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Abstract— The converters in an AC/DC grid form actuated
boundaries between the AC and DC subgrids. In both simple
linear and balanced dq-frame models, the states on either side
of these boundaries are coupled only by control inputs. In
this paper, we show how this topological property imparts
all AC/DC grids with poset-causal information structures. A
practical benefit is that certain decentralized control problems
that are hard in general are tractable for poset-causal systems.
We also show that special cases like multi-terminal DC grids can
have coordinated and leader-follower information structures.

I. INTRODUCTION
AC/DC grids consist of several AC and DC subgrids

interfaced by power electronic converters. For example, in a
point-to-point DC link, the DC subgrid is a single line, which
is interfaced with one or two AC subgrids through a pair
of converters. Multi-terminal DC (MTDC) grids intercon-
nect several AC subgrids through voltage-sourced converters
(VSCs) [1]. In any AC/DC grid, the converters comprise
actuated boundaries between the AC and DC subgrids. In this
paper, we study how this topological property determines the
information structure of an AC/DC grid.

The information structure of a dynamical system encodes
which states influence which other states. It is natural to
think in terms of subsystems—the information structure of an
AC/DC grid specifies how each AC or DC subgrid influences
the others. The main result of this paper is that AC/DC grids
have poset-causal information structures [2]. This is because
the structure of the coupling between the subgrids can be
chosen to be a directed acyclic graph (DAG). One reason this
is useful is that poset-causal systems admit tractable, optimal
decentralized controllers [2]. Coordinated systems [3] and
leader-follower systems [4] are successive special cases that
admit even simpler decentralized controllers. An interest-
ing question is whether these information structures make
AC/DC grids amenable to other specialized tools, e.g., via
controllability or observability [5], [6].

To date, few studies have made explicit use of the network
structure of general AC/DC grids. There are a handful of pa-
pers that design distributed controllers for MTDC grids [7]–
[9]. Reference [10] relates the controllability of systems with
point-to-point DC links to the effective reactance of the AC
grid. Reference [11] designs local controllers for general
AC/DC grids; whereas we focus on information structure,
they focus on specific control objectives and stability. The
most closely related paper to the present is the author’s prior
work [12], which showed that DC-segmented power systems
are poset-causal.
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Our original results are as follows. The poset-causality
of an AC/DC grid depends on how each VSC partitions
the states of the AC and DC subgrids on either side; we
define this precisely in Section III-B. We see that this
partitioning occurs in a simple linear model in Section IV. In
Section V, we show how different physical approximations
each lead to partitioning in a standard dq-frame model. In
Section VI, we show that in both the linear and dq-frame
models, the partitions can be chosen so as to yield poset-
causality; this is due to the fact that an undirected graph
always has an acyclic orientation [13]. We also show that a
single DC subgrid connected to multiple AC subgrids, i.e.,
an MTDC grid, is a coordinated system; and a single AC
subgrid connected to a single DC subgrid is a leader-follower
system. In Section VII, we use concepts from [3] to design a
decentralized controller for an MTDC grid with an additional
point-to-point DC link between two of the AC subgrids.

II. POSET-CAUSALITY

A poset Ψ is made up of a set P and a binary relation
⪯ [14]. The following properties hold for all a, b, c ∈ P.

• Reflexivity: a ⪯ a;
• Antisymmetry: a ⪯ b and b ⪯ a ⇒ a = b;
• Transitivity: a ⪯ b and b ⪯ c ⇒ a ⪯ c.
The following two results relate graphs and posets.
Result 1: Every DAG specifies a unique poset [15].
Result 2: Given a simple undirected graph, we can choose

the directions of its edges so that the resulting directed graph
is acyclic [13]. This is called an acyclic orientation.

Given a ∈ P, we denote the set of upstream elements
↑ a = {b ∈ P | b ⪯ a}. The relations between elements
of a poset can be encoded in a function σ : P × P → R
such that σ(a, b) = 0 when a ̸⪯ b. Its incidence algebra, Ψ,
is the set of all such functions. If P has a finite number of
elements, then for any σ ∈ I(Ψ), there is a matrix M for
which M(j, i) = σ(g(i), g(j)), where g : N → P maps row
and column indices to elements of P. With a slight abuse of
notation we write M ∈ I(Ψ).

A. Nonlinear systems

Consider the system

ẋ = f(x, u), z = h(x, u), (1)

where x ∈ Rn, u ∈ Rm, and z are states, inputs, and outputs.
Suppose the system consist of p subsystems. We partition

x into [x1;x2; . . . ;xp], where xi ∈ Rni and
∑

i ni = n.
xi are the states of subsystem i. We similarly partition the
inputs u ∈ Rm into [u1;u2; . . . ;up], where ui ∈ Rmi and∑

i mi = m.
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Suppose that we have a poset, Ψ = (P,⪯), and that its
elements are the subsystems, P = {1, ..., p}. System (1) is
poset-causal if we can write it as

ẋi = fi ((xj , uj)j∈↑i) , zi = hi ((xj , uj)j∈↑i) , i ∈ P.

Intuitively, each subsystem’s state and output depend only
on upstream subsystems.

B. LTI systems

Consider the LTI system

ẋ = Ax+Bu+ Fw, z = Cx+Du, (2)

where w is a disturbance. We assume C⊤D = 0, C⊤C
is positive semidefinite, D⊤D is positive definite, and F is
block diagonal.

We write the matrix A as [Aij ]i,j∈{1,··· ,p}, where Aij is
the block indexed by the ith and jth partitions of x. Matrices
B,F,C and D can be similarly organized into blocks.

Consider a poset Ψ, and suppose σ ∈ I(Ψ). The matrix
A belongs to the block incidence algebra IA(Ψ) if Aji = 0
whenever σ(g(i), g(j)) = 0, where 0 is the appropriately
sized matrix of zeroes. A similar definition holds for IB(Ψ).

Let A = (sI −A)−1, and define the transfer matrices

P11 = CAF, P12 = CAB +D, P21 = AF, P22 = AB.

We can express LTI system (2) as

z = P11w + P12u, x = P21w + P22u.

System (2) is poset-causal if P22 ∈ IP22
(Ψ) for some poset

Ψ. The following result from [2] directly links poset causality
to the system matrices.

Result 3: If A ∈ IA(Ψ) and B ∈ IB(Ψ), then P22 ∈
IP22(Ψ).
In other words, (2) is poset-causal if A and B are in the
block incidence algebra of a poset.

Given a controller u = Kx, the transfer matrix from the
disturbance, w, to output, z, is

Tzw = P11 + P12K(I − P22K)−1P21. (3)

Reference [2] solves the problem of minimizing the H2

norm of Tzw over K ∈ IK(Ψ), i.e., controllers that are
decentralized because they are in the same poset as (2). We
describe this further in Section VII-A.

C. Special cases

The following are special cases of poset-causal systems.
We refer the reader to [3] for a more detailed summary.

1) Hierarchical systems: A system is hierarchical if its
graph is a single, directed tree [16].

2) Coordinated systems: Coordinated systems are hierar-
chical systems of depth one [3]. They consist of a coordina-
tor, c ∈ P, and subsystems, i ∈↓ c \ c, for which ↓ i = i.

3) Leader-follower systems: Leader-follower systems are
coordinated systems with a single subsystem [4], [17].

III. NETWORK MODELING
A. Graph structure

Let NA and ND be buses in the AC and DC parts of the
network. Let EA be the set of AC lines. If ij ∈ EA, then i
and j ∈ NA. Similarly, let ED be the set of DC lines. Let
C be the set of converters. If ij ∈ C, the either i ∈ NA and
j ∈ ND or vice versa. The graphs

(
NA, EA

)
and

(
ND, ED

)
are undirected. The graph

(
NA ∪ND, C

)
is directed, and if

ij ∈ C, then ji /∈ C.
Suppose that there are mA and mD connected AC and DC

subgraphs in
(
NA, EA

)
and

(
ND, ED

)
. Let

(
NA

k , EA
k

)
and(

ND
l , ED

l

)
be the kth and lth such subgraphs for k = 1, ...,mA

and l = 1, ...,mD. Define the mapping MA such that if i ∈
NA

k , MA(i) = k; MA identifies which AC subgraph each
bus belongs to. Similarly, define MD such that if i ∈ ND

k ,
MD(i) = k.

Let (P,G) be a simple directed graph such that if k and
l ∈ P and kl ∈ G, then there exists i ∈ NA

k and j ∈ ND
l

(or i ∈ NA
l and j ∈ ND

k ) such that ij ∈ C. Observe that
(P,G) is bipartite. This is because an AC subgrid can only
be converter-connected to DC subgrids, and vice versa.

The directions of the edges in G are determined by those
of C. We choose the directions of the edges in C such that
(P,G) is a DAG; we can always do so because, as stated
in Result 2, every undirected graph has at least one acyclic
orientation. (P,G) specifies a unique poset, which we denote
Φ = (P,⪯); note that the nodes in P are now also the
elements of the poset. Observe that if M(i) ⪯ M(j), either
M(i) = M(j) or there is a path from i to j through E .

B. State partitions
In the models we present later in Sections IV and V, a

converter either partially or fully decouples the AC and DC
states on either side. In this section, we specify how this
decoupling determines the direction of each converter in the
set C.

Each state is associated with a node or an edge in the
system’s graph. Suppose x is the vector of AC states and
xi the subvector associated with AC bus i ∈ NA. Let y
similarly be the vector of DC states and yj the subvector for
j ∈ ND.

Definition 1 (One-way partition): Let i ∈ NA and j ∈
ND be connected by a converter. The converter partitions
the state one way if one of the following are true.

• The evolution of xi does not depend on yj . In this case
ij ∈ C.

• The evolution of yj does not depend on xi. In this case
ji ∈ C.

In this manner, the direction of a converter in C encodes
the direction that physical information flows through it.

Definition 2 (Full partition): Let i ∈ NA, and j ∈ ND be
connected by a converter. The converter fully partitions the
state if the evolution of xi does not depend on yj , and vice
versa. In this case we may choose whether ij or ji ∈ C.

A pair of one-way partitions in both directions forms a
full partition. In the next two sections, we present several
models in which the converter partitions the state.
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A converter’s direction affects its control structure. Con-
sider a converter between buses i ∈ NA and j ∈ ND.
Assume ij ∈ C, either due to a one-way partition or because
we have chosen this direction, and let zij be the vector of
control variables. We will regard the converter as a part of AC
subgrid MA(i), and not DC subgrid MD(j). We are in effect
associating zij with bus i, so that it influences bus j and not
vice versa; this implies MA(i) ≺ MD(j). If poset causality
is to be preserved, then zij can only receive feedback based
on states in subgrid MA(i) (or further upstream in the poset).
If zij were to receive feedback from a state in subgrid
MD(j), information would flow from j to i, violating the
partition.

IV. LINEAR MODEL

In this simple linear model, the converters are represented
by controllable current transfers. We use the standard linear
power flow approximation to model the AC part of the
system, which contains most of the generation and load, and
model the DC part of the system as a linear circuit.

The converters fully partition the state in this model, and
hence can have either direction. A given converter ij ∈ C,
i ∈ NA, and j ∈ ND, has control input ζij , the current
it injects on the DC side. Let v̂j be the constant nominal
voltage on the DC side and pij the power on the AC side.
Then, assuming a lossless converter as in [9], conservation
of power gives pij = v̂jζij .

The AC states are the voltage angles, θi, and frequencies,
ωi, for i ∈ NA. The dynamics at bus i ∈ NA are

θ̇i = ωi (4a)

Jiω̇i = Pi −Diωi −
∑

j:ij∈EA

Bij(θi − θj)

+

 −v̂jζij if ij ∈ C for some j
v̂jζji if ji ∈ C for some j
0 otherwise,

(4b)

where Pi is the generation or load, Ji and Di are the rotor
inertia and damping, and Bij is the line susceptance.

The DC states are the voltages, vi for i ∈ ND, and
currents, iij for ij ∈ ED. The dynamics at bus i ∈ ND

are

Civ̇i =
∑

j:ij∈ED

iij +

 −ζij if ij ∈ C for some j
ζji if ji ∈ C for some j
0 otherwise,

(4c)

where Ci is the bus’s capacitance. The dynamics of line ij ∈
ED are

Lij i̇ij = vi − vj −Rijiij , (4d)

where Lij and Rij are the line’s inductance and resistance.
Given a converter between i ∈ NA and j ∈ ND, the

control variable ζij fully partitions the states on either side—
the evolutions of θi and ωi do not depend on vj or ijk,
jk ∈ ED. We may thus choose whether ij or ji ∈ C. If we
choose, say, ij ∈ C, then we are associating ζij with bus i,
so that it influences bus j and not vice versa.

V. NONLINEAR DQ-FRAME MODEL

We now describe the standard balanced dq-frame model,
for which we follow the presentation of Chapter 17 in [18].
We do not explicitly model the AC and DC parts of the grid,
which could be simple as in Section IV or as complicated
as desired.

Consider a VSC between buses i ∈ NA and j ∈ ND. The
control inputs are md

ij and mq
ij , the d and q components of

the averaged switching signal.
The AC-side converter states are the currents, id

ij and iq
ij .

The component voltages at AC bus i are vd
i and vq

i . Let Lij

and Rij be the combined inductance and resistance of the
converter’s transformer and filter. The dynamics of the AC-
side converter currents are

Lij i̇
d
ij = vd

i + ωLiji
q
ij −Riji

d
ij −

1

2
vD
j m

d
ij (5a)

Lij i̇
q
ij = vq

i + ωLiji
d
ij −Riji

q
ij −

1

2
vD
j m

q
ij , (5b)

where vD
j is the DC-side capacitor voltage.

Let Cij be the DC-side capacitance. Let ζij be DC-side
converter current, and iij be the current from the converter
to the DC node j. The dynamics are

Cij v̇
D
j = ζij − iij , (6a)

where

ζij =
3

4

(
id
ijm

d
ij + iq

ijm
q
ij

)
. (6b)

The DC-side power is given by

PD
ij = vD

j ζij .

The real and reactive powers on the AC side are given by

PA
ij =

3

4

(
vd
i i

d
ij + vq

i i
q
ij

)
, QA

ij =
3

4

(
−vd

i i
q
ij + vq

i i
d
ij

)
.

Conservation of power implies PD
ij = PA

ij (on average).
As written, the states are not partitioned because the DC

voltage, vD
j , influences the AC currents in (5), and the AC

currents, id
ij and iq

ij , influence vD
j through (6).

In the following subsections, we obtain partitions in sev-
eral ways.

• In Section V-A, redefining the control inputs leads to
one-way partitions.

• In Section V-B, holding voltage constant leads to one-
way partitions.

• In Section V-C, we combine one-way partitions to
obtain full partitions.

• In Section V-D, we assume an inner current controller
is fast enough that the converter currents are in steady
state, which is standard practice today. The currents are
always equal to their setpoints, and thus become control
inputs. This fully partitions the AC and DC states.

A. Partitioning via substitution

We can obtain one-way partitions simply by redefining the
control inputs. The first below is standard (see Section 17.7.3
in [18]), and the latter new.
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1) A standard substitution: To decouple the d and q
currents, define the new control inputs

βd
ij = 2

md
ij − ωLiji

q
ij

vD
j

, βq
ij = 2

mq
ij − ωLiji

d
ij

vD
j

. (7)

Substituting, (5) becomes

Lij i̇
d
ij = vd

i −Riji
d
ij − βd

ij (8a)

Lij i̇
q
ij = vq

i −Riji
q
ij − βq

ij . (8b)

The AC-side converter currents now depend on no DC-side
states. The DC voltage still depends on id

ij and iq
ij . With only

this substitution, the direction of the corresponding edge is
from i to j, i.e., ij ∈ C.

2) Another substitution: Set

ρd
ij = id

ijm
d
ij , ρq

ij = iq
ijm

q
ij . (9)

Substituting, (5) becomes

Lij i̇
d
ij = vd

i + ωLiji
q
ij −Riji

d
ij −

1

2id
ij

vD
j ρ

d
ij (10a)

Lij i̇
q
ij = vq

i + ωLiji
d
ij −Riji

q
ij −

1

2iq
ij

vD
j ρ

q
ij , (10b)

and (6b) becomes

ζij =
3

4

(
ρd
ij + ρq

ij

)
. (11)

The DC voltage, vD
j , still influences the AC-side states

through (10). Because ζij now only depends on the control
inputs, the AC-side states do not influence the DC voltage.
The direction of the edge is therefore from j to i, i.e., ji ∈ C.
We remark that unlike in Section V-A.1, this substitution
serves no purpose beyond creating a one-way partition.

B. Partitioning via constant voltage

We now show how approximating either the AC or DC
voltage as constant leads to a one-way partition.

1) Tightly regulated DC voltage: The converter’s DC volt-
age is usually tightly regulated (see Section 17.7.2 in [18]).
We may thus set v̇D

j = 0, so that vD
j is constant and iij = ζij .

This partitions the state one way in that the AC-side currents
are directly coupled to the DC bus states, but no DC-side
states affect the AC-side currents. Under this approximation,
the direction of the corresponding edge is from i to j, i.e.,
ij ∈ C.

2) Tightly regulated AC voltages: The converter’s AC
voltages are also usually tightly regulated (see Section 17.7.1
in [18]). We represent this by setting vq

i = 0 and assuming
vd
i is constant, which means the AC-side voltage is on the

d axis. Under this approximation, the AC-side currents, id
ij

and iq
ij , have no dependence on the AC bus voltages. id

ij and
iq
ij do still depend on the DC-side voltage, vD

j . Therefore,
the direction of the corresponding edge is from j to i, i.e.,
ji ∈ C.

C. Combining one-way partitions

We can obtain a full partition by combining one-way
partitions in several different ways.

• Assume tightly regulated AC and DC voltages. The
remaining converter states, id

ij and iq
ij , depend only on

the converter controls, md
ij and mq

ij , and not on any AC
or DC grid states.

• Make the substitution in Section V-A.1 and assume
tightly regulated AC voltages. Examining (8), id

ij and
iq
ij depend only βd

ij and βq
ij , and not on any AC or DC

grid states.
• Make the substitution in Section V-A.2 and assume

tightly regulated DC voltages. Now (10) depends on
ρd
ij and ρq

ij , but not any DC-side states. The only input
from the converter to the DC side is ζij , which depends
only on the control variables through (11).

In the first two cases, the full partition is through id
ij and

iq
ij , which depend only on the converter control inputs. In

the third, the full partition is through ζij in that the states on
either side are uncoupled. In all cases, we may choose the
converter’s direction, i.e., whether ij or ji ∈ C.

D. Partitioning via timescale separation

The converter currents are usually controlled locally on
a faster timescale (see Section 17.8 in [18]). We may
assume they are in steady state, and therefore always at their
setpoints. The control inputs are thus id

ij and iq
ij . Because

there is no other coupling across the converter, the converter
fully partitions the states under this assumption.

Today, it is common to have a local PID loop use iq
ij to

regulate reactive power, and in turn the AC voltage magni-
tude. id

ij is then used to control either the converter’s power
transfer or DC-side voltage. Each case entails a feedback
loop with either AC- or DC-side states. As a result, the
converter no longer fully partitions the states, but only one
way. A converter’s local control loops, if it has any, thus
dictate its direction in C.

Let i ∈ NA, j ∈ ND, and assume the converter fully
partitions the state. The above control loops specify the
converter’s direction as follows.

• If reactive power is regulated by iq
ij , then ij ∈ C. This

is because information about reactive power is on the
AC-side (see Section 17.8.1 in [18]).

• If the power transfer is regulated by id
ij , then ji ∈ C.

This is because information about power transfer is
taken on the DC side (see Section 17.8.2 in [18]). In
principle, this information could be ontained on the AC
side, e.g., via real power, in which case ij ∈ C.

• If DC voltage is regulated by id
ij , then ji ∈ C. This is

because information about the DC voltage is on the DC
side (see Section 17.8.3 in [18]).

E. Discussion

There are a number of ways to obtain one-way and full
partitions in the dq-frame model. Figure 1 illustrates how
each modification disables couplings between the states,
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and the new couplings induced by the local controllers in
Section V-D.

Our analysis aligns with the intuition that converters
dynamically decouple the systems on either side, especially
on slower timescales. In this paper, we seek to orient the
converters so that (P,G) is a DAG, and therefore the system
model is poset-causal. The following example looks at how
the control loops in Section V-D restrict the number of
acyclic orientations.

Example 1 (Point-to-point DC link): Consider a single
DC line with converters and both ends. A common config-
uration is for one converter to regulate the DC voltage, and
the other the power transfer [19].

There are two DC and two AC buses. Assume also that the
two AC buses are connected by an AC line. We have NA =
{1, 4}, ND = {2, 3}, EA = {14}, and ED = {23}. We must
choose directions for the converters between buses 1 and 2
and between buses 3 and 4. If C = {12, 34} or C = {21, 43},
the system is not poset-causal. The system is poset-causal if
C = {12, 43} or C = {21, 34}; we assume the latter, as in
Figure 2. Because there are only two subgrids, this is also a
leader-follower system, as described in Section 2. Here the
DC subgrid is the leader and the AC subgrid the follower.

Assume timescale separation as in Section V-D, and that
the converter current setpoints depend on AC- or DC-
side states via local control loops. The following pair of
controllers (and vice versa) is compatible with the converter
directions we’ve chosen.

• Converter 21 regulates the DC voltage at bus 2.
• Converter 34 regulates the power transfer by feeding

back the power at bus 3.
Unfortunately, if either converter regulates its AC-side

reactive power (or voltage), it must also feed back AC-
side states, eliminating a one-way partition and hence the
model’s poset-causality. As reactive power mostly affects
local voltages, it is reasonable to omit this control loop when
focusing on system-level questions. △

There are many choices leading to poset-causality. If in-
terested in moving energy through large grids, then modeling
the converter as a controllable current/power transfer as
in Section IV may be adequate. The dq-frame model in
Section V is appropriate if reactive power or AC voltage
dynamics are important. In this case, the timescale approxi-
mation of Section V-D is relatively simple and aligned with
current practice. These models are representative but not
comprehensive; e.g., a dq0-frame model would be appro-
priate for unbalanced AC grids, and a model with positive
and negative sequences can capture other converter control
strategies. Analyzing partitioning and information structures
in such settings is a topic of future work.

VI. INFORMATION STRUCTURES
We now discuss the poset-causality of the systems in

Sections IV and V. The results are essentially more general
versions of Lemma 1 in [12], which established the poset-
causality of a linearized model with only point-to-point DC
links.

Lemma 1: System (4) is poset-causal if (P,G) is a DAG.
Proof: Assume (P,G) is a DAG. By Result 1, it

specifies a poset, Ψ. The A matrix is block diagonal, with
each block corresponding to either an AC or DC subgrid.
This implies A ∈ IA(Ψ). We can also see by inspection that
B ∈ IB(Ψ). By Result 3, system (4) is poset-causal.

Result 2 says that we can always choose the directions of
the converters in C so that (P,G) is acyclic. This means that
any AC/DC grid has at least one poset-causal representation.
The total number of acyclic orientations is |X (−1)|, where
X is the chromatic polynomial of the underlying undirected
graph [20]. Figure 3 shows an AC/DC grid with converter
directions chosen to yield poset-causality.

As is, the dq-frame model in Section V is not poset-
causal. We can make it poset-causal with the modifications
from Sections V-A to V-D, which, by partitioning the states,
determine the possible directions of the converters in (P,G).
For example, if we assume the currents are in steady state
as in Section V-D, then the converters fully partition the
states, and we can pick the direction of each one. If we
choose converter directions so that (P,G) is a DAG, then
the dq-frame model is poset-causal. We eschew a formal
proof because the argument is similar to that of Lemma 1,
but more tedious.

Corollary 1: System (4) is a coordinated system if it
consists of either

• one AC and multiple DC subgrids, or
• one DC and multiple AC subgrids.

The latter case might be referred to as an MTDC grid.
Observe that if the converters are pointed out of the single
AC (DC) grid, then it is the coordinator, and the DC (AC)
subgrids are the subsystems. If the converters are pointed
into the single AC (DC) grid, then it is the subsystem, and
the DC (AC) subgrids are together the coordinator. As we’ll
see in the example in Section VII, the latter setup is of more
practical interest because the DC (AC) subgrids can each
use local control, and only the single AC (DC) grid must
use feedback over the whole system.

Corollary 2: System (4) is a leader-follower system if it
consists of one AC and one DC subgrid.

These results similarly extend to the dq-frame model as
well. Note that other choices of subsystems can lead to
different information structures. For example, even in a very
complicated AC/DC grid, one can obtain a leader-follower
system by only partitioning along a single boundary of
converters.

VII. EXAMPLE

In this example, we illustrate how an AC/DC grid’s
information structure can guide the design of a decentralized
controller.

A. Decentralized control

Decentralized control is intractable for general LTI sys-
tems [21], [22]. If the system is also poset-causal, optimal
decentralized control is only slightly more complicated than
the centralized regulator. Consider the following problem:
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Fig. 1. The nodes in the above graph are states in the dq-frame model of converter ij ∈ C, (5)-(6), and at the adjacent buses. Solid lines represent
physical couplings between states. The text and its location indicates the coupling direction disabled by each modification; e.g., fixing vd
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coupling from vd
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Bus 1 Bus 4
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Bus 2 Bus 3
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Fig. 2. A point-to-point DC link. The converter directions make the system
poset-causal.

AC 1 DC 1 DC 2 DC 5

DC 3 AC 3 DC 4 AC 4

Fig. 3. The nodes are AC and DC subgrids. Each edge is a VSC in C, the
directions of which make (P,G) acyclic. The total number of such acyclic
orientations for this system is |X (−1)| = 392.

minimize the H2 norm of Tzw, as defined in (3), subject
to the communication constraint K ∈ IK(Ψ). Reference [2]
constructed the optimal solution to this problem in terms of
a nested family of Riccati equations.

The controller in [2] is dynamic in that new states

are introduced, which serve as estimates of downstream
states. This might be seen as an undesirable complication.
Reference [3] constructs suboptimal static controllers for
coordinated LTI systems. In short, one first constructs a local
controller for the coordinator system, and then controllers
for the subsystems that use feedback from the local and
coordinator subsystems. We apply this perspective in this
example.

B. Test system

We construct a decentralized controller for a stylized test
system based on the MTDC grid in [9]. We use the linear
model of Section IV. The system consists of the following
parts.

• An MTDC grid with ten lines and six VSCs, with
parameters from [9]. Each line is represented by a
resistance and inductance, and each VSC an identical
capacitance.

• An AC subgrid is attached to each of the six VSCs of
the MTDC grid. Each AC subgrid is approximated as a
single inertia with normalized moment 10 MWs/MVA
and damping coefficient 0.1 pu. The AC subgrids have
no generator inputs or other controls.

• A point-to-point DC link between AC subgrids 1 and 6.
It consists of two VSCs, each with the same capacitance
as those in the MTDC grid, and a DC line with
parameters from row two of Table I in [9].

The states are the six AC subgrid frequencies, the inductor
currents of the ten DC lines in the MTDC grid and the DC
line between AC 1 and AC 6, and the capacitor voltages of
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the eight VSCs’ DC-side terminals. The only control inputs
are the current/power transfers through the eight VSCs. The
real power on each VSC’s AC side is equal to the DC current
times the nominal voltage, which is 1 pu.

The system is shown in Figure 4. Our goal is to design
a controller in which VSCs 7 and 8 use local feedback and
the six VSCs of the MTDC grid system-wide feedback. We
hence view this as a leader-follower system, a special case
of poset causality described in Section II-C.3. The leader
consists of AC 1, AC 6, VSC 7, VSC 8, and the DC line
between. The follower consists of the other four AC subgrids,
the MTDC grid, and VSCs 2 through 5. The boundary
between the two systems consists of VSCs 1 and 6, which
are oriented toward the MTDC grid. The other six VSCs do
not need directions because they are within either the leader
or follower subsystem.

MTDC grid

VSC 2 VSC 5VSC 3 VSC 4

VSC 1 VSC 6

AC 2 AC 3 AC 4 AC 5

AC 1 AC 6VSC 7 VSC 8

Fig. 4. The test system. AC 1 through AC 6 are subgrids modeled as single
inertias. The top and bottom boxes are the follower and leader systems,
respectively, and the two intermediary VSCs form their boundary.

The optimal decentralized controller for general leader-
follow systems is derived in [17]. It is a special case of
that for poset-causal systems [2], and similarly introduces
new estimator states. We instead take a simpler approach
motivated by [3].

• We first solve for the optimal regulator for the leader
system and close the loop.

• We then solve for the optimal regulator for the full
system, which consists of the follower system and the
locally controlled leader system.

The resulting controller uses only feedback from the leader
system for VSCs 7 and 8, and feedback from the full system
for VSCs 1 through 6.

We remark that we could have used a different information
structure to design a different decentralized controller for this
system. For example, we could have swapped leader and
follower roles, or treated each VSC plus local AC subgrid
as a separate subsystem and implemented the poset-causal

controller of [2]. In the latter case, there would be multiple
posets to choose from, each corresponding to a different
acyclic orientation of the graph of converters and AC and
DC subgrids.

C. Simulations

All computations were performed in Python using
NumPy [23] and SciPy [24]. The figure was made with
Matplotlib [25].

The controllers seek to drive the system to zero. The
cost coefficients for all state and control variables were one.
The initial frequency deviations of AC 1, AC 4, and AC 6
were ω0

1 = −0.01, ω0
4 = −0.01, and ω0

6 = 0.02 pu. All
other states began at zero. We chose these initial conditions
because the DC lines primarily move energy between AC
subgrids. Had the initial frequencies not summed to zero,
the system would have taken considerably longer to settle
because the dampings and resistances dissipate little energy.
In a more realistic setup, generator controls would provide
power balancing and damping. Also note that the system
does not oscillate because each AC subgrid was modeled as
a single inertia.

The performances of the centralized and decentralized
controllers were similar, with respective closed loop H2

norms 9.166 and 9.172. We only plot frequencies under the
latter because the two look roughly the same. The top plot
of Figure 5 shows how much more quickly the controlled
system returns to the origin. This is because the converters
seek to balance deviations rather than letting them damp
out within each subgrid. Subgrids without initial frequency
deviations remain at zero without control. With control,
energy passes through their inertias, resulting in frequency
deviations roughly an order of magnitude smaller than those
shown.

The middle and bottom plots of Figure 5 show the voltage
of VSC 7 and the current from VSC 7 to VSC 8 under
the decentralized and centralized controllers. Note that both
undergo transients in first 0.002 seconds that take them from
zero to the starting value seen on the left side of each plot.
Their deviations from zero are larger under the decentralized
controller. This is because the leader controller, unaware of
the rest of the system, expends more control effort in VSC
7 and VSC 8 than is optimal, resulting in a slightly higher
H2 norm.

VIII. CONCLUSION

Converters form actuated boundaries between AC and
DC subgrids. We have shown that for both simple linear
and dq-frame models, this topological property imparts all
AC/DC grids with poset-causal information structures, and
that special cases can have coordinated and leader-follower
information structures. In a stylized example, we saw how
this structure can inform the design of decentralized con-
trollers.

The topological structure of AC/DC grids is obvious, and
it is natural to ask how else it might be useful. Do poset-
causality and other information structures enable other tools
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Fig. 5. The top plot shows the frequencies in AC 1 and AC 6 without
control (O) and under the leader-follower controller (D). The middle plot
shows the voltages at the terminal of VSC 7 under the leader follower (D)
and centralized (C) controllers. The bottom plot shows the current through
the DC line between VSCs 7 and 8 under the leader follower (D) and
centralized (C) controllers.

or analyses, e.g., via controllability or observability [5],
[6], and do AC/DC grids possess other useful structural
properties? If so, graph theoretic notions like treewidth and
bipartiteness might aid in analysis, e.g., in characterizing the
optimal acyclic orientation.

More concrete directions include conducting similar anal-
yses for other power electronic interfaces like cycloinverters
between AC subgrids; understanding the interplay of infor-
mation structure with stability and control objectives; and
making use of poset-causality without only considering con-
trollers with the same information structure, e.g., allowing
bidirectional communication between neighboring subgrids.
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