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A vector almost-supermartingale convergence theorem and its applications

Aditya Mahajan, Silviu-Iulian Niculescu, and Mathukumalli Vidyasagar

Abstract— The almost-supermartingale convergence theorem
of Robbins and Siegmund (1971) is a fundamental tool for
establishing the convergence of various stochastic iterative
algorithms including system identification, adaptive control, and
reinforcement learning. The theorem is stated for non-negative
scalar valued stochastic processes. In this paper, we generalize
the theorem to non-negative vector valued stochastic processes
and provide two set of sufficient conditions for such processes
to converge almost surely. We present several applications of
vector almost-supermartingale convergence theorem, includ-
ing convergence of autoregressive supermartingales, delayed
supermartingales, and stochastic approximation with delayed
updates.

I. INTRODUCTION

Stochastic iterative algorithms, where one starts with an
initial guess Ay € RP and recursively updates it based on the
outcome of a stochastic experiment, arise in a variety of ap-
plications. Examples include recursive least square methods
in system identification [1]-[3], certainty equivalent methods
in adaptive control [1], [4], [5], stochastic gradient descent
methods in machine learning [6], [7], various learning algo-
rithms such as Q-learning in reinforcement learning [8], [9],
and distributed consensus [10], [11]. Broadly speaking, two
methodologies are used to analyze the convergence of such
algorithms: the martingale approach [12]-[15] and the ODE
(ordinary differential equation) approach [16]-[20]. We refer
the reader to [4], [21]-[23] for an overview.

The focus of this paper is a fundamental result used in
the martingale approach. For the sake of completeness, we
start with a brief overview of supermartingales. See [24],
[25] for a detailed treatment and see [26] for an introduction
of the use of martingale theory in Systems and Control as
well as some of the earliest results in the area. Consider
a probability space (2, F,P). A filtration {F;};>1 is an
increasing family of sub-sigma-algebras of F, i.e., for any
s < t, Fs € F, € F. A family of integrable random
variables {X;};>1 is said to be adapted with respect to the
filtration {F%}s>1 if X if F;-measurable for each ¢. Such a
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family is called a supermartingale if
Ey[Xi] <Xy, VE>1

where the notation IE,[] is a shorthand for E[ - | 7;]. Roughly
speaking, supermartingales generalize the notion of mono-
tonically decreasing sequences to stochastic processes, see,
e.g., [27]. A fundamental result in martingale theory is the
supermartingale convergence theorem [24], [25], which
states that non-negative supermartingales converge almost
surely.

When analyzing convergence of stochastic iterative algo-
rithms, it is not always convenient to directly apply the super-
martingale convergence theorem and a slight generalization,
initially proposed by Robins and Siegmund [28], is much
more useful:

Theorem 1 (Almost supermartingale convergence)
Suppose {Xi}i>1, {Biti>1, {Yithis1, {Zi}es1 are Ry-
valued stochastic processes adapted to some filtration
{Fi}e>1 that satisfy

Et[Xi1] < (1+Be)Xe + Y3 — Zs,
Define the set Q)y by

Qo = {w €N: Zﬂt(w) < oo} N {w : ZYf(w) < oo}
t>1 t>1
Then, for all w € Qq, we have that
1) limy— oo Xi(w) exists and is finite.
2) thl Zi(w) < oo

Note that all processes in Theorem 1 are R, -valued. In
this paper, we investigate variation of Theorem 1 for general
]Rﬁ-valued processes. Such a generalization is trivial for
the standard supermartingale convergence theorem (which
is the special case of Theorem 1 when the {Y;};>1 and
{Z;}1>1 processes are identically zero) because we can use
the scalar supermartingale convergence theorem to argue
that each component of the vector-valued process {X;};>1
converges. However, such simple arguments do not work in
the almost-supermartingale case.

In this paper, we present two sufficient conditions under
which the vector-valued almost supermartingales converge.
Our conditions rely on the existence of the limit of infinite
product of matrices. So, we review some basic results of
infinite product of matrices in Sec. II and then present the
two main convergence theorems in Sec. III. We then present
application of these theorems in Sec. IV to provide sufficient
conditions for convergence of auto-regressive supermartin-
gales, delayed supermartingales, and delayed temporal dif-
ference learning.

t>1 (1)
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II. REVIEW OF INFINITE PRODUCT OF MATRICES

We start with a review of infinite product of matrices. If
{Bn}n>1 are p x p real matrices, we define

O o BmBmlen

ifn <m,

if n > m;

to be the product where successive terms multiply on the
left.

We say that an infinite product [ [ | B,, of p x p matrices
converges if there exists a finite integer N such that

m
Qv =t ] &,
n=N

exists. In this case, we define [[2 | B,, = Qn Hf::ll B,.

Following [29], we say that the product ]_[ZQ:1 B,, con-
verges invertibly if for all n > N, B, is invertible and
the product Qn defined above is invertible as well. It was
argued in [29] that the above definition has the following
consequences:

(P1) An invertibly convergent infinite product is singular if
and only if at least one of its factors is singular.

P2) If Hzozl B,, converges invertibly then lim, ., B, =
1.

We now present some sufficient conditions for conver-
gence of infinite product of matrices. If the matrices being
multiplied are invertible, then the product converges to an
invertible limit. Let ||-|| denote any sub-multiplicative matrix
norm on RP*P

(C1) If Y7 ||Bnl| < oo then [[,2 (I + B,,) converges.

(C2) Let {R,},>1 be a sequence of px p matrices such that
lim, oo Ry, = I and Y 07 | |[(I 4+ Bp)Ry, — Rot1|| <
oo then []>° (I + B,,) converges.

(C3) Let {U,}n>1 be a sequence of invertible px p matrices
such that ||U, || = 1 for all n, there exists a N such that
[1 5 U, converges for m — oo, and Y .- || B, <
oo then [, (U, + B,,) converges.

Condition (C1) is a standard result and stated as Theorem 1
in [29]. Condition (C2) is Theorem 5 of [29]. Condition (C3)
is Theorem 2.1 combined with the remark on page 15 of [30].

ITII. A VECTOR-VALUED GENERALIZATION OF THE
ALMOST SUPERMARTINGALE CONVERGENCE THEOREM

Suppose {X¢}i>1, {Yili>1, and {Z;}i>1 are ]Rﬁ_-valued
stochastic processes and {A;};>1 is a ]Rﬂxp -valued stochas-
tic process, all adapted to some filtration {F; },>1 that satisfy

E X <AX +Y, - Z, t>1 )

‘We assume that there exists a deterministic sequence
{A}i>1, Ar € REP that satisfies the following properties:
(A1) For each ¢, Ay < A; almost surely.

(A2) For each ¢, A; is invertible

(A3) The infinite product
M = H At
t=1
PXp
i

converges invertibly. Clearly, M € R

Remark 1 The sufficient conditions (C1)-(C3) mentioned
above for existence of infinite product of matrices can be
used to verify (A3). In particular, if we assume that A; = I+
By where ), || Bt|| < oo, we have a natural generalization
of the conditions in Theorem 1 to the vector case. However,
condition (A3) is more general. For example, as shown

in [29], [1,~(I + B:) converges even if Y, || B:| = oo
if condition (C2) holds. -
Define -
v, =[] A (3)
s>t
It follows from (A2) and (A3) that ¥; is well defined for
all t because L .
%:Mh]m}. (4)
t=1
It is also clear that for all t > 1, ¥, € ]Rﬁxp, and
\I’t+1f_1t =V, (%)

Theorem 2 Suppose (Al)—(A3) hold. Define the set

Qoz{wEQ:ZYt(w)<oo}.

t>1
Then, for all w € Q, we have that
1) limy— o X (w) exists and is finite.

2) ZtZl \I/t+1Zt(LU) < 00.

PROOF Observe that since all processes are non-negative,
Assumption (Al) implies that we can replace (2) by the
following:

By[Xo1] S AXe+Y— 2y, t>1. (6)
Define Xt/ = \Itht, Y;/ = \Ift_;'_lyz, and Zt/ = \I/t+1Zt.

Now consider
B[ X[ 1] = B[V p1 Xip1]

@ Uy 15[ X 41]

(b) _
< U (AXe+ Y — Z,)
9 x4y -z (7)

where (a) follows because W, is deterministic, (b) follows

from (6), and (c) follows from (5) and the definition of X7,

Y/, and Zj. Note that (7) holds for every component.
Define

Q) = {w eN: Z||‘I/t+1yt(w)|| < oo}
t>1

(where ||-|| is any norm on RP). Since all norms are equiv-
alent in a finite-dimensional space, we have that for any
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we QY oY) <oo,foralli e {1,...,p}, where [Y/];
denotes the i-th component of Y/. Therefore, by applying
Theorem 1 to every component of (7), we get that for any
w € Qf, limy_, o X{(w) exists and ), Z}(w) < oo.

Now we will show that convergence of X, implies con-
vergence of X;. For w € 0, define
X (W) =liminf X;(w) and X (w) = limsup X;(w).

t—o0 t—00

Let {ix }r>0 be a subsequence such that X, (w) converges to
X o (w) and let {ji} x>0 be a subsequence such that X;, (w)
converges to X o (w). Then,

k— o0 k—o0 k—o0
and
lim W), X, (@) = lim W, lim X, = Xo(w)  (9)

because lim;_,, ¥; = I (which follows from (3)). However,
the left hand sides of (8) and (9) are the same because we
have shown that ¥, X; = X/ converges to a limit. Therefore,
X (W) = X oo (w). Consequently, {X¢(w)}+>1 converges to
a limit and that limit is the same as the limit of {X](w)};>1.

So, we have shown that the result holds for all w € Q{J
We will now show that Qg C €. For any w € g, we have
that 3,5, ]|Yz(w) s < oc. Due to the equivalence of norms
in a finite dimensional space, this implies that

SV (w)] < .
t>1

From (A3), it follows that U* := sup,~||¥¢|| < oo. Then,
for any w € Qy,

DIV Yi(w)l| < ¥ [ Yiw)l < oo

t>1 t>1

(10)

where the first inequality follows from the definition of ¥*
and the second inequality follows from (10). Thus, £y C €.
Hence, the result holds for all w € €. n

We now present a slightly different set of assumptions
under which (2) converges. In particular, assume that the
sequence {A;};>1 satisfies the following assumptions:

(A4) For each t, A; is inverible.
(AS) For each t, A;' € RE*.

Remark 2 A necessary and sufficient condition for (AS) is
that each A; is monomial, i.e., for every t there exists a
permutation matrix P; and a diagonal matrix D, with strictly
positive diagonal elements such that A; = P; D;.

Define ®; = Hsgt A;. Tt follows from (A4) that &, is

invertible and from (A5) that ®, € RE*P. It is also clear
that for all ¢t > 1,

d, h A =o " (11

Theorem 3 Suppose assumptions (A4) and (A5) hold. De-
fine

Qo = {w s lim @, (w) < oo} N {w Y Yiw) < oo}.

t>1
(12)

Then, for all w € gy, we have that

1) limyy oo Xi(w) exists and is finite.

2) Zt21 ‘I’;Lll(w)zt(w) < 0.
PROOF Define X; = &;'X,, Y/ = ¢, \Y,, Z, = &, 1, Z,.
Then,

;1@ 41 ®
EXi] = Q0 Xen] < 05 [AXe + Y3 — Z4]
Do X, + LY, + O, 2= X[+ Y] — ZL, (13)

where (a) follows because @, is F;-measurable, (b) follows
from (2) and ®;, € RE*? and (c) follows from (11).
Inequality (13) holds for each component of the vectors.
Therefore, by applying Theorem 1 on each component, we
get that lim;_, o, X/ (w) and >+, Z{(w) exist and are finite
on the set {w: >, Y/ (w) < oo}.

Now, define the set

O = {w : tli}r(r)lo@t(w) < oo} N {w : ZYt'(w) < oo}.
t>1
(14
We have already shown that on €, lim; ., X/(w) exists
and is finite. Therefore,

. T /
Jim X (w) = lim @4 (w) X (w)
exists and is finite on €. Denote this limit by X (w).
Fix an ¢ > 0. Define

&= UL{IXi(w) - Xoo(w)| > £}

s>1t>s
Since X;(w) converges almost surely to X (w) on €, we
have P(Q; N &) = 0.
Now for any ¢ > 0, define the set Q(¢) = {w: ®,(w) < eI
for all ¢ > 1}. Since Y; = ®;,1Y]/, we have QoNNE ¢ Q
and therefore

P(QNQNE) <P(QNE) =0. (15)

Let {ci}r>1 be a countable sequence of positive numbers
diverging to infinity. Then, by countable additivity,

P (N E) = P( lim Qe Ny NE)
—00
= lim P(Q) N QeNE) =0

k—o0

(16)

where the last equality follows from (15). Hence X;(w)
converges almost surely to X, (w) on €. ™
IV. SOME APPLICATIONS

A. Autoregressive almost supermartingales

Consider R -valued stochastic processes {X;}i>1,
{Y:}i>1, and {Z;};>1 and R4 -valued stochastic processes
{at,a}r>1, d € {1,...,D}, all adapted to a filtration
{Fi}t>1, that satisfy for all ¢ > 1,

EiXi] <apoXe +ai1 X1+ +a,pXip

+Y, — Z,. (17)

We call such a process autoregressive almost supermartin-
gale.

3879



Define X; = vec(X¢_p,...
ics (17) may be written as

, X¢). Then, the dynam-

B[ X < A Xe + Y — Z4 (18)
where A; € IRZJF(DH)XP(DH) is given by
F 0 I o -- 0 7
0 0 I 0
A= (19)
0 0 .0 1
lat,pI ayp_11 at,of |

where each block is p X p.

Proposition 1 Suppose a;p # 0 and the matrices A,
defined in (19) satisfy (A3). Define V; as in (3) and the
set Qg as in Theorem 2. Then, for all w € Qy, we have

1) limy oo X (w) exists and is finite.

2) Do ViZi(w) < oo

PROOF Eq. (18) may be viewed as a vector almost-
supermartingale. The matrices A; satisfy (A1) and (A2). It is
assumed that (A3) is satisfied. Therefore, the result follows
from Theorem 2. n

We now present two examples where we can explicitly
verify (A3).
1) Example 1: Suppose that p = 1 and there exists a

deterministic sequence agq, d € {0,...,D}, such that a; 4 <
aq for all d. Then, A; < A, where
[0 1 0 --- 0]
0 0 1 o0
A =
0 0 0 1
lap ap-1 -+ -+ do)

Then, lim;_, ., A? exists if all the eigenvalues of A lie inside
the unit circle. A trivial instance is ZdD:1 aq < 1 where A is
a sub-stochastic matrix and therefore A* converges to zero.
Note that in this case, if the inequality is replaced by an
equality, then A is an irreducible and aperiodic stochastic
matrix, and therefore A? still converges to a finite limit. In
general, the characteristic polynomial of A is'

f(2) =det(zl — A) = 2P —gpzP —a 2P~ — ... —ap
Thus, the stability of A may be checked by applying the Jury
stability criteria to f(z).

2) Example 2: Suppose p =1, D =1, aro < 1+ Bos
and a; 1 < B4, where By, 814 € [0,1]. In this case,

- 0 1+ 061 0 1 0 0
A = = =P+ B
! {1 B2t } [1 0} * |:60,t 61,t:| + B

ISince A is in controllable canonical form, its characteristic polynomial
can be written by inspection.

where P is a permutation matrix and P? = I. To argue that
[I;>, A+ converges, we decompose the product as

[TA4: = (Asds)(A4)).
t>1
Then, a generic factor of the form (Ag; Az 1) may be
simplified as:
AgyAsy—1 = (P + Bay)(P + Bay—1)
=P?+ P(Ba; + Boy—1) + BB

= 1+0C,. (20)

We now use condition (C1) to show that [[,o,(I + Ci)
converges. In particular, we take ||-|| to be ¢; induced norm
given by ||A|| = max; > ,|A;;|. Then,

(a)
[Cell < [|P(Bat + Bai—1)|| + || Bae Bae—1 ||

©]

< ||Bat + Bat—1|| + || B2t Bat—1]|

= (Bo,2t + Bo.2t—1 + P1,2t + B1,26-1)
+ B1,2¢(Bo2t—1 + B12t—1)

(c)
< 2(Bo2t + Po.at—1 + P2t + Pi,2e-1)

where (a) follows from triangle inequality, (b) follows from
sub-multiplicative property of matrix norm and the fact that
IP|| =1, and (c) follows from the fact that 8 ; € [0, 1].

Thus, Eq. (21) implies that a sufficient condition for (A3)
(i.e., convergence of [[,~, A; = [[,5, Cb) is

Z(/@o,m + Bo.2t—1 + Biat + Pr2e—1) < 00

t>1

2n

(22)

B. Delayed almost supermartingales

Consider R’ -valued stochastic processes {X;}i>1,
{Y;}1>1, and {Z;};>1 and a {0,..., D}-valued stochastic
process {d;};>1, all adapted to a filtration {F;};>1, that
satisfy for all £ > 1,

B[ X)) < E[Xi—q,)+Y: — Z4

D
<Y Pldy=d)Xya+Yi—Z.  (23)
d=0

We call {X,;},>1 a delayed almost supermartingale. Note
that when D = 0, the process reduces to a standard almost
supermartingale. Define a;q = P:(d; = d). Then (23) is
equivalent to

D
Ed[Xer1] <) araXe-a+ Y~ Z,
d=0

(24)

which is a special case of autoregressive almost supermartin-
gale defined in Sec. IV-A.

Then, if the assumptions of Proposition 1 are satisfied,
{X:}+>1 converges almost surely. As argued in Example 1,
in the special case where a;q is time-homogeneous, the
matrix A; is irreducible and aperiodic (provided ap # 0),
and therefore assumption (A3) is satisfied.
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It is worth pointing out in the special case when a; p =1
and a;q = 0 for d # D, Assumption (A3) is not satisfied.
This is because in this case

o 1 0 --- 0]

o0 I .0
At:

0 0 .0 I

_I 0 O_

where each block is p x p. Since A; does not depend on
time ¢, we simply denote it by A. Observe that A is a
block permutation matrix and {A’};> is a periodic process
with period D (because A” = I). Therefore the process
At does not converge. However, note that the matrices A
satisfy assumptions (A4) and (AS). Therefore, we can use
Theorem 3 to argue that in this case {X,;};>1 converges
almost surely.

C. Delayed temporal difference learning

Let H: RP — RR? be a pseudo-contraction with respect to
the Euclidean norm ||-||, i.e., there exist a unique fixed point
0* and a radius of contraction v € (0,1) such that

[HO —0%|| < [0 — 67|, VOecR. (25)

We impose the following assumption:
(TD) [|6%|| < M.

Such an assumption is valid in reinforcement learning where
temporal difference learning is used to learn the action-value
function (i.e., the Q-function) of a policy. If the per-step
reward is bounded by R,,.x, then we know that the action-
value function of any policy is bounded by Ryax/(1 — 7).

We assume that there an agent who knows the bound M
and wants to find the fixed point 6*. It has access to an
oracle which takes 6 as inputs and returns H6 + £ after one
step delay, where £ is independent noise. We run temporal
difference learning to find the fixed point of H, i.e, we start
with an initial guess 6§y = 6; and for ¢t > 1 update

Opy1 = Iy [(1 — )0y + oy [Het—l + ft+1]], (26)

where {oy}¢>1 are the learning rates and IIps is the pro-
jection from RP to {0: ||0]] < M}. Note that the term is
the square brackets denotes the output of the oracle, which
is delayed. We denote the noise by ;41 for consistency
of notation. Let F; denote the o-algebra generated by
(014, a1.4—1,&1.¢). We consider the following assumptions
on the noise.

(N1) {5t}t21 is a martingale difference sequence with re-
spect to {F;}i>1, e,

Et[5t+1] =0,

(N2) The noise {& };>1 satisfies ||{41]] < o as. for all
t > 1. Therefore,

as., Vt>1.

Ef|€11]?] € 02, as.,, VE>1.

Finally, we consider the following assumptions on the learn-
ing rates.

RD Y, 0} < oo
(R2) thl ap = 00.

Proposition 2 Under (TD), (N1) and (N2), we have the
following:

1) If(R1) holds, then 0; converges to a limit almost surely.
2) If, in addition, (R2) holds, then 0, — 0% almost surely
as t — oo.

PROOF The boundedness of the iterates implies that

H9t+1_9*” S min{||(0t—9*)+at [H9t71—9t+§t+1] ||7 QM}
27)
Thus,

Ey[[|0i41 — 0%[1°] < 16 — 6%|* + of[|HO—1 — 0> + afo®

+ O[t<9t — 9*, H@t_l - 0*> (28)
Observe that
[HO:—1 — 0| < |[HO—1 — 07| + [|6: — 07|
< NOs—1 — 07 + [0 — 07 (29)

where the first inequality follows from triangle inequality
and the second follows from (25). For ease of notation, we
use A; = ||0; — 0*|| for all ¢. Therefore, (29) implies

[HO—1 — 0,]]> < A7 + A7 +200,1.  (30)

Now consider

(0 — 0", HO_1 — 0y)
= (0, — 0" HO,_1 — 0" — (0, — 6%,0, — 0%)
< |0 — Ou|[[|[HO—1 — 07| — A?

S YA1 A — A 31)

Substituting (30) and (31) in (28), we get

Ey[AY ] < A7+ af[AL ) + A7 + 2801 Ay + 07

+ oy ['VAtflAt - A?] (32)

In non-delayed TD learning, the last term in the square
bracket is YA? — A?, which is negative and therefore can be
ignored. However, that is not possible when we have delay,
so a different method is needed to bound this term. We do
so by exploiting the boundedness of the iterates.

From (27) (evaluated at ¢ — 1), we have

Ay <A1+ ap||[HO—o — 0| + |||

<A1 oy Ao + o || &l (33)
Substituting the above, in the last term in (32), we get

o [’YAt—lﬁt — A = at’y[At_lAt — A?] — yyA?
< APy A [Arg + (€] — ay AT
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where we use 7 = (1 —+). Substituting back in (32), we get
B (A7) < A7+ af[ALy + A7 + 2801 8¢ + 07
+ YA Ao + (&) — aaVA;

(a)
< (L4 0f)A7 + A7,
+ 07 [(8+47)M? + 07 + 0] — yAy (34)

where (a) uses Ay < 2M from (27).

Now observe that (34) is a autoregressive almost super-
martingale of the form presented in Example 2 in Sec. V-
A2 with X; = A2 Y, = o?[(8 + 47)M? + 0% 4 yo] and
Zy = ayyA;. Note that (22) is equivalent to (R1), thus (A3)
is satisfied. Thus, we can apply the result of Proposition 1.

For the choice of Y; above, (R1) implies that {2y defined
in Theorem 2 is almost surely equal to 2. Thus, from
Proposition 1 and Theorem 2, we get that A? converges
almost surely. This proves the first part of the proposition.

For any w € €, let ((w) = lim;_,o, A?(w). To prove
the second part, we will show that {(w) = 0. We start with
the observation that Proposition 1 and Theorem 2 imply that
almost surely.

Z\I/t+1zt+1 < 00.

t>1

Recall that in Sec. IV-A.2, we have argued that Ay, Ay
is of the form I + Cy, where C; is a non-negative matrix.
Therefore, Uy, ; is element-wise greater than or equal to I.

Hence,
Z Zi1 < Z W1 241 < 00.
t>1 t>1

(35)

We now show that {(w) = 0 by contraction. Assume that
for some w € Q, ((w) = 2¢ > 0. Choose a T'(w) such that
for all ¢ > T'(w), we have A%(w) > . Therefore,

Z Zi(w) = Z A2 (w) > Z e = 00

t>T(w) t>T(w) t>T(w)

where the last equality follows from (R2). The above limit
contradicts (35). Therefore, for almost all w € Qg, ¢(w) = 0,
i.e., AZ(w) — 0 almost surely. Therefore, 6; — 6*, almost
surely. ]

V. CONCLUSION

In this paper, we consider a generalization of almost su-
permartingale convergence theorem from scalar-valued non-
negative processes to vector-valued non-negative processes.
We provide two sufficient conditions for convergence which
rely on convergence of infinite product of matrices which
might be viewed as generalization of the conditions for con-
vergence in the scalar case. We show that the vector-valued
almost supermartingales can be used to prove convergence
of what we call almost auto-regressive supermartingales. We
use convergence of almost auto-regressive supermartingales
to establish convergence of delayed almost supermartingales
and delayed temporal difference learning. In general, we be-
lieve that vector-valued almost supermartingale convergence
theorem could be fundamental tool to establish convergence
of delayed version of various learning algorithms.
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