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Abstract— Factor Analysis is about finding a low-rank plus
sparse additive decomposition from a noisy estimate of the
signal covariance matrix. In order to get such a decomposition,
we formulate an optimization problem using the nuclear norm
for the low-rank component, the ℓ0 norm for the sparse
component, and the Kullback–Leibler divergence to control
the residual in the sample covariance matrix. An alternating
minimization algorithm is designed for the solution of the
optimization problem. The effectiveness of the algorithm is
verified via simulations on synthetic and real datasets.

I. INTRODUCTION

Factor Analysis (FA) is a classic topic in Psychology,
Econometrics, Signal Processing, Machine Learning, and
Control, see e.g., [1], [2], [3], [4], [5], [6] and the refer-
ences therein. More specifically, it concerns the following
observational model:

yi = µ+ Γui +wi, i = 1, 2, . . . , N, (1)

where yi ∈ Rp is an observed vector, µ ∈ Rp is a mean
vector, Γ ∈ Rp×r is a “factor loading” matrix having
linearly independently columns, the random vector ui ∼
N(0, Ir) stands for the hidden factors, and wi ∼ N(0,S∗)
is the additive noise (with an unknown covariance matrix
S∗) independent of ui. It is a widely used form of linear
dimensionality reduction because typically one has r ≪ p.
Given N i.i.d. samples yi from the model, the problem is
to estimate the loading matrix Γ, or equivalently, the rank r
matrix L∗ = ΓΓ⊤ ∈ Rp×p and the noise covariance matrix
S∗.

Assume for simplicity that the mean vector µ = 0. It is
easy to calculate the covariance matrix of yi as

Σ = ΓΓ⊤ + S∗ = L∗ + S∗. (2)

In the special case where S∗ = σ2Ip, the problem reduces to
the standard Principal Component Analysis (PCA). A typical
assumption in FA is S∗ being diagonal. Then (2) becomes
a kind of “low-rank plus sparse” matrix decomposition. In
practice, of course the covariance matrix Σ must be replaced
by its estimate from samples, say

Σ̂ =
1

N

N∑
i=1

yiy
⊤
i = L∗ + S∗ +W, (3)
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where W is a residual matrix. Throughout this paper, we
assume that the estimate Σ̂ is positive definite.

The recent paper [6] casts FA as a constrained convex
optimization problem. Their idea is to find a covariance
matrix Σ∗ in the “neighborhood” of Σ̂, as described by
the Kullback–Leibler (KL) divergence, such that the de-
composition (2) has (possibly) a minimum-rank L∗ and a
diagonal S∗. In addition, the nuclear norm is used as a
relaxation of the rank function in order to make the problem
tractable. Inspired by their work, in the current paper we
shall relax the constraint that the component S is diagonal,
and instead require S ≻ 0 to be sparse as measured by
the most natural ℓ0 norm. In order to solve the resulting
nonconvex nonsmooth optimization problem, we propose an
alternating minimization scheme for the iterative updates of
L and S. Simulations on synthetic and real data show that
our algorithm is effective and robust in finding the number
of hidden factors, i.e., the rank of L∗.

A. Some related works

The recovery of the matrix pair L∗,S∗ from the noisy
estimate Σ̂ is reminiscent of the extensive research on robust
PCA, see [7], [8], [9], [10], [11], [12]. However, these works
mostly use the ℓ1 norm as a convex surrogate of the ℓ0
norm to enforce sparsity. Moreover, they do not pay special
attention to covariance matrices, and in general, rectangular
matrices are allowed.

Another related work is [13] which uses the ℓ0 norm for
inverse covariance estimation. In the literature, there have
also been research based on proximity operators to ensure
the sparse property of the optimization variable, such as ℓq
thresholding [14], hard thresholding [15], and q-shrinkage
[16]. In this paper, however, the method utilized to handle the
ℓ0 norm is distinct from the techniques involving proximity
operators.

B. Notation

Bold uppercase letters like X represent matrices, and bold
lowercase letters like x are reserved for vectors. Given a
square matrix Xp×p = [xij ], ∥X∥F denotes the Frobenius
norm. The i-th column of X is x[i]. We write X ⪰ 0 and
X ≻ 0 to indicate that X is positive semidefinite and positive
definite, respectively. The indicator function I(·) returns 1
if the statement in the parenthesis is logically true and 0
otherwise. ei is a unit column vector with the i-th entry as
1 and all other entries as 0. Uij denotes a matrix with two
unit columns

[
ei ej

]
.
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II. PROBLEM FORMULATION

In this work, we consider the following optimization
problem for the additive matrix decomposition in accordance
with (3):

min
Σ,L,S

tr(L) + λ∥S∥0 (4a)

s.t. L ⪰ 0,S ≻ 0 (4b)
Σ = L+ S (4c)

DKL(Σ∥Σ̂) ≤ δ, (4d)

where, all matrices are p by p, λ and δ are positive param-
eters,

• tr(L) = ∥L∥⋆ is the nuclear norm for positive semidef-
inite matrices,

• ∥S∥0 =
∑p

i=1

∑p
j=1 I(sij ̸= 0) is the elementwise ℓ0

norm which counts the number of nonzero entries in S,
• Σ̂ ≻ 0 is the sample covariance matrix in (3),
• DKL(Σ||Σ̂) := log det(Σ−1Σ̂) + tr(ΣΣ̂−1)− p is the

KL divergence between two positive definite matrices.
The idea is to find a covariance matrix Σ, close to its

estimate Σ̂ as measured by the KL divergence, achieving the
combined objective of having a low-rank L∗, and a sparse
S∗ in the additive decomposition (2). One can alternatively
deal with a Lagrangian-type formulation

min
Σ,L,S

tr(L) + λ∥S∥0 + µDKL(Σ∥Σ̂) s.t. (4b) and (4c)

(5)
where µ > 0 is another (regularization) parameter. The
above problem (5) will be the focus of investigation in the
remaining part of the paper. It is more convenient to eliminate
the variable Σ by the sum of L and S, yielding the equivalent
form

min
L⪰0,S≻0

H(L,S) := f(L,S) + λ∥S∥0 (6)

where

f(L,S) := tr(L) + µ
[
tr(L+ S)Σ̂−1 − log det(L+ S)

]
.

(7)
Notice that the non-convexity and non-differentiability of the
objective function H(L,S) is solely because of the term
∥S∥0. In fact, the function f(L,S) is smooth and convex
separately in L or S when the other variable is held fixed.

Remark 1. In comparison with the problem formulation in
[6], we do not impose the diagonal constraint on the sparse
structure of S in (4). In this respect, our formulation is
expected to be more flexible and realistic.

Direct optimization with the ℓ0 norm is justified by the
following result whose proof can be found in the appendix.

Theorem 1. Suppose that the ℓ0 regularization term λ∥S∥0
in (6) is replaced by the ℓ1 regularization term τ∥S∥1,
and that Qℓ1(τ) is the set of global minimizers of the ℓ1
relaxation of the problem (6) with a parameter τ > 0.
Let Qℓ0(λ) be the set of all local minimizers of (6) with
a parameter λ. Then for any (L̂, Ŝ) ∈ Qℓ1(τ), we have
(L̂, Ŝ) /∈ Qℓ0(λ) for any λ > 0.

In plain words, Theorem 1 says that any solution to the ℓ1
relaxation of the problem (6) will not be a local minimizer
of the original problem (6) no matter what the regularization
parameter λ is chosen.

III. ALGORITHM DEVELOPMENT

We employ an alternating minimization scheme to solve
the optimization problem (6). More precisely, we update the
current iterates (Lk,Sk) as follows:

Sk+1 = argmin
S≻0

H(Lk,S), (8a)

Lk+1 = argmin
L⪰0

H(L,Sk+1) = argmin
L⪰0

f(L,Sk+1),

(8b)

where the last equality is due to the fact that the second term
in (6) depends only on S. The next subsections deal with the
two subproblems.

A. Updating Lk+1

For the subproblem (8b), we have the next result whose
proof is rather standard and hence omitted.

Proposition 1. When S is held fixed, the objective function
H(L,S) or f(L,S) is smooth and strictly convex in L.

Therefore, the optimization problem (8b) for L can be
treated numerically using standard solvers for convex opti-
mization. Here we have used CVX, a package for specifying
and solving convex programs [17], [18].

B. Updating Sk+1

To handle the subproblem (8a), we propose a Coordinate
Descent (CD) algorithm inspired by [13]. CD algorithm
minimizes one selected entry with all others fixed in each
iteration. After a complete round of CD updates for all the
entries of S, the counter k will be increased by one. The
specific update equation for Sk = [skij ] is given as follows:

Zij

(
sk+1
ij

)
= Sk+

{
δ
(
sk+1
ii

)
eie

⊤
i if i = j

δ
(
sk+1
ij

)
UijU

⊤
ji otherwise ,

(9)

where k denotes the number of complete rounds for CD,
Zij(s

k+1
ij ) is the matrix with sij updated in the k-th round,

and δ
(
sk+1
ij

)
= sk+1

ij − skij denotes the difference.
Next define Yk := (Lk + Sk)−1 and

ϕij (s) :=− µ log det
(
Lk + Zij (s)

)
+ µsdij

+ [µsdij + 2λ · I (s ̸= 0)] · I (i ̸= j)
(10)

for any i, j, where dij denotes the (i, j) element of Σ̂, and
ϕij (s) represents the equivalent function to minimize for
sk+1
ij while the other elements of S are held fixed. In other

words, we have

sk+1
ij = argmin

s
H(Lk,Zij(s)) = argmin

s
ϕij(s). (11)
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1) Minimization of ϕij when i = j: When one works on
the diagonal elements of S, the minimization problem in (11)
reduces to

argmin
s

ϕii (s) = argmin
s

− log det
(
Lk + Zii(s)

)
+ diis.

Clearly in the case of i = j, ϕii(·) is differentiable, so the
minimizers can be obtained by differentiating ϕ(·):

ϕ′(s) = −[(Lk + Zii(s))
−1]ii + dii = 0. (12)

With the Sherman-Morrison-Woodbury formula [19], we
have (

Lk + Sk + δeie
T
i

)−1
= Yk − δYkeie

⊤
i Y

k

1 + δykii

= Yk −
δyk

[i](y
k
[i])

⊤

(1 + δykii)
.

(13)

Recall that δ(s) = s− skii, and then we have[
(Lk + Zii(s))

−1
]
ii
=

ykii
1 + δ (s) ykii

. (14)

Substituting (14) into (12) to solve for sk+1
ii , the minimizer

is given by

mii = skii +
ykii − dii
ykiidii

. (15)

Furthermore, we can verify that the matrix Lk + Zii(mii)
has a positive determinant:

det
(
Lk + Z(mii)

)
= det

(
Lk + Sk

) (
1 + δ (mii) y

k
ii

)
> 0,
(16)

which is a necessary condition for being positive definite.
2) Minimization of ϕij when i ̸= j: For nondiagonal

elements of S, the problem (11) becomes

argmin
s

µ[− log det
(
Lk + Zij(s)

)
+ 2dijs] + 2λ · I(s ̸= 0).

If 0 is in the domain of the function ϕij(·), i.e., det(Lk +
Zij(0)) > 0, then ϕij(·) has one discontinuous point at s =
0. Otherwise ϕij(·) will be smooth everywhere. Define the
smooth part of ϕij(·) as

gij(s) := µ[− log det
(
Lk + Zij(s)

)
+ 2dijs] + 2λ. (17)

Firstly, if det(Lk+Zij(0)) > 0, the equivalent expression
of ϕij(·) is gij(s) · I (s ̸= 0) + (gij(s)− 2λ) · I (s = 0).
Obviously the a minimizer of ϕij(·) is either a minimizer
of gij(·) or s = 0. Since gij(·) is strictly convex and
differentiable, we take the derivative of gij(·) to get a unique
minimizer and then compare the function value to ϕij(0).
The stationary-point equation is given by

g′ij(s) = 2µ[−[(Lk + Zij(s))
−1]ij + dij ] = 0. (18)

Again by the Woodbury formula, we can obtain(
Lk + Sk + δUijU

⊤
ji

)−1

=Yk −

δ
[
yk
[i] yk

[j]

] [ 1 + δykij −δykjj
−δykii 1 + δykij

] [
yk
[j]

⊤

yk
[i]

⊤

]
−∆k

ijδ
2 + 2yijδ + 1

,

(19)

Hence

[
(Lk + Zij(s))

−1
]
ij
=

−∆k
ijδ (s) + ykij

−∆k
ijδ (s)

2
+ 2ykijδ (s) + 1

, (20)

where

∆k
ij := ∆ij(Y

k) = ykiiy
k
jj − ykij

2
> 0 (21)

is the determinant of a 2× 2 submatrix of Yk.
Case (i). When dij = 0, substituting (20) into (18), the

minimizer is given by

mij = skij +
ykij
∆k

ij

. (22)

Similar to (16), the following calculation shows that the
updated determinant is positive: det

(
Lk + Zij(mij)

)
=

det(Lk +Sk)
(
−∆k

ijδ(mij)
2 + 2ykijδ(mij) + 1

)
> 0. (23)

In view of the relation above, the condition det(Lk +

Zij(0)) > 0 is equivalent to −∆k
ij

(
skij

)2 − 2ykijs
k
ij +1 > 0.

The latter condition is computationally easier to check.
Case (ii). When dij ̸= 0, the minimizer is given by

mij = skij +
ykij
∆k

ij

+
∆k

ij −
√(

∆k
ij

)2
+ 4d2ijy

k
iiy

k
jj

2∆k
ijdij

. (24)

Similarly we can also check a positive determinant.
Secondly, consider the case that 0 is not in the domain of

ϕij(·), i.e., det(Lk + Zij(0)) ⩽ 0. The minimizer of ϕij(·)
is equal to mij which is given by (22) if dij = 0, and is
given by (24) otherwise.

We can now summarize the above results as follows.

• When det(Lk + Zij(0)) ⩽ 0, define a mapping

A(skij) := mij . (25)

• When det(Lk + Zij(0)) > 0, let

A(skij) :=


0 if ϕij(0) < ϕij(mij)

mij · I
(
skij ̸= 0

)
if ϕij(0) = ϕij(mij)

mij if ϕij(0) > ϕij(mij)
(26)

• Update sk+1
ij = A(skij).

The full algorithm for the problem (8) is given next.
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Algorithm 1 Alternating minimization algorithm for (5)

Input: λ, µ, Σ̂, an upper bound for the number of iterations
maxit, tolerance level tol.
Set the iteration counter k = 0, and initialize L0, S0.
Output: the convergent iterate (Lopt,Sopt).

while the stopping condition does not hold do
1) Denote the current iterates are Sk = [skij ], Σ

k = [dij ]
and Yk = [yij ] = (Lk + Sk)−1;

2) Update Sk+1. For each pair of (i, j), i, j = 1, 2, · · · , p,
do the following:

(2.1) i = j. Compute mii with (15), and let

A(skii) = mii. (27)

(2.2) i ̸= j. Compute mij with (22) if dij = 0 and
with (24) otherwise.
• If −∆k

ij

(
skij

)2 − 2ykijs
k
ij + 1 > 0, compute map

A(skij) with (26).
• If −∆k

ij

(
skij

)2 − 2ykijs
k
ij + 1 ≤ 0, compute map

A(skij) with (25).

(2.3) Update sk+1
ij (and sk+1

ji if i ̸= j) with

sk+1
ij = A(skij). (28)

3) Update Lk+1. Solve (8b) for Lk+1 using CVX.
4) Update Yk+1 = (Lk+1 + Sk+1)−1.
5) If k < maxit, increase k by 1.
end while
return the final iterate Lk, Sk.

C. Complexity analysis
The time complexity of Algorithm 1 is primarily de-

termined by the updates of matrices S, L and Y. Since
S is symmetric, the complexity of updating Sk+1 in each
iteration is 1

2O(p2). In practice, solving for Lk+1 using
the SeDuMi or SDPT3 solvers in CVX has a complexity
of approximately O(p3). Additionally, the complexity of
computing the inverse matrix Yk+1 = (Lk+1+Sk+1)−1 is at
most O(p3). Therefore, the total complexity of Algorithm 1
in each step is O(p3).

D. Initialization
Consider the spectral decomposition of Σ̂ = UΛU⊤

where Λ = diag(λ1, λ2, · · · , λp) such that λi > 0, i =
1, 2, . . . , p are the eigenvalues in decreasing order. Let

Λ̃ = diag(λ1, λ2, · · · , λt, 0, · · · , 0)

with t < p, and we initialize L0 as UΛ̃U⊤. It is suggested
in [13] that the initialization of S needs to have sufficient
sparsity, so we set S0 as diag(diag(Σ̂−UΛ̃U⊤)), where
the operator diag here refers to the Matlab command.

E. Stopping criteria
In our implementation, Algorithm 1 is terminated when

the difference between two successive iterates is sufficiently
small, i.e.,

∥(Lk+1,Sk+1)− (Lk,Sk)∥F < tol (29)

N=400 N=800 N=1200

0.997

0.9975

0.998

0.9985

0.999

0.9995

(a) r = 5

N=400 N=800 N=1200

0.9975

0.998

0.9985

0.999

0.9995

(b) r = 10

Fig. 1: Recovery performance as measure by (32) under different
sample sizes N = 400, 800, 1200 for two cases with the true rank
r = 5 and 10, respectively. The regularization parameters (λ, µ)
for each independent trial are selected via the CV procedure on a
randomly generated dataset.

where tol > 0 represents the tolerance level.

IV. SIMULATION RESULTS

In this section we give simulation results of our algorithm
on synthetic and real datasets.

A. Synthetic data examples

In this subsection, we evaluate the estimation performance
of the algorithm through Monte Carlo simulations. For any
fixed parameters λ and µ, we repeat the following four steps
100 times:
(1) According to the FA model (1), randomly generate a

diagonal matrix S ≻ 0 and a factor loading matrix Γ
with r columns. Then generate N samples where the
cross-sectional dimension is p = 40;

(2) Compute the sample covariance matrix Σ̂ using the
average in (3);

(3) Divide the samples into training set and testing set
of equal size, and compute the corresponding score
function value to select the parameters combination;

(4) Use the procedure described in the previous section to
compute Lopt and Sopt;

(5) Evaluate the numerical rank ropt of Lopt by applying the
scheme proposed in [6]:

ropt := max
i≤imax

ti
ti+1

, (30)

where ti, i = 1, 2, · · · , p, denotes the i-th singular value
(eigenvalue) of Lopt in decreasing order, and imax is
defined to be the first i satisfying ti+1/ti < 0.05.

Parameters Setting. We adopt the default values
(tol,maxit) = (10−3, 103) for all the algorithms
mentioned in this section. We utilize Cross-Validation (CV)
to choose the parameter values, with the tuning parameter
λ and penalty parameter µ sweeping over the arithmetic
progression {10, 35, 60, · · · , 210}. We define the following
score function and select the parameters combination
corresponding to the minimum function value:

score := (rLt + ∥St∥0)DKL(Lt + St∥Σ̂v), (31)
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Fig. 2: A comparison of the estimates of S under the ℓ0 and
ℓ1 regularizations when the true S is the identity matrix. The
regularization parameters (λ, µ) are (10, 210) in both cases.

where Σ̂v denotes the sample covariance matrix on the
validation set, (Lt,St) represents the optimal solution on the
training set, and rLt is the numerical rank of Lt computed
by (30).
Evaluation Protocol. We consider the recovery performance
index for the subspace of L proposed in [6]:

ratio(Γopt) :=
tr(Γ⊤PΓ)

tr(Γ⊤Γ)
(32)

which has a value between 0 and 1. The larger the ratio is,
the better the subspaces are aligned. In the above formula, Γ
is the loading matrix generated in Step (1), Γopt is such that
Lopt = ΓoptΓ

⊤
opt which can be computed from the eigenvalue

decomposition, and P is the projection matrix onto the
column space of Γopt. Fig. 1 shows the boxplots of the values
of (32) in 100 repeated trials for the true rank r = 5 (left
panel) and r = 10 (right panel), respectively. One can see
that the recovery ratios are all above 0.99 and get closer to
1 as the sample size N increases.

Using a particular instance of the dataset with N = 1200
and S = I, we compare the estimation performance of the
ℓ0 and ℓ1 regularizations on the sparse component S. Fig. 2
illustrates that the ℓ0 model effectively estimates the diagonal
structure of S, but the ℓ1 model provides a null matrix
which is obviously wrong. Fig. 3 compares the empirical
convergence rate of Algorithm 1 with the ADMM [20] on
the same dataset with N = 1200, where the value of (λ, µ)
is (10, 160). Clearly, the results reveal that the convergence
rate of the alternating minimization algorithm is linear while
the ADMM is only sublinear.

B. Real data examples
In this subsection, we analyze a dataset consisting of

nine financial indicators (p = 9) collected from 92 different
sectors (N = 92) of the U.S. economy. Each data vector
represents the average values for the respective sector1.

There indicators include the beta which represents the
systemic risk associated with general market movements, the
Hi-Lo risk, the unlevered beta, the unlevered beta corrected
for cash, the standard deviation of equity, the standard
deviation of operating income, the debt/equity ratio, the
effective tax rate, and the cash/firm value ratio. As revealed

1The dataset was sourced from http://www.stern.nyu.edu/
~adamodar/pc/datasets/betas.xls (downloaded in May 2023).
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Fig. 3: The convergence behavior of the proposed algorithm and
ADMM algorithm.
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Fig. 4: Values of ropt and DKL(Lopt + Sopt||Σ̂) as a function of
µ = 10, 11, 12, . . . , 60 under a fixed λ = 20.

from our simulations, the value of ropt mainly depends
on the parameter µ. Fig. 4 shows the change of ropt and
DKL(Lopt +Sopt||Σ̂) with respect to µ under a fixed λ = 20.
The dashed line represents the KL divergence curve, while
the solid line represents the rank curve. We conclude that our
algorithm is quite robust in the estimation of the numerical
rank, because the rank curve (blue line in Fig. 4) is very flat
with the only change happening at µ = 23, 24. A similar
observation can be made from the red dashed curve.

V. CONCLUSION

In this paper, we have considered the additive decom-
position problem of low-rank and sparse matrices in Fac-
tor Analysis which is formulated as nonconvex nonsmooth
optimization problem involving the ℓ0 norm and the KL
divergence. We have proposed an alternating minimization
scheme for the solution of the optimization problem. Our
algorithm can give a robust estimate of the number of
common factors from the data, which has been verified in
the numerical experiments.
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APPENDIX

Proof of Theorem 1. Suppose that (L,S) ∈ Qℓ0(λ). Then
for any symmetric perturbation matrix ∆, there exists a
positive constant ϵs such that

H(L,S+∆) ≥ H(L,S) with ∥∆∥F < ϵs, (33)

where ∆p×p = [δij ]. Let (L+S)−1 = [yij ] and Σ̂−1 = [dij ].
Building upon the above inequality, next we derive necessary
optimality conditions for the problem (6).

Let Z(S) = {(i, j) : sij ̸= 0} represent the set of indices
corresponding to the non-zero elements in S. For any (i, j) ∈
Z(S), we consider

∆ =

{
δiieie

⊤
i if i = j

δijUijU
⊤
ji if i ̸= j.

(34)

• If i = j, then after straightforward computation we
arrive at

H(L,S+∆)−H(L,S)

= µ [− log(1 + δiiyii) + δiidii] .
(35)

• If i ̸= j, then similarly we have

H(L,S+∆)−H(L,S)

= µ
[
− log(−cijδ

2
ij + 2yijδij + 1) + 2δijdij

]
+ 2λI(sij + δij ̸= 0)− 2λI(sij ̸= 0),

(36)
where cij = yiiyij − y2ij .

Now we restrain ourselves to a smaller perturbation inside
the ball ∥∆∥F < ϵs such that |δij | < min{|sij |, ϵs/2} for
all (i, j) ∈ Z(S) and δij = 0 for sij = 0. Then we have
I(sij + δij ̸= 0) = 1 when i ̸= j and (i, j) ∈ Z(S). Let us
define a function h (δij) :={

µ [− log (1 + δiiyii) + δiidii] if i = j

µ
[
− log

(
−cijδ

2
ij + 2yijδij + 1

)
+ 2δijdij

]
if i ̸= j

(37)
It follows from the condition (33) that h(δij) ≥ 0 in a small
neighborhood of δij = 0 such that h(0) = 0. Therefore,
according to Fermat’s lemma, we have h′(0) = 0. The
derivative of h is just

h′ (δij) =


dij + (−yii)/(1 + δiiyii) if i = j

2dij +
2cijδij − 2yij

−cijδ2ij + 2yijδij + 1
if i ̸= j,

(38)
and the stationary-point condition reads as

−yij + dij = 0, for any (i, j) ∈ Z(S). (39)

Subsequently, we suppose that (L̂, Ŝ) ∈ Qℓ1(τ). By a
global minimizer, we have

Ŝ = argmin
S≻0

µ
[
tr(L̂+ S)Σ̂−1 − log det(L̂+ S)

]
+τ∥S∥1.

(40)
Since objective function of (40) is convex and continuous
with respect to S, (L̂, Ŝ) satisfies the following stationary-
point equation:

µΣ̂−1 − µ(L+ S)−1 + τΓ = 0, Γij = sign(sij), (41)

which is {
µdii − µyii + τ = 0, i = j

µdij − µyij + τsign(sij) = 0, i ̸= j.
(42)

If (L̂, Ŝ) ∈ Qℓ0(λ) were true, it would be required that both
(39) and (42) hold simultaneously for some τ > 0. However,
this is clearly not possible, and the proof is completed.
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