammad Javad Khojasteh, Massimo Franceschetti,
and Nikolay Atanasov. Control barriers in bayesian learning of system
dynamics. IEEE Transactions on Automatic Control, 2021.

Tianhao Wei, Shucheng Kang, Weiye Zhao, and Changliu Liu. Persis-
tently feasible robust safe control by safety index synthesis and convex
semi-infinite programming. /EEE Control Systems Letters, 2022.
Stephen Prajna and Ali Jadbabaie. Safety verification of hybrid
systems using barrier certificates. In HSCC, volume 2993, pages 477—
492. Springer, 2004.

Stephen Prajna. Barrier certificates for nonlinear model validation.
Automatica, 42(1):117-126, 2006.

[16]

(17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

(30]

[31]

[32]

(33]

[34]

[35]

[36]

[37]

8216

Aaron D Ames, Samuel Coogan, Magnus Egerstedt, Gennaro No-
tomista, Koushil Sreenath, and Paulo Tabuada. Control barrier
functions: Theory and applications. In 2019 18th European control
conference (ECC), pages 3420-3431. IEEE, 2019.

Han Wang, Kostas Margellos, and Antonis Papachristodoulou. Safety
verification and controller synthesis for systems with input constraints.
arXiv preprint arXiv:2204.09386, 2022.

Alexander Robey, Lars Lindemann, Stephen Tu, and Nikolai Matni.
Learning robust hybrid control barrier functions for uncertain systems.
IFAC-PapersOnLine, 54(5):1-6, 2021.

Lars Lindemann, Alexander Robey, Lejun Jiang, Stephen Tu, and
Nikolai Matni. Learning robust output control barrier functions from
safe expert demonstrations. arXiv preprint arXiv:2111.09971, 2021.
Andrew Clark. Control barrier functions for stochastic systems.
Automatica, 130:109688, 2021.

Wenceslao Shaw Cortez and Dimos V Dimarogonas. Correct-by-
design control barrier functions for euler-lagrange systems with input
constraints. In 2020 American Control Conference (ACC), pages 950—
955. IEEE, 2020.

Sander Tonkens and Sylvia Herbert. Refining control barrier functions
through hamilton-jacobi reachability. In 2022 IEEE/RSJ International
Conference on Intelligent Robots and Systems (IROS), pages 13355—
13362. IEEE, 2022.

Yuxiao Chen, Mrdjan Jankovic, Mario Santillo, and Aaron D Ames.
Backup control barrier functions: Formulation and comparative study.
In IEEE Conf. on Decision and Control (CDC), pages 6835-6841.
IEEE, 2021.

Haitong Ma, Changliu Liu, Shengbo Eben Li, Sifa Zheng, and Jianyu
Chen. Joint synthesis of safety certificate and safe control policy
using constrained reinforcement learning. In Learning for Dynamics
and Control Conference, pages 97-109. PMLR, 2022.

Hongyi Chen and Changliu Liu. Safe and sample-efficient reinforce-
ment learning for clustered dynamic environments. [EEE Control
Systems Letters, 6:1928-1933, 2021.

Tyler Westenbroek, Ayush Agrawal, Fernando Castafieda, S Shankar
Sastry, and Koushil Sreenath. Combining model-based design and
model-free policy optimization to learn safe, stabilizing controllers.
IFAC-PapersOnLine, 54(5):19-24, 2021.

Simin Liu, Changliu Liu, and John Dolan. Safe control under input
limits with neural control barrier functions. In Conference on Robot
Learning, pages 1970-1980. PMLR, 2023.

Hengjun Zhao, Xia Zeng, Taolue Chen, Zhiming Liu, and Jim Wood-
cock. Learning safe neural network controllers with barrier certificates.
Formal Aspects of Computing, 33:437-455, 2021.

Wanxin Jin, Zhaoran Wang, Zhuoran Yang, and Shaoshuai Mou.
Neural certificates for safe control policies. arXiv preprint
arXiv:2006.08465, 2020.

Franco Blanchini. Set invariance in control. Automatica, 35(11):1747—
1767, 1999.

Stephen Boyd, Stephen P Boyd, and Lieven Vandenberghe. Convex
optimization. Cambridge university press, 2004.

Zachary Jarvis-Wloszek, Ryan Feeley, Weehong Tan, Kunpeng Sun,
and Andrew Packard. Some controls applications of sum of squares
programming. In IEEE Conf. on Decision and Control (CDC),
volume 5, pages 4676-4681. IEEE, 2003.

Heng Yang and Luca Carlone. Certifiably optimal outlier-robust
geometric perception: Semidefinite relaxations and scalable global
optimization. IEEE Trans. Pattern Anal. Machine Intell., 2022.
Didier Henrion and Jean-Bernard Lasserre. Detecting global optimality
and extracting solutions in gloptipoly. Positive polynomials in control,
312:293-310, 2005.

Heng Yang, Ling Liang, Luca Carlone, and Kim-Chuan Toh. An
inexact projected gradient method with rounding and lifting by non-
linear programming for solving rank-one semidefinite relaxation of
polynomial optimization. Mathematical Programming, pages 1-64,
2022.

Jiawang Nie. Optimality conditions and finite convergence of lasserre’s
hierarchy. Mathematical programming, 146:97-121, 2014.

Dimitris Bertsimas and John N Tsitsiklis. Introduction to linear
optimization, volume 6. Athena scientific Belmont, MA, 1997.



