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An Adaptive Distributed Observer for A Class of Discrete-time
Uncertain Linear Systems over Acyclic Digraphs

Tao Liu and Jie Huang

Abstract— This paper proposes an adaptive distributed ob-
server for a class of discrete-time uncertain linear leader
systems. The leader system is assumed to be neutrally stable
with unknown parameters in the system matrix. Such a leader
system can produce multi-tone sinusoidal signals with unknown
frequencies, magnitudes, and phases. Under the assumption
that the digraph of the communication network is a spanning
tree with the leader system as the root, the proposed adaptive
distributed observer is shown to be capable of estimating over
the communication network not only the leader’s state, but also
the unknown parameters of the leader’s system matrix.

I. INTRODUCTION

The research of multi-agent control systems is constantly
expanding its frontiers [2], [7], [13], [14], [15], [20]. A
typical multi-agent system consists of a leader producing a
class of command signals and a group of followers whose
outputs asymptotically track the command signals of the
leader in a coordinated fashion [3], [4], [5], [12]. The leader
and the followers are called agents and the communications
among different agents are described by a communication
network. A control law that satisfies the communication
constraints imposed by the communication network is called
a distributed control law. An effective approach for designing
a distributed control law is called the distributed observ-
er based approach, which contains a distributed dynamic
compensator called the distributed observer that is able to
estimate the leader’s state over the communication network
and pass the estimated state of the leader to each follower’s
controller. The first distributed observer was developed in
[16] for studying the cooperative output regulation problem
of linear multi-agent systems assuming every follower can
access the dynamics of the leader. Later in [1], the distributed
observer was further rendered the capability of estimating
and transmitting not only the leader’s state but also the
leader’s dynamics assuming only the leader’s children know
the leader’s dynamics. Such a distributed observer is called
an adaptive distributed observer for a known leader. In
practice, the leader’s dynamics may contain some unknown
parameters. In this case, none of the followers know the

This work has been supported in part by Shenzhen Key Labora-
tory of Control Theory and Intelligent Systems under the grant No.
ZDSYS20220330161800001, in part by National Natural Science Founda-
tion of China under the grant No. 61973260, and in part by the Research
Grants Council of the Hong Kong Special Administrative Region under the
grant No. 14201420. (Corresponding author: Jie Huang.)

T. Liu is with Shenzhen Key Laboratory of Control Theory and Intelligent
Systems, Southern University of Science and Technology, Shenzhen, China
(E-mail: liut6é @sustech.edu.cn).

J. Huang is with Shenzhen Research Institute and Department of Mechan-
ical and Automation Engineering, The Chinese University of Hong Kong,
Shatin, N.T., Hong Kong (E-mail: jhuang@mae.cuhk.edu.hk).

979-8-3503-0123-6/23/$31.00 ©2023 IEEE

exact dynamics of the leader. Thus, reference [11] proposed
a model-free distributed dynamic compensator that can esti-
mate the leader’s state without using the exact dynamics of
the leader. Such a distributed dynamic compensator is called
an adaptive distributed observer for an uncertain leader. Ref-
erence [17] further proposed an adaptive distributed observer
for an uncertain leader and gave a sufficient condition on the
convergence of the estimated unknown parameters to their
actual values. Other relevant results can be found in [18]
and [19].

All the references mentioned above focus on the design
of distributed observers for continuous-time systems. Since
2016, the distributed observers have also been developed for
discrete-time systems. For example, the discrete-time coun-
terpart of the continuous-time adaptive distributed observer
for a known leader was established in [6]. Nevertheless, the
discrete-time counterpart of the adaptive distributed observer
for an uncertain leader has not been touched so far.

This paper aims to develop an adaptive distributed ob-
server for a class of discrete-time linear leader systems,
which are neutrally stable with unknown parameters in the
system matrix. Such a leader system can produce a multi-
tone sinusoidal signal with unknown frequencies, magni-
tudes, and phases. Motivated by our recent study on the
exponential estimation problem of the unknown frequencies
of discrete-time multi-tone sinusoidal signals in [9] and [10],
we propose an adaptive distributed observer for the uncertain
leader system. Under the assumption that the digraph of the
communication network is a spanning tree with the leader
system as the root, we show that the proposed adaptive
distributed observer is capable of providing for each follower,
not only an exponentially convergent estimate of the leader’s
state, but also an exponentially convergent estimate of the
unknown parameters of the leader’s uncertain system matrix.
Compared with the continuous-time adaptive distributed ob-
servers in [11], [17], [19], which rely on the leader’s state,
one distinct feature of the proposed discrete-time adaptive
distributed observer is that it only relies on the leader’s output
and thus it works when only the leader’s output is available.
Compared with the continuous-time output-based adaptive
distributed observer in [18], which requires to transmit the
estimated states among the followers, the proposed discrete-
time adaptive distributed observer only requires to transmit
the estimated outputs of the leader among the followers.

The rest of this paper is organized as follows. We first
formulate the problem in Section II. Then, we establish a
so-called identified leader system in Section III. Our design
of the adaptive distributed observer is presented in Section



IV and some concluding remarks are drawn in Section V.

Notation. R denotes the set of real numbers and Z* denotes
the set of nonnegative integers. col(zy,...,xz,) denotes a
column vector in R™ whose ith component is z; € R, i =
1,...,n. For any € R™, ||z|| denotes the Euclidean norm
of z. A discrete-time signal z(¢) € R™ is said to be bounded
over Z* if ||z(t)|| < M,Vt € ZT for some finite number
M, and is said to be persistently exciting (PE), if there exist
a positive integer 7' and a positive constant « such that

(et > al,, Vi € 27

II. PROBLEM FORMULATION

Consider the following multi-tone sinusoidal signal:

yo(t ZQ sin(wit +0;), te€zZ* (1)

i=1

where, fori = 1,...,n, 0 < w; < 7 are n distinct unknown
frequencies, {2; > 0 are unknown amplitudes, and —7 <
o; < 7 are unknown phases.

First, let w = col(wy,ws,...,wy). It is easy to show that
yo(t) can be generated by the following system:

T(t+1) = S(Ww)r(t), wolt) =cr(t), tecZ"
withe=[1 0 1 0 1 0]eRX,

},i—l,...,n}

Q, sino,, Q, cosoy,).

2

sin w;
COS W

& . COS w;
S(w) = block diag { { sinw,

and the following initial condition:
7(0) = col (Q; sinoy, Q4 cosoy,.. .,

Next, notice that the characteristic polynomial of the
system matrix S(w) of (2) is given by

I«

i=1

(s — (2cosw)s + 1) =: 82" + 015771 4 G524

o Ot a5 05+ 1

which establishes a one-to-one correspondence between the
n unknown frequencies w and the n unknown parameters
0= C01(91, 92, AN 7971)

Since system (2) is observable, there exists a nonsingular
matrix P € R?"*2" that defines a coordinate transformation

vo(t) = P7(t), and, under which, system (2) is transformed
into the following observable canonical form:
vo(t+1) = S(O)vo(t), wolt) =cwo(t), teZ™ (3
withc=[1 0 0 ] € R'™*2" and
S(60) = { o ]
~[ 6 6, 6 1] ceRr¥

As pointed out in the introduction, the distributed observer
arises in studying the cooperative output regulation problem
of linear multi-agent systems with one leader and N fol-
lowers [16]. Like in [16], we can describe the communi-
cation network for this leader-follower multi-agent system
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of (N + 1) agents by a digraph G = {V,&}, where V =
{0,1,..., N} is called the node set and £ C V x V is called
the edge set. We associate node 0 with the leader system
(3) and node i,7 = 1,..., N, with the ith follower. Then,
(4,i) € E,i # j, indicates that ith agent can access the
information of the jth agent, and agent j is called a neighbor
of agent i. We define N := {j € V : (j,i) € £} as the
neighbor set of agent i.

Now we are ready to formulate the problem.

Problem 1: Given the digraph G and the leader system (3)
generating the output yo(¢) of the form (1), design, for each
follower a dynamic compensator of the following form:

Gt +1) = £ (Gl0) {s (1) ] € N}

0t +1) = g (0:(0), (). (s (6) — wilt) : j € AT}
yi(t) = by (Gi(), Bu(1))
vilt) = ( 0.0:0),  i=1..N @

where, for i N, ((t) € R™ with n¢ being
some positive 1nteger 0 (t) € R™, y(t) € R, vi(t) €
R?", and f;(-),gi(+), hi(-), 1;(-) are some globally de-
fined smooth functions, such that for any initial conditions
(Q(O),éi(o)) € R™ x R",4 = 1,..., N, the solution of

system (4) is bounded over Z* and satisfies

tlg&(é() 9) i=1,...,N.
hm( i(t) — ()):O7 i=1,...,N
hm( i(t) —vo(t)) =0, i=1,...,N

all exponentially.

Remark 1: If Problem 1 is solvable, then the distributed
dynamic compensator (4) is called an adaptive distributed
observer for the uncertain linear leader system (3).

III. THE IDENTIFIED LEADER SYSTEM

Since the system matrix S(6) of the leader system (3)
contains the unknown parameters 6 and hence cannot be
used, the design methodology of an adaptive distributed
observer for an uncertain leader system is entirely different
from that of a distributed observer for a known leader system.
Thus, we will first establish, in this section, another system
that is capable of recovering the unknown parameters ¢ and
the state vg(t) of the leader system (3) by using only the
output yo(t) of the leader system (3). We call this system
the identified leader system and will carry out our design
of the adaptive distributed observer based on this identified
leader system in the next section. The main results of this
section are summarized from [9] and [10].

H 0 Ianl 2nXx2n 0

First, let A = 0 0 c R ,b = 1} €
R?" and let d € R?" be such that the matrix D := A — dc
is Schur. Design two filters for the output yo(¢) of the leader
system (3) as follows:

no(t +1) = Dno(t) + (d — b) yo(t) &)



o(t + 1) = DEo(t) — byo(t). (6)

Then, based on the state £, (¢) of the filter (6), further define

Zo(t) :=[ Bo1(t) Zo2(t) Eon(t) | € R*"
Zoi(t) = 4 PP F D) &M, G =1
’ - ano(t), J n.

Lemma 1 (Lemma 2 of [9]): Given system (3), design t-
wo filters (5) and (6), and define
ﬁo(t) = Tjo(t) + E()(t)9 — ’Uo(t) S Rzn.
Then, for any initial conditions (v (0), 70(0), £(0))
R x R?", lim;_, o, Uo(t) = 0 exponentially.
Motivated by Lemma 1, we propose to estimate vy(t) by
Do(t) as follows:

(7

€ R x

do(t) == no(t) + Zo(£)o(t) € R*" ®)
and propose to estimate yo(t) by o (¢) as follows:
Go(t) :==c (Uo(t) + Eo(t)éo(t)) €R" €))

where, in (8) and (9), éo(t) € R" is an estimate of the
unknown parameters 6, and is updated according to the
following adaptation law:

Y1¢0(1)
1+ y200(t) T ¢o(t)

in which, 0 < ; < 27, are two constants and
- T
po(t) == (cEo(t))

Now we draw the main conclusion on the system com-
posed of (5), (6), and (10), into a proposition, which follows
from Theorem 2 of [10] and the above Lemma 1.

Proposition 1: Consider system (3) generating the output
yo(t) of the form (1) and the system composed of (5), (6),

m0(0), £(0),0(0) ) €
R?" x R2" x R™, the solution of the system composed of
(5), (6), and (10), is bounded over Z* and satisfies

Oo(t+1) = O (t)+ (yo(t) — go(t)) (10)

c R™ (11)

and (10). For any initial conditions

Jim, (o) ~0) =
Jm (Go(t) —yo(t)) =0
tlggo (Po(t) —wo(t)) =0

all exponentially, where 9o (¢) is given in (9) and 0 (?) is
given in (8).

From Proposition 1, we see that the system composed
of (5), (6), and (10), has the capability of recovering the
unknown parameters, the output, and the state of the leader
system (3). Thus, we call this system the identified leader
system for the uncertain leader system (3).
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IV. SOLVABILITY OF THE PROBLEM

Having obtained the so-called identified leader system, we
will first show, in this section, that the solvability of Problem
1 reduces to the solvability of a leader-following consensus
problem with the identified leader system composed of
(5), (6), and (10), as the leader and the proposed adaptive
distributed observer as followers. Then, we will further solve
this leader-following consensus problem that leads to the
solution of Problem 1. As the identified leader system is
a known system, we have converted a seemingly intractable
problem into a tractable problem.

To begin with, we make the following assumption on
the digraph G describing the communication network of the
leader-follower multi-agent system.

Assumption 1: The digraph G is a spanning tree with node
0 as the root.

Let A := [a;]N,_y € RVFUXNFD) denote the welghted
adjacency matrix of the digraph G, where a;; = 0, and,
for i # j,a;; > 0 if and only if (j,4) € €. Then, under

Assumption 1, we have ij:o a;; >0,i=1,...,N.
Define w;; := Z13”%_,1':1,...7N7ij,l,...,N.
Then, for : = 1,..., N, we construct two distributed filters

of the following forms:

ni(t +1) = Dni(t) 12)

+(d—-b) wayj
waljy]

where, fori =1,..., N, y;(¢) is an estimate of yo(t) by the
ith follower and is defined as follows:

&(t+1) = DE&(t) (13)

) =c(mB) +ZWhH)) eR (14
in which,
Ei(t) =] () Ei(t) Ein(t) ] € RZ"
(DI + D) &(t), j=1,...,n—1

Ei' t) =

J( ) {D”fi(t), j:n.
Moreover, for: = 1,..., N, éi(t) € R"™ in the definition of
yi(t) in (14) is an estimate of the unknown parameters 6 by
the ith follower, and is updated according to the following
distributed adaptation law:

71 (bz

Ou(14+1) = B0+ s Zwu i) ~ il0)

(15)
where 0 < 71 < 27, are two constants and ¢;(t) :=
(cZ;(t))T € R™. Also, for i = 1,..., N, define

03 (t) == mi(t) + Zi(£)0; (t) € R*"

as an estimate of vg(t) by the ith follower.

Remark 2: We call the system composed of (12), (13),
and (15), an adaptive distributed observer candidate for the
leader system (3), which is in the form of (4) with n; = 4n,

(16)



Ci(t) = col(n;(t),&:i(t)), yi(t) given by (14), and v;(t) given
by (16), ¢ = 1,...,N. If Problem 1 is solvable, then the
adaptive distributed observer candidate is further called an
adaptive distributed observer.

Next, we show that the solvability of Problem 1 can be
converted to that of a leader-following consensus problem
with the identified leader system composed of (5), (6), and
(10), as the leader and the adaptive distributed observer
candidate composed of (12), (13), and (15), as IV followers.

Proposition 2: Under Assumption 1, Problem 1 is solv-
able if

tli>m (nz(t) _Uo(t)) :Oa 1=1,. '7N (17)
lim (éi(t)—éo(t)> —0, i=1,...,N (19
all exponentially.
Proof: First, by Proposition 1, we have
lim (éo(t) - 9) -0 (20)
hm (yo(t) —yo(t)) =0 (21)

both exponentially. Hence, from (19) and (20), we have

lim (éi(t) —9) -0, i=1,....N (22)
t—o00
exponentially.
Next, note that (18) implies

exponentially. Since the matrix D is Schur and yo(t) is
bounded over ZT, the state & (¢) of the filter (6) remains
bounded over Z* and, as a linear function of &y(t), Zo(¢)
also remains bounded over Z*. Then, by (23), Z;(t),i =
1,..., N, are all bounded over Z™.

From the definitions of y;(¢) in (14) and §o(¢) in (9), we
have, fori =1,..., N,

yi(t) = go(t)
= c(m(t) = mo(t) + =:(t)
+ (24(t) ~ Zo() o (1) ).
By (17), (19), (23), and the fact that fy(¢) and Z;(t),

(24)

1,..., N, are bounded over Z*, we have
Am (yi(t) = 90(t)) =0, i=1....N (25)
exponentially. Thus, from (21) and (25), we have
Am (yi(t) —yo(t)) =0, i=1,....N (20
exponentially.
Now, from the definitions of v;(¢),i = 1,..., N, in (16)

and 7 (t) in (7), we have, fori =1,..., N,
’Ui(t) —’Uo(t)
= ni(t) = m(t) +Zi(1) (1) )
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+ (Ei(t) — Zo(t)) 0 + Do(t).

In particular, by Lemma 1, lim;_,~, 09(t) = 0 exponentially.
Thus, from (17), (22), (23), and the fact that =;(t),4
1,..., N, are bounded over Z*, we have

flgrolo (vi(t) —wo(t)) =0, i=1,...

exponentially.

Finally, combining (22), (26), and (27) shows the solvabil-
ity of Problem 1. ]

As aresult of Proposition 2, in what follows, we will focus
on solving the leader-following consensus problem of the
identified leader system and the adaptive distributed observer
candidate. For this purpose, we first define, fors =1,..., N,
the following errors between the adaptive distributed observ-
er candidate and the identified leader system:

7i(t) = mi(t) — mo(t), &i(t) = &i(t) — &o(t)

0i(t) = 0:(t) — bo(t), Ei(t) = Ei(t) — Zo(t).
Then, from (24), we have

i(t) (7:() + Z:00:(8) + Zs(0o (1))

It is noted that, under Assumption 1, by appropriately
labeling the nodes 7,7 = 1,..., N, we have, ijo Wi =
Z; Bw” = 1. Thus, for ¢ = 1,..., N, the error dynamics
of the distributed filter (12) are governed by

N 27

)

—_

(28)

—Jo(t)=c

mi(t +1)
= Dii;(t) + (_d —b) (1 —wio)(Jo(t)

(= b) 3wy a50) ~ o)
Diji(t) + (d = b) (1 — wio)(Jo(t) — yo(t))

Fd-b)e Y wy () + 000 +
j=1

—yo(t))

(29)

the error dynamics of the distributed filter (13) are governed
by

fNZ-(t + 1)

= sz( ) b(1 — wio)(Yo(t) — yo(t))
- waw(yj(t) o(t))

= D&;(t) — b(1 — wio)(Jo(t) — yo(t))

i—1
—be " wy; (7() + Z5(00;(0) + Z,(0)0(1)) . (30)
j=1
and the error dynamics of the distributed adaptation law (15)
are governed by

0:(t+1)

(t) + 71(1)1

é.
1+ 72¢z

szj yj

jO

DT on®) —vi(t))



Y160(t)

T e )~ o(0)
SO vfo (;% (0~ lt)
T+ ’Yz;f?t();qﬁo(t) (5(®) = 9o(t))
- (- ) o
- e * (m(n + a-(t)éo(t))
T Z“’” 5(1) = ol1))
1 J;;i;f(t)ﬁﬁi(t) (0(8) — (1)
100 (1) — Go(t). (31)

L+ v260(t)" do(t)

Before proceeding, we present another technical lemma
whose proof is omitted due to the space limit.

Lemma 2: Suppose that ¢(t) € R™ and ¢(t) € R" are
bounded over Z* and are such that lim;_, (¢(t) — &(t))
0. Then, ¢(t) is PE if and only if ¢(¢) is PE.

Proposition 3: Given the digraph G and the leader system
(3) generating the output yo(t) of the form (1), under
Assumption 1, the identified leader system composed of (5),
(6), and (10), and the adaptive distributed observer candidate
composed of (12), (13), and (15), have the property that, for

(ni(o)’gi(o)aéi(o)) € R?" x R?" x

any initial conditions

R™,7=0,1,...,N, their solutions satisfy
tli)rgo (mi(t) = no(t)) =0, i=1,....,N
tll)Holo(fl(t)ffg(t)):O 2:17"'7N
lim (91-@) - eo(t)) —0, i=1,...,N.

all exponentially.

Proof: First, we note that the filter (6) is a stable linear
system subject to a bounded input yo(¢). Thus, for any
£0(0) € R2™, its state £y(t) remains bounded over Z*. Since
¢o(t) in (11) is a linear function of &y(t), ¢o(t) is also
bounded over Z™. In addition, by Proposition 1, we have

(d0(t)—6) =0 and lim (Go(t) —yo(t)) =0 (32)

lim

t—o0
both exponentially. Hence, éo( t) is also bounded over Z7.

For i = 1,..., N, define 7j;(t),&(t),0;(t), and Z;(t) as
in (28), and put the error dynamics in (29), (30), and (31)
into the following compact forms, respectively:

i(t + 1) = Dij;(t) + 0o () +mi 1 () (33)
Gi(t+1) = D&(t) — &lo(t) — &4 1 (1) (34)
: AR O Ry

0:i(t+1) = (In 14720 (t)T st )) (1)
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+07(t) + 67, (1) — 6.(0). (35)
where, for i =1,..., N,

nto(t) = (d — b) (1 — wio) (G0 (t) — yo(t))

Wi s(t) = (d —b) Zwu( 25001
n ég@)%(ﬂ)
&lo(t) = b(l - wio)(?o(t) —yo(t))
fa bczwu (75(6) + =5 (085(1) + 2500 (1))
Y ¢z( Jwi R
- -0

sz,z'fl(t) 1+ ,Y;lzfl T¢1 Z Wi g yj o(t))

Consider the base case with ¢ = 1. Systems (33) to (35)
become

m(t+1) = D (t) + ( ) (36)
&i(t+1)=DE(t) — 510( ) 37)
. 3 Y11 (t)1 (1) -
hult+1) = (I” T T e (07 <t>> hil)

+ 07 () — 67 1 (¢). (38)

In particular, since wip = 1, n{ () = 0 and &f (t) = 0.
Then, we have

lm () =0 and lim &(1)=0  (39)
both exponentially, which further implies that
tlgglo Ei1(t)=0 and tlgglo(gbl(t) —¢o(t)) =0 (40)

both exponentially. Since ¢o(t) is bounded over Z*, so
is ¢1(t), ie., there exists ¢; > 0 such that [¢1(t)]|? <
©1,Vt € Z*. Moreover, by Lemma 3 of [9], ¢o(t) is PE.
Hence, by Lemma 2, ¢4 (t) is also PE.

Now we consider system (38). By (32), (39), (40), and
the fact that f(t) and ¢ (t) are bounded over Z*, we have
limy o0 05 o(t) = 0 and limy_, 07, (t) = 0 both exponen-
tially. Further, since ¢;(t) is PE and satisfies |¢1(¢)]? <
¢1,Yt € Z" and 11 — 27, <0 < 2, by Lemma 1 of [10],

the following system:
o1 ()T 5
(In_ ’71¢1()¢1§) >€)1(t)
1+ 72¢1(t)"1(t)
is exponentially stable. Thus, system (38) is seen to be an

exponentially stable linear system subject to a bounded and
exponentially decaying input. By invoking Lemma 1 of [8],

O1(t+1)=




we have lim;_, o 91 (t) = 0 exponentially, which together
with (39) proves the base case.
Next, suppose for some integer k£ with 2 < k < N — 1,

tli>Holo () =0, tli}H;o &(t) =0, tliglo 6;) =0 @D
all exponentially, for 5 = 1,...,k — 1. Then, consider

systems (33) to (35) specified to i = k as follows:

i (t + 1) = Dijg(t) +Wg,o( )‘*‘771@1@ 1(t) (42)
&t +1) = DE(1) — &L o(t) — &1 (1) (43)
5 Y10k () (1) ) 5
0L(t+1)= (1, — 0k (t
et +1) ( ESNOLPNOI A
+ 000 () + 081 () = 011 (). (44
Similar to the base case, from (32), we first have
limy ool o(t) = 0 and limy o0 & o() = 0 both
exponentially. Then that limy o7 ,_,(t) = 0 and

limy o0 527 w—1(t) = 0 both exponentially follows from (41)

and the fact that &y (t) and 6y (t) are bounded over Z. Thus,
we obtain from (42) and (43) that

lim 7x(t) =0 and lim & (t) =0 (45)
t—o0 t—o0
both exponentially, and hence
lim Sx(t) =0 and  lim (x(t) = ¢o(t)) =0 (46)

both exponentially. By the boundedness of ¢g(t), ¢x(t) is
bounded and there exists ¢ > 0 such that ||¢y(t)]|* <
¢k, Vt € ZT. In addition, since ¢o(t) is PE by Lemma 3
of [9], by Lemma 2, ¢(t) is also PE.

Now we consider system (44). By (32), (41), (45), (46),
and the fact that fy(t) and ¢o(t) are bounded over Z%,
we have lim;_,o Qg‘o(t) = 0,lim; 00 0g7k_1(t) = 0, and
limy_y oo 9,‘57 L) =0 all exponentially. Further, since ¢ (t) is
PE and satisfies ||¢x(¢)||* < ¢, Vt € ZT and 71 — 272 <
0< %, by Lemma 1 of [10], the following system:

5 Nkt 5

bt 1) = (1 T ) B0

is exponentially stable. Thus, again, we can view system
(44) as an exponentially stable linear system subject to a
bounded and exponentially decaying input. Then, it follows
from Lemma 1 of [8] that lim;_, . 6% (¢t) = 0 exponentially,
which together with (45) establishes the induction step.

The overall proof is completed by induction. ]

Finally, the conjunction of Propositions 2 and 3 gives the
following main result of this paper.

Theorem 1: Under Assumption 1, Problem 1 is solvable
by an adaptive distributed observer composed of (12), (13),
and (15), with the estimated output y;(¢) given by (14) and
the estimated state v;(t) given by (16).

V. CONCLUSION

We have proposed an adaptive distributed observer for a
discrete-time linear leader system, whose system matrix is
uncertain and neutrally stable. By assuming that the digraph
of the communication network is a spanning tree with the
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leader system as the root, we have shown that the proposed
adaptive distributed observer is able to provide for each
follower not only an estimate of the leader’s state, but also an
estimate of the unknown parameters of the leader’s uncertain
system matrix. An extension of the result of this paper is to
consider the same problem over general digraphs.
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