2023 62nd IEEE Conference on Decision and Control (CDC)
December 13-15, 2023. Marina Bay Sands, Singapore

Comparison theorem for infinite-dimensional linear impulsive systems*

Vladyslav Bivziuk', Sergey Dashkovskiy™=?

Abstract— We consider a linear impulsive system in an
infinite-dimensional Banach space. It is assumed that the
moments of impulsive action satisfy the averaged dwell-time
condition and the linear operator on the right side of the dif-
ferential equation generates an analytic semigroup in the state
space. Using commutator identities, we prove a comparison
theorem that reduces the problem of asymptotic stability of the
original system to the study of a simpler system with constant
dwell-times. An illustrative example of a linear impulsive system
of parabolic type in which the continuous and discrete dynamics
are both unstable is given.

I. INTRODUCTION

The study of the stability of hybrid systems [1] plays
an important role in control theory. The class of hybrid
systems usually includes impulsive systems [2], [3] and sys-
tems with switching [4]. Lie algebraic methods for stability
investigations of finite-dimensional switching systems were
previously used in [4]—[8]. For linear impulsive systems with
bounded operators on the right side, the commutator calcu-
lus methods were used in [9]-[11]. The ISS property and
stability of coupled nonlinear impulsive infinite-dimensional
input systems were also studied in [12]-[15].

The aim of this paper is to extend the results of [9] to
a wider class of linear impulsive systems which includes
partial differential equations for which the influence of
impulsive disturbances is not well understood. The main
contribution of this article is the substantiation of the com-
parison principle which reduces the problem of the stability
of a linear impulsive system for which the sequence of
moments of impulsive action satisfies the averaged dwell-
time (ADT) condition to the study of the stability of a linear
impulsive system with constant dwell-time. This problem
is much simpler and can be solved on the basis of the
Lyapunov function method from the class of piecewise time-
differentiable functions.

In order to derive the main result we apply the Hadamard’s
commutator formula from [16], which is extended here to the
case of analytic semi-groups.

The work consists of six sections. In the second section,
we state the problem; in the third section, we prove an
auxiliary result which extends the Hadamar’s formula for
some classes of unbounded operators. In the fourth section,
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the main result is proved, and in the fifth section, some
examples are given. The sixth section contains conclusions.

II. PROBLEM STATEMENT

To state the problem we use the following notation. Z .
denotes non-negative integers. Let X be a Banach space, by
L(X) we denote the set of linear bonded operators from X
to X. By B,(0) we denote the ball of radius » > 0 around
the origin. The commutator of D,C € L(X) is defined by
[D,C] := DC — CD. For symmetric square matrices P, Q
we write P < Q if and only if the matrix Q — P is positive
definite.

We consider the linear impulsive system

(t) = Ax(t), t# T,
z(tT) = Ba(t),

LC(TSL) =X € D(A),

t:Tka

)

where © € X is a state vector, A is a closed densely
defined linear operator with domain D(A) that generates
an analytic semigroup (T})icr, C L(X) in the space X.
Assume that B is a closed linear operator from D(B) to
X. Since we are considering classical solutions of (1), we
assume that BD(A) C D(A). Here, {7}, is a sequence
of moments of impulsive action which is assumed to be
increasing and having a single accumulation point at infinity.
For this sequence, we assume that the ADT condition is
satisfied in the following form: there are constants 6 > 0
and Ymax € [0,0) such that for all k& € Z, the following
inequality holds

|Tk —T0 — k9| S Xmax- (2)

We recall the well-known fact that a closed densely defined
linear operator A is a generator of an analytic semigroup
if and only if it is sectorial in the sense of the following
definition. Let R4(\) be the resolvent of the operator A and
p(A) be the resolvent set of the operator A.

Definition 1 ([17]). A closed linear operator A with D(A) =
X is called sectorial if for some a € R and ¢ € (§,7) it
holds that

Zag = {A € C\{a}|[arg(A —a)| < ¢} C p(A),

and there is a positive constant & such that for all A € X, 4,
the following inequality holds
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III. COMMUTATORS

It is known that linear bounded operators D,C € L(X)
satisfy the identity (Hadamard’s formula from [16])

o0 tm -
DelC = ¢t@ ZO —{D.Cc™} (4)

Here, {D,C™}, m € Z is a sequence of nested commuta-
tors defined recurrently

{D,C"}:=D, {D,c™"'}:=[{D,C™},C],

We define an extension of the operator {B, A"}, m € Z
for the case of unbounded operators A and B inductively. Let
{B, A"} := A. Let a linear operator {B, A™} with domain
D({B,A™}) be already defined for some m € Z,. We
denote

D:={ze X |Az e D{B,A™}), {B,A™}zeD(A)}.

Let D D D(A) and a linear operator with domain D acting
by the rule

D> a— {B,A™}Az — A{B, A"}z

be closable and its closure is denoted by {B, A™*+1}.
We note that by definition D({B, A™}) D D(A).

Lemma 1. Assume that , the operators { B, A™} are defined
for all m € Z, satify the condition {B, A™}D(A) C D(A)

and
Kin™

A =

for some constants 1 >0, K1 > 0 and all A € ¥4 4.
Then for all € D(A), the following equality holds

{B, A" }RA(N)[|L(x) <

®)

o0 tm
Bliu=T)» m{& A} (6)
m=0
Proof: Without loss of generality, we can assume that
a = 0. First of all, using the method of mathematical
induction, we show that for any N € Z_ the identity

N

tWL m
Blw=T» —{B, A"}
) m= (7)
+ﬂ/e*tRXH(A){B,ANH}RA(A)x dX.
iy
T

holds for all z € D(A). Here and further we denote,

/F()\)xd/\ = lim
R—+o0
r Tr
where F : p(A) —» L(X), T =T(r,¢) =
I'r=T'NDBg(0), Y € (5,¢), r>0, R>0,

F(M\)zd),

Iyul'y U,

I =Ti(ry)={\= —se'® | s € (=00, —r]},
Ly =Ty(r,) = {\=re|ac [~ 9]},
FS - FB(Tv Z/J) = {)‘ = Seiw | s € (’I",OO)},

mEZ+

Indeed, using the Dunford—Taylor formula [17], we obtain

T — i/e*tRA(A)x A, ®)
211
T

Since Tyxz € D(A) C D(B) and the operator B is closed,
we have

1
BTz = —,/eMBRA(A)x d\.
2m

r

Taking into account the assumption BD(A) C D(A), we get
for all x € D(A) that

BRA(/\)I - RA()\)Bx = RA(A)()\ id —A)BRA(/\)x
—Ra(N)B(Aid —A)R4(N)z = Ra(A\)((Aid —A)B
—B(X\id —A))Ra(N)z = Ra(N)[B, AJRA(N)z.

Substituting the expression for BR 4 (\)z into (8), we get

1
BTz = — / eMRA(N) Bz d\
21

T

1 At
+%/e Ra(N)[B, AJRA(N)z dX
I

1
=— / eMR4(\) d\Bx

211
L /
— [ e
21

r

=T,Bx + 2im /e’\tRA(/\)[B, A|Ra(N)x dA.
T

r

MRAN)[B, AJRA(N)z dX

Therefore, the formula (7) is proven for N = 0.

Assume that the formula (7) is valid for N = p. Then,
given that D({B, AP*1}) D D(A) and {B, APT1}D(A) C
D(A) for z € D(A), we get that

{B, AP" " YRs(\)x — Ra(\){B, AP}z
= Ra(N)(Nid —A){B, AP R Nz
—RAMN{B, AP} (Nid —A)Rs(\)x

= Ra(\){B, AP*2}RA(\)x.

Expressing {B, AP"™'}R,(\)z from here and substituting
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into the formula (7) for N = p, we get

p
tm .
BT,z =T, Z:O —{B, A"}
+i,/e”Rg“(A){B,AP“}RA(A)di

21
I

P 1
tm , 1
=T, ) —{B, A"+ — /e“Rg“(A){B,AP“}x d\
m=0 ’ T
/ M RIFZOV(B, AP} Ra (N dA
T

tom

P
tm 1
= Tt Z %{B,Am}x—l— %/GM‘/RZ+2()\) d)\{B7Ap+1}£L'
m=0 T
1
—l-%/e”Rﬁ‘”(}\){B,Ap+2}RA(A)di.
' ©)
Using the identity (5.22) from [17]:

(_1)p+1 qrt1
(p+ 1)! dxpt?

RGN = Ra(})

and applying integration by parts p + 1 times (taking into
account that [e*| — 0 as Re A\ — —oo and (3)), we obtain

= / M RET2(N) dA

)
/ e
r
qprt+1

r
A qrt1
1 (=1)pt!
— o e [ PR i
r

dartl

1 (—1)ptt
2mi (p+1)!
1 tp+1
T 2mi (p+1)!

tp+1

PRSI

/e’\tRA(/\) d\ = T;.

r

which completes the proof of (7).

We now show that (7) implies (6). To do this, we estimate

the integral in (7) taking (3) and (5) into account:

H/eAthH()\){B’AN+1}RA()\)d>\H

|d(se™)]

'r
R A
- K1 KN+HIpN+lexp(ts Ree ™)
= |se—i|N+2
T
»

K KNHpN+1 exp(tr Re e'®)
|reia [N+2

T eia)l

|d(r

jd(se™)]

-
R .
K KNHpN+1exp(ts Re e'¥)
+ |seiv N +2
T

ds

< 2/ K1 KNHpN+1exp(ts cos(1)))
= SN+1

I
P
KKN+1 N+1e tr cos
+/ 1 U xp(treosa) ,
-

PN+1
_ N+l N4l exp(tscos(y))
—KlK n (2/st

T

»
N / exp(tr cos a)da>

PN+
—

Applying the change of variables y = —st cos(¢)), we find

T exp(ts cos(1)))

/731\’“ ds
_ N exp(—y)
= (t] cos(1)]) TN d

rt| cos(y)|
o—rt] cos(¥)] )
< (t|COS(1/))|)N7N (rt| cos(y)) =
TfNefrt\ cos ()|
N

Using also the estimate

J

-

exp(tr cos @)

2wert
TN da <

= T‘N+17

we get

| [ Ry B AY Ra A

e—7‘t| cos(1)| 2’(/167%)

< KlKn(Knr_l)N(2 I + .

Let » > Kn. Then,

H/e”Rf“(A){B,ANH}RA(A) dAH 50
I'r
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as N — oo uniformly in R > Ry, where Ry is a sufficiently
large positive number. Therefore, in the formula (7), one can
pass to the limit N — oo and obtain the formula (6). The
lemma is proven.

IV. MAIN RESULT

Along with the original impulsive system (1), consider
the following impulsive system with constant dwell-time
(comparison system)

(t) = Az(t), t#k0, z(07) =2 €D(A),

A(t+) = Ba(t +ZW${BAm}z()t:k9,

(10)

where z € D(A) and xi := 7% — 70 — k0 < Xmax, see (2).

The main theorem reduces the problem of stability of the

initial impulsive system (1) to the study of the comparison
system (10).

Theorem 1. Let the linear operator A be sectorial, the
linear operator B be closed, and for all m € 7. the
linear operators { B, A™} be defined as above and such that
{B,A™}D(A) C D(A). Assume that inequality (5) holds
and {B, A" }Typ_... € L(X) for all m € Zy as well as

B, AT, . 1/m
Qe'Xl‘naxlim sup H{ ! } 0 Xmax”

m—00 m

<1l. dDn

Then, the asymptotic stability of the linear impulsive
system (10) implies the asymptotic stability of the linear
impulsive system (1).

Proof: Let xy € D(A). Then, z(r) = Ty _r,To-
Therefore, applying the Lemma 1 and the semigroup prop-
erty, we obtain

x(ﬁ) BT, - TOwO_BTTl — 70— 0+ Xmax LH—Xmax L0
+
= L —710—0+xmax Z W{B AT }T‘9 Xmax L
m=0 ’
Let

(Xl + Xm‘l)c)
= g =" {B, A" }T|
20 P ml { 30— ximax®
Then, using the semigroup property, we have

_ +\
1’(7’2) - TT2*T1"£(7—1 ) - T7-277—1T7-177—070+Xmax20
= X2+XmaxT920'

Applying the Lemma 1 again, we get

x(TQ )= BT+ xmax 1070
(X2 + Xmax) m
X2+Xmax Z m! {B, A"} Ty 2.
m=0 ’

We denote by Z(t) the solution to the Cauchy problem for the
linear impulsive system (10) with the initial condition Z(0) =
20. Then, z(757) = Tyy1yma 2(07). Using the method of
mathematical induction, we prove that

2(18) = Ty 2((k = 1)0F),  k>2. (12)

For k = 2, this has already been proven. Let (12) be valid
for k = p. Then,

‘T( ;;1) = Bm(Tp+1) BTTP+1 L (ng_>
- BTTP+1 TpTXp+Xm1x (( - 1)9+)

= BT, Tyz((p—1)07T)

Xp+1+Xmax

Xp+11Xmax m
T Y Q)" (- 1)6)

m=0
= Ty 14 xman 2P0 )

Therefore, (12) is valid for k = p + 1.
From the definition of zy by the triangle inequality for
norms we estimate

(2Xmax)™ m
|20 < Z TdH{B A" Ty e lloll =2 pellzoll-

m=0

The convergence of the series on the right-hand side follows
from the Cauchy criterion, the Stirling formula, and the
condition (11). For the dwell-time, the estimate 741 — 7% <
0 + 2Xmax, k € Z follows from (2). We denote

M :=sup{||T¢|| | t € [0,0 + 2Xmax] }-
Then, (12) implies the estimate

lz )l = 1Te—r (TN < 1 Ti—r ()
< M| Tyt xma 2((k = 1)OT)]|
< M Ty x| 1206 = DO

for t € (7, Tkr1] Since 0 < Xx + Xmax < 2Xmax> We have
1Tk +xemax || < M, and therefore,

lz ()l < M2|[Z((k - 1)67)].

Let € > 0. Then, it follows from the stability of the linear
impulse system (10) that for some ¢ = d(¢) for all k € Z
the inequality ||2(t)|| < e(uM?)~! holds. Then, ||z (t)|| < €
is satisfied for all ¢ > 0 which proves the stability of the
original linear impulsive system (1).

The asymptotic stability of the linear impulsive system
(10) implies that for any € > 0 there exists ko(g) € Z4 such
that

12(k6T)|| <eM ™2, k> ko(e).

Then, for ¢ > 741, the inequality |z(¢)|| < ¢ is satisfied.
The theorem is proven.

Remark. If T;, t € R is a linear group in L(X) or if the
sequence of moments of impulsive action {74}, which
satisfies the following ADT™ condition:

30 >0, IXmax > 0VE € Z4 kO <1, — 79 < kO + Xmax,

the asymptotic stability of the original linear impulsive
system (1) follows from the stability of the comparison
system of the form

A(t) = Az(t), t#kO, 2z(0") =z €D(A),
At = Bty + 3 e amys), ko,
m=1 !
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V. EXAMPLE

For / > 0 and p > 0 we consider the linear impulsive
system of parabolic equations

8tx(yv ): 282 ( )+A;c(y,t), t # Tk, (14)
(ya ) Bl‘(y, )a L=y
in the state space X = L2((0,£);R"), where z €

C([0,00), L*((0, £);R™)) N C*((0, 00), L*((0,£); R™)), y €
[0,4], t € Ry, A € R"™ and B € R"*". The initial and
boundary conditions are given by

x(y,0) = zo(y), x(0,t) =z(L,t) = (15)
where o € H?2(0,¢) N H}(0,¢). Let D(A) = H?(0,¢) N
HE(0,¢), D(B) = X and
(Az)(y) = p*05,2(y) + Ax(y), (Bz)(y) = Bx(y).

It follows from Theorem 1 that for the asymptotic stability
of the linear impulsive system (14)-(15), it suffices to check
the asymptotic stability of the comparison system

t ko,
t= ko,

hz(y,t) = 0y, 2(y,t) + Az(y,1),
Z(yatJr) = BZ(y,t) + sz(yat)a

where z € CY(R4, X), y € [0,4], t € Ry, Gy € R™¥7,
G|l < 300, Gxmad™ ) (B A™}| := w. The initial and
boundary conditions are given by

(16)

2(0,t) = z(¢,t) =

where zo € H?(0,¢) N H(0,¢). To study the stability of
the comparison system (16)—(17), we define a candidate
Lyapunov function by

‘
V(t, z):= /ZT (y)P(t)z(y) dy. (18)
0

Here, P : Ry — R™™ is a piece-wise continuous and
differentiable on the set Ry \ §Z and 6-periodic map with
values P(t) in the set of symmetric positive-definite matrices.

The total derivative of this function along the semiflow
generated by (16)—(17) is

4
V(t2) =2 [T WP, (0) dy

L
+ [T @O + ATPO + POIA):() dy

19)

Applying integration by parts and the Friedrich’s inequality,

we obtain

l l
/ 2T ()P (102, 2(y) dy = — / (By2(1) T P ()0, 2(y) dy
0

/ P2(0)0,2(0) | dy < / [P (1)2(y)11 dy
¢
2
-7 [ wP@:) dy
0
Therefore,
. ; . 7T2:U’2
V(e < [ @0+ (A - T i) TR
0
722
+P(t)(A — 7 id))z(y) dy.
We choose P(¢) so that for ¢ € R \ 6Z,, the equality
722 m2p?
P(t) + (A - 7~ d)"P(t)+P(t)(A— 7 id)=0

is satisfied. Then,

27242 (t—k0)

Pit)=e & efAT (tfke)POefA(tka)

for t € (k6, (k + 1)0]. Assume that there exists a positive-
definite matrix P that satisfies the matrix inequality

_2Tr ol 29

w22
e PTPyD +e @ (2w|BPy|
+w2||P0||)eA 0eA0 < Py,

(20)

where ® = BeA?,
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At the moments of jumps ¢t = (k+1)0, k € Z,

4
V((k+1)0%, =) = / (B=(y))" Po(B2)(y) dy
0

+2 [ (Bz(y))" Po(Gi2)(y) dy

—

+ [ (Grz(y) T Po(Gr2)(y) dy

o\
S o

< [ (2(y)" BT PoBz(y) dy

+2

\(\ O\N

IBT Pollw(z(y))" 2(y) dy

o

)
L

+ [ @PIPall:0) " 2(0) dy

0

¢
- / ((4))" (BT PyB + (20| BT Pyl + w?|Po ) id )=(y) dy
0

¢

< / (2(u)) T P(0)=(y) dy = V((k + 1), 2).
0

Therefore, V' (¢, z) is a Lyapunov function for the linear im-
pulsive system (16)-(17), hence this system is asymptotically
stable. From Theorem 1 we obtain sufficient conditions for
the asymptotic stability of the original system (14)-(15):

Proposition 1. Let the sequence of moments of impulsive
action {1y }3, satisfy the ADT condition (2), ® = Be??,
w = Yoy B AT, (@) < 0 and

for some positive-definite matrix Py the inequality (20)
holds. Then system (14)—(15) is asymptotically stable.

We consider a numerical example setting ¢{ = 7, p = 1,

0 =1, Xmax = 0.1
1.2 0.1 0.2 0.1
A= (0.1 3)’ B = (O.l 1.5)'

In this case, w =~ 0.1726 and for the matrix Py = id, all
conditions of the Proposition 1 are satisfied; therefore, the
linear impulsive system (14) — (15) is asympt(z)tifally stable.
We note that in this case the matrix A — "f~id is not a
Hurwitz matrix, and the matrix B is not a Schur matrix
which means that both continuous and discrete dynamics are
unstable. This circumstance as well as non-constant dwell-
time is a significant obstacle to the direct application of the
Lyapunov function method for the initial system (14)—(15).

VI. CONCLUSION

The main theorem allows one to study wide classes
of infinite-dimensional systems, for example, systems of

parabolic partial differential equations, integro-differential
partial differential equations and others. For the comparison
system, the problem of construction of a Lyapunov function
is much simpler than for the original system since dwell-
times are constant. We also note that the obtained stability
conditions have a wide range of applicability since they are
applicable when the continuous and discrete dynamics are
both unstable. It is of interest to extend these results to the
case when the operator A generates a Cyy — semigroup as well
as to relax the assumptions about the operators A, B and
the sequence of commutators { B, A™} that we have applied
in Theorem 1.
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